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Abstract. A novel approach to represent emission distributions of Hidden Markov Models is
presented in this paper. Whereas they are usually estimated with Gaussian mixtures or neural
networks, we propose to estimate them with another HMM, but in feature space. This repre-
sentation, referred here as HMM?, could enable the model to more accurately represent feature
correlations with fewer parameters than standard HMMs. A full derivation of an EM algorithm
is given in order to globally train all the HMM? parameters. Preliminary experiments on speech
data show promising results.
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1 Introduction

Hidden Markov Models (HMMs) are statistical models for sequential data that have been used suc-
cessfully in many applications in artificial intelligence, pattern recognition, speech processing and
biological sequence modeling [3]. Emission probabilities of HMMSs are typically represented using
mixtures of Gaussians or neural networks. In this paper, we propose an alternative approach where
they are estimated by yet another HMM. By this, we mean that the vector of features at a particular
time step is considered as a fixed length sequence, which has supposedly been generated by another
HMM for which each state is emitting individual feature components. We call this approach HMM?.

We believe that HMM? (which includes the classical mixture of Gaussian HMMs as a particular
case) has several potential advantages, including: better modeling of the correlation accross features,
more flexible modeling capabilities with fewer parameters, and for instance in the case of speech
recognition, better modeling of the time/frequency underlying structure.

In this paper, we mainly derive the expectation-maximization (EM) algorithm to train HMM?s.
Since an HMM is a special kind of mixture of distributions, an HMM? is thus a mixture of mixture of
distributions, which is also a mixture. It should then be natural that an EM algorithm can be derived
when the emission and transition probabilities of the internal (feature-based) HMMs are represented
by mixtures of Gaussians and multinomials respectively. We propose here one such derivation. After
some notation, we derive the main EM equations, and we show how to compute the E-step and the
M-step for particular instances of the transition and emission probabilities of the internal HMMs.
Finally, we give some preliminary experimental results.

2 Notation

Figure 1 gives a graphical illustration of the HMM? model. We define
e y; the observed vector at time ¢, and y; s its s'® feature component,

e p(yt|g:=i) the probability to emit vector y; in state i, and p(y: s|rs=I, ¢z=i) the probability to
emit feature y; s in internal state [ of the HMM in external state i,

e P(q:=i|g:—1=j) the probability to go from state j at time ¢ — 1 to state i at time ¢, and
P(ry=l|rs—1=m, q:=i) the probability to go from internal state m at feature s — 1 to internal
state [ at feature s while in external state ¢ at time ¢,

e N the number of states in the external HMM, and N; the number of states in the HMM of state
i

The likelihood of one sequence of the data given the model is then
L(Y]0) = p(y |6) (1)

where T is the size of the sequence and y{ is the sequence {y1,vs,---,y7}.

3 General EM derivation

Following the general idea of EM, one has to select hidden variables such that the knowledge of these
variables would simplify the learning problem. Let us now introduce the hidden variable Z that gives
the state g of the external HMM at each time step ¢ such that

it = { 0 else (2)
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Figure 1: The HMM?: emission distributions of an HMM are estimated by an HMM.

and the hidden variable W that gives the state r of the internal HMMs at each feature s such that

' | 1 if ¢s=i and ry=l
Wiils .t { 0 else. (3)

As usually done, we consider that the temporal and feature sequences have been generated by a
st order Markov process, yielding:

P(glg; ") = Pgelge—1) (4)

P(rs|ri™", qi) = P(rslrs—1, q)- (5)
Moreover, we will assume that conditionally on the current state g; (respectively rs), the probability
of the current emission vector y; (y: ) is independant of the previous vectors y! * (y;’ffl):

P(yelar,yi~") = Plyelar) (6)

P(ytslrs g™ a) = Plyeslrs, a)- (7)
Using previous assumptions, one can show that the complete joint likelihood of one sequence of the
data (a generalization to many sequences is straightforward) and the hidden variables is as follows:

LY, Z,W) = P(qo HHP Yelg:=i) Z”HP qr=t|ge—1=j)7 " (8)

t=1i=1

which has the same form as the complete likelihood in standard HMMs, but where the emission
probability is expressed as follows:

S N; N;
pilar=i) = P(rolge=i) [[ [[ plwe.slre=t, =iy oot T] Pre=llrea=m, gp=i)"tsrime-re (9)
s=11=1 m=1

Including equation (9) into equation (8) and taking the log we obtain:

loch(Ya Z>W) = logP(qO)
S N;
TN log P(rolgi=i) + Y > wiy st log p(ys o|rs=l, ¢:=i)
=1 i=1 + Z Z Wil,s,t * Wim,s—1,t 10g P(rszl|rs,1:m, Qt:Z)
s=11=1 m=1

T
+y Zzz,t zjt-11og P(qr=i|gs—1=4) (10)
1j5=1

t=1 i=
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where P(qo) is the initial state probability of the external HMM and P(ro|g:=i) is the initial state
probability of the internal HMM in state i. We define an auxiliary function in the same way as in the
standard EM approach for HMMs as follows:

Q(816%) = Ellog L.(Y, Z, W |8)|Y, 8*] (11)

where the expectation is over the hidden variables Z and W. Moving the expectation inside the
log and expanding the log likelihood as in equation (10) yields

Q(816*) = logP(q) +
S N;

N log P(rolgi=i) + Y _ > 4iu(l,5) log p(ys,s|re=1, ¢t=1)
Zﬁ/(i’t) s NN s=11=1
=t +ZZ Z Ei,t(l)m>s) logP(rs:”rsfl:m:qt:i)

s=1[=1 m=1

_+_

1M~

T N N
+ D> &y, 1) log P(gr=ilqi—1=7) (12)
t=1 i=1 j=1
with et
A(i, t)= Elziely] 5 6%] (13)
s . def
€y j,t) X Elzie, zj0-1]y] 5 6] (14)
. ¢
Fi e (1, 5)dé Elw; 4yt ;6" (15)
it (1,m, ) L Ewi g g, Wim s 1.lyT; 0% (16)

The E-step of the EM thus consists in computing the expectations of equations (13) to (16), while
the M-step consists in finding the parameters # which maximize equation (11). Thus, at the kt*
iteration, one computes

or L = arg max Q(016") (17)

It can be shown that maximizing @)() also maximizes the likelihood of the data [2]. In the next two
sections, we detail the computations involved in the E- and M-step.

4 E-step

~(i,t) and £(1, j, t) are estimated exactly as in an ordinary HMM, by first introducing the intermediate
variables «(i,t) and B(i, t) as follows. Let us define «(i,t) as the probability to emit the given sequence
up to time ¢ and being in state i at time ¢. This can be computed efficiently and recursively as follows!:
, def ,
ai,t) = plyl, a=i)
= Y pwla=)P(@=ilg-1=5)alt—1) (18)

jEpred(i)

where pred(i) is the set of possible predecessor states of state i. In the same way, we can define 5(i, t)
as the probability to emit the given sequence from time ¢ + 1 to the end of the sequence and being in
state i at time t. Again, this can be computed recursively as follows:

. def .

Bli,t) = plyliila=i)
= > pWertla=0)Pla=ila=i)B(,t + 1) (19)
jEsucce(i)

IThe full derivations of a, 3, v and ¢ can be found in [1].
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where succ(i) is the set of possible successor states of state i. Finally, given a(i,t) and 5(i,t), one
can compute y(7,t) and £(i, j,t) efficiently:

1(6t) = Blaigly]
= P(g=ily)
Cl(i, t) i ﬂ(za t)
_—— 2
. (20)
where L is the likelihood of the sequence and can be computed using the a(i, T):
= Y a(i,T) (21)
i
and
£@i,5,t) = E[Zi,tazj,tflwf]
= Pla=i,q-1=jlyl)
— Oé(j,t - I)P(qt:“ql‘,—l:j)p(yt|Qt:i)ﬁ(i7 t) (22)

L

Similarly, to estimate 7; (I, s) and &; +(I,m,s), we first introduce the intermediate variables a; (1, s)
and f; ¢(1,s). a;(l,s) is the probability to emit the feature vector at time ¢ up to feature s and being
in state ¢ of the external HMM and in state [ of the internal HMM:

aie(lys) E plyrs,re=llg=i)
=Y (Wt slrs=1, s=i) P(ro=l|rs 1=m, g=i)a;,1(m, s — 1). (23)
méEpred(l)

In the same way, £;(l, s) is the probability to emit the feature vector at time ¢ from feature s + 1 to
feature S, while being in state i of the external HMM and in state [ of the internal HMM:

def .
Biallys) = pyrsilrs=l, ai=i)
=Y W stalrsii=m, q=i)P(rop1=mlry=l,q;=i)B;i(m, s + 1). (24)
méEsuce(l)

Using these intermediate variables, we can now estimate 7; +(I,s) and & (I, m, s):

a;t(l,s) - Bit(l, s
hallys) = 2l Purll) (25)
i,t
where L; ; is the likelihood of y; in state ¢ and can be computed using the a; (I, S):
Ly = Y plyi,rs=l)
[
= Z ai,t (l, S) (26)
[
and finally we have
i y - 1)P s:l s—1=Mm, =t s s:l; =1)0; l;
€i(lym,s) = ait(m, s VP (rs=l|rs_1=m, q:=i)p(ys s|r q=1)Bit( 5) (27)

L
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5 M-step

In the M-step, we search for the best value of 8 given the estimated variables as well as the current
value of #*. We are thus looking for a new value of § such that

0Q(016*) _
—og— =0. (28)

This step can be done independently for each probability distribution. The M-step for transition
probabilities of the external HMM is exactly the same as for normal HMMs since the proposed
modification only alters the emission probabilities, and is thus not explained here.

We now give the equations for emission probabilities represented as HMMSs in the case where
the internal HMMs are simple: transition probabilities represented as multinomials and emission
probabilities represented as diagonal Gaussians. As it will be shown, the equations are very similar
to the ones of a standard HMM, simply normalizing them by a posterior over the current state of the
external HMM.

5.1 Transition probabilities of the internal HMMs as multinomials

Let us represent the transition that goes from state [ to state m of the internal HMM in state i of the
external HMM as w;(I,m). All w;(l,m) must be non-negative and

Zwi(l,m) =1 (29)

To force this constraint, we have to introduce Lagrange multipliers A;;. Thus, instead of maximizing
Q(), we will maximize

Q618" )< Q1) + > (1 - Zwm,m)) N (30)
12 l m

Solving equation (28) then yields

! k i m,s
72?0((??”)) = Zv(z‘,t) Z % —Xig=0 (31)

t
and thus, to maximize Q'(), we have
Zt ’Y(Z) t) Es Ei,t(la m, 5)
Ail
278 >0, &ie(l,m, s)
2 V() 32, il 8)

where \;; is chosen in order to normalize the distribution.

wi(l,m)

5.2 Emission probabilities of the internal HMM as diagonal Gaussians

Let us now represent the emission probability of the feature y; , when emitted by internal state { of
the HMM in state ¢ at time ¢:

(") _ o2 -

log p(ys,s|qe =i, rs=1) = — <10gm + 207 >

Solving again equation (28), we derive update equations for means y; and standard deviations o; and

obtain: .
. 2ot D e il s)
! Et 7(i7t) Zs ’Yi,t(lvs)

(34)
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and . )
o,k-i—l _ Et 7(17 t) Es ’Yii(l: S)(yt,s - ljfl)

: a Et 7(i7 t) Es Vit (la S)

(35)

6 Preliminary results

We have tested this EM algorithm on a speech database (Numbers95, a telephone speech, free-format
numbers, speeker independant database), comparing a standard HMM with emission probabilities
modeled as mixtures of Gaussians to an HMM?2. The training set had 486537 frames, while the test
set had 180348 frames. In order to take advantage of frequency correlations, each frame was coded
into the spectral domain (and not into a cepstral domain as it is often done in the speech community).
The total number of features per frame was 24. In both models, the external HMM architecture was
the classical left-to-right 3-states-per-phone. The emission probabilities of the standard HMM was a
mixture of 4 diagonal Gaussians (in 24 dimensions). The internal HMM of the HMM? had 3 states
fully connected, where each emission probability of the internal HMM was modeled by a mixture of
4 Gaussians in 3 dimensions?. The number of parameters of the HMM? was thus less than half the
number of parameters of the standard HMM.

The average negative log likelihood of the standard HMM for the 27 phonemes over the test set
was 26.5, while it was only 11.1 for the HMM?, even with half the number of parameters. These
results show that an HMM? can take advantage of the correlation structure of the spectral features
more accurately and with fewer parameters than a standard HMM. It is clear that these preliminary
results need to be confirmed on a word recognition task (which will be reported in the final version of
the paper), but they are already very promising.

7 Conclusion

In this paper, we have presented a new model, HMM?, which is an extension of Hidden Markov Mod-
els for sequences where the emission probability distributions are themselves represented as Hidden
Markov Models in the feature domain. We have provided an exact EM algorithm to train such mod-
els. Preliminary results comparing such models with standard HMMs with Gaussian mixtures showed
promising performances in negative log likelihood minimization.
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