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hAbstra
t. A mixture of experts 
onsists of agating network that learns to partition the in-put spa
e and of experts networks attributedto these di�erent regions. This paper fo
useson the 
hoi
e of the gating network. First, a lo-
alized gating network based on a mixture oflinear latent variable models is proposed thatextends a gating network introdu
ed by Xu etal. [9℄, based on Gaussian mixture models. Itis shown that this lo
alized mixture of expertsmodel, 
an be trained with the Expe
tationMaximization algorithm. The lo
alized modelis 
ompared on a set of 
lassi�
ation problems,with mixtures of experts having single or multi-layer per
eptrons as gating network. It is foundthat the standard mixture of experts with feed-forward networks as gate often outperforms theother models.1 Introdu
tionA mixture of experts [5℄ is a probabilisti
model that 
an be interpreted as a mix-ture model for estimating 
onditional prob-ability distributions. The model 
onsists ofa gating network that divides the prob-lem into smaller problems and makes ex-pert networks spe
ialize on ea
h of thesesubproblems. In terms of a mixture model,the expert networks 
orrespond to 
ondi-tional 
omponent densities and the gatingnetwork to input-dependent mixture 
oef-�
ients. This interpretation of mixtures ofexperts as mixture models enables trainingthem with the Expe
tation Maximization(EM) algorithm [5℄. Note that, the gatingnetwork splits the data in a soft way, allow-ing several experts to be sele
ted at a time.Sin
e the gating network deals with thede
omposition in smaller tasks, the 
hoi
e ofthe type of gating network is an importantone. The standard mixture of experts modelhas a single-layer per
eptron with a soft-max a
tivation fun
tion as gate [5℄. Thisleads to a division of the input spa
e by softhyper-planes with de
ision boundaries that

are simply 
onne
ted and 
onvex. An alter-native approa
h is the use of what Weigendet al. 
oined gated experts [8℄. In this model,the gate is a multi-layer per
eptron (MLP)with a soft-max output a
tivation fun
tion.This enables far more 
omplex de
omposi-tions with non-linear de
ision boundaries. Athird approa
h is to divide the input spa
ewith soft hyper-ellipsoids using normalizedGaussian kernels [9℄, ea
h lo
alized to a spe-
i�
 expert. Finally, also a hierar
hi
al mix-ture of experts [5℄ has been proposed whi
hhas a tree stru
ture. The leaves of the tree
ontain the expert networks and the non-terminal nodes 
ontain the gating networks.This model also enables 
omplex de
ompo-sitions while using simple gating networks.We introdu
e an extension of Xu's gatingnetwork based on Gaussian mixture models(GMMs) [9℄. This extension uses mixturesof linear latent variable models [2℄ as a gat-ing network. This 
hoi
e is motivated by thefa
t that mixtures of latent variable mod-els 
an be interpreted as a mixture of 
on-strained Gaussians, that o�er a more 
exi-ble alternative for GMMs. Sin
e this type ofgate de
omposes the input spa
e with softhyper-ellipsoids, we will refer to the wholemodel as a lo
alized mixture of experts. Thestandard mixture of experts model and ourextension to a lo
alized mixture of expertswith a mixture of linear latent variable mod-els as a gate, are des
ribed in se
tion 2. Itis also outlined how the lo
alized model 
anbe trained by the EM algorithm.The experimental evaluation of the lo-
alized mixtures of experts and other mix-ture of expert models on a set of 
lassi�-
ation problems, is des
ribed in se
tion 3.The goal of these experiments was to evalu-ate the in
uen
e of the 
hoi
e of the gatingnetwork on the overall performan
e of thewhole model. The gating networks evalu-ated are: mixtures of latent variable models,GMMs, single-layer per
eptrons, and MLPs.



A more elaborate version of this paper 
anbe found in [6℄.2 Mixtures of ExpertsIn se
tion 2.1, GMMs and mixtures of lin-ear latent variable models are brie
y de-s
ribed. Then, the basi
s of the mixture ofexperts model are re
alled. Finally, it is out-lined how the mixture models of se
tion 2.1
an be used as a gating network leadingto a lo
alized mixture of experts. It is alsosket
hed how this model 
an be trained viathe EM algorithm, but the reader is referredto [6℄ for a more detailed des
ription.2.1 Mixture ModelsA mixture model is de�ned as a linear 
om-bination of m 
omponent densities pj(x):p(x) = mXj=1 �jpj(x); (1)where the �j are the mixing 
oeÆ
ientswhi
h are non-negative and sum to one. Astandard tool for density estimation is aGMM where the 
omponent distributionsare Gaussian with a 
ovarian
e matrix �jthat is 
hosen to be full, diagonal or spher-i
al: pj(x) � N (�j ;�j). The parameters ofa GMM 
an be determined in a maximumlikelihood framework by the EM algorithm[1℄. A disadvantage of GMMs is that theyeither impose strong 
onstraints on the 
o-varian
e matri
es (spheri
al or diagonal) orno 
onstraints at all (full).A more 
exible alternative for GMMs arethe re
ently introdu
ed mixtures of latentvariable models [2℄. A latent variable modelrelates a l-dimensional latent ve
tor z to ad-dimensional (l < d) observed data ve
torx by de�ning a noise model and a prior onthe distribution of the latent variables:x =Wz+ �+ ": (2)The prior distribution of the latent vari-ables is a simple Gaussian distribution z �N (0; I) over the latent spa
e. The �rst twoterms on the right-hand side of (2) are themean �, and the (d� l ) generative matrixW. that maps the latent spa
e into the dataspa
e. The result is 
onvolved in data spa
ewith a Gaussian distribution " � N (0;R)with a restri
ted 
ovarian
e matrixR. WithR = �2I, the latent variable model is 
alledprobabilisti
 prin
ipal 
omponent analysis

[2℄; with R � diagonal matrix, the latentvariable model is standard fa
tor analysis[2℄. The advantage of su
h linear latent vari-able models is that the distribution of theobserved data ve
tors is also Gaussian: x �N (�;R +WWT ): This means in spe
i�
,that the model 
an be viewed as a 
exible(through the 
hoi
e of l) way of 
apturingthe 
ovarian
e stru
ture R+WWT of thed-dimensional observed data using less pa-rameters (l + dl) than if one would modelthe full 
ovarian
e matrix in the observeddata spa
e (d(d+1)=2 parameters). The re-sulting mixture model (1) is a linear 
ombi-nation of linear latent variable 
omponentdistributions:pj(x) � N (�j ;Rj +WjWTj ): (3)With Rj isotropi
, the model is 
alled amixture of prin
ipal 
omponent analysers(MPCA) [2℄ and with Rj diagonal, a mix-ture of fa
tor analysers (MFA) [4℄. The pa-rameters of a mixture of linear latent vari-able models 
an be estimated by the EMalgorithm [2, 4℄.These mixtures of latent variable mod-els have been applied su

essfully to densityestimation problems [6℄, where it is shownthat they are a more 
exible alternative forGMMs and often lead to better s
ores interms of likelihood.2.2 Lo
alized ModelsA mixture of experts 
onsists of m experts,the outputs yi(x) of whi
h are weighted bythe outputs of a gating network gi(x) forinput ve
tor x:y(x) = mXj=1 gj(x)yj (x):A probabilisti
 interpretation of a mixtureof experts 
an be given in the 
ontext ofmixture models for 
onditional probabilitydistributions (with a soft-max a
tivationfun
tion for the gating network to havenon-negative outputs that sum to one):p(tjx) = mXj=1 gj(x)�j(tjx); (4)where the �j represent the 
onditional den-sities of target ve
tor t for expert j. Thisinterpretation makes that a mixture of ex-perts 
an be trained in a maximum likeli-hood framework by the EM algorithm, that



Data set # attr. # 
lasses # examples # attr. (after missingpre-pro
essing) dataDermatology 34 6 366 34 �Glass 9 6 214 9Letter 16 26 20,000 16NIST 256 10 20,000 256Opti
al 64 10 3,823 64Pen 16 10 7,494 16Soybean 35 19 683 134 �Vowel 10 11 990 10Waveform 21 3 600 21Waveform-noise 40 3 600 40Table 1: Properties of the data sets used in the experiments.de
ouples the learning of the expert and gat-ing networks. The M-step of the EM algo-rithm for a gating network (single or multi-layer) with a soft-max output fun
tion re-sults in a non-linear optimization problemwhi
h requires iterative te
hniques [5℄.A method for redu
ing the M-step forthe gating network to a one-pass 
al
ulationhas been proposed in [9℄: a gating network
onsisting of normalized kernels ea
h lo
al-ized to a spe
i�
 expert (by applying Bayes'rule): gj(x) = P (jjx) = �jpj(x)Pi �ipi(x) ; (5)where Pi �i = 1, �i � 0, and the pi's areprobability density fun
tions; thus the gat-ing network outputs gj sum to one and arenon-negative. The numerator in eq. (5) 
anbe interpreted as the 
omponent of a simplemixture model (1).This 
hoi
e of the gating network leadsto the following probability model for theentire mixture of experts model (substitut-ing (5) in (4)):p(tjx) = mXj=1 �jpj(x)Pi �ipi(x)�j(tjx): (6)To obtain a one-pass solution for the gat-ing network parameters, maximum likeli-hood estimation is not performed on this
onditional density, but on the joint density[9℄:p(x; t) = p(tjx)p(x) = mXj=1 �jpj(x)�j(tjx);whi
h by maximum likelihood leads to thefollowing error fun
tion on the training datafxn; tng:E = �Xn ln mXj=1 �jpj(xn)�j(tnjxn):

The basi
 idea of the EM algorithm is thatthe minimization of this error fun
tion 
anbe simpli�ed if ea
h pattern 
ould be asso-
iated with exa
tly one expert (indi
ated byso-
alled missing variables znj equal to onefor only one expert and zero for the others).This is done by iteratively repeating a twostep pro
edure (
onsisting of an E-step anda M-step). The E-step 
onsists of 
al
ulatingthe expe
ted values of the missing variables:E(znj ) = �jpj(xn)�j(tnjxn)mPi=1�ipi(xn)�i(tnjxn) = hj(xn; tn):In the M-step, the so-
alled expe
ted
omplete error fun
tion is minimized (orde
reased, for generalized EM) with respe
tto the parameters of the expert networksand the gate. The error fun
tion 
an beinterpreted as the sum of an unsupervisedpart that en
ourages good density esti-mation (gate) and a supervised part thaten
ourages 
orre
t 
lassi�
ation (experts).The expert error fun
tion and 
onsequentlythe M-step for the expert networks isidenti
al to the one obtained in [5℄ forstandard mixtures of experts. We fo
ustherefore on the gating error fun
tion:�PnPmj=1 hj(xn; tn)ln (�jpj(xn)) : Thisis almost the error fun
tion that is mini-mized in the M-step when applying the EMalgorithm to a simple mixture model (see,for example [1℄). The only di�eren
e is inthe de�nition of their posteriors h that inthe 
ase of a lo
alized mixture of experts,in
lude both input and output values andthus in
orporate the supervised errors atthe output of the expert networks.Sin
e we have not yet de�ned the prob-ability densities pj(x) in (6), any mixturemodel that 
an be trained with EM 
ouldbe used as a gating network in this frame-work. This makes it possible to use not only



Gate test 5�2
vSpheri
al 79.7(3.28)Diagonal 79.7(2.73)MFA-2 80.5(2.00)MFA-1 80.6(2.85)MPCA-3 80.8(2.16)Full 81.2(1.40)MFA-3 81.6(1.39)MPCA-2 81.8(1.34)MLP 82.2(1.63)MPCA-1 82.3(1.28)Per
eptron 83.2(1.16) <Table 2: Classi�
ation results on the wave-form data with a mixture of 3 experts.S
ores are in per
entages of 
orre
t 
lassi-�
ation.GMMs as in [9℄ but also mixtures of la-tent variable models su
h as MPCAs andMFAs (3). These alternative 
hoi
es for thelo
alized mixture of experts have been eval-uated in the experiments des
ribed in thenext se
tion.3 ExperimentsIn the literature, experiments with lo
alizedmixtures of experts based on GMMs havemainly been performed on isolated prob-lems. The paper by Xu et al. [9℄ in whi
h thelo
alized model has been proposed, reportsonly the results on a toy regression prob-lem. Gated experts have not yet been usedoften and only on some isolated problems.Weigend et al. applied gated experts to sev-eral time series problems espe
ially oneswith di�erent regimes [8℄. A gated expertmodel was used on a problem in automati
spee
h re
ognition in [7℄. A thorough experi-mental evaluation of standard mixture of ex-perts has been done by Steve Waterhouse [7℄in the DELVE framework. For 
lassi�
ationproblems, however, DELVE su�ers from ala
k of data sets. We, therefore, 
hose fora di�erent experimental set-up to evaluateour lo
alized mixtures of experts and the in-
uen
e of the 
hoi
e of the gating networkin general.3.1 Experimental Set-UpThe experiments with the mixtures of ex-perts were performed on a range of 
lassi-�
ation problems out of the Irvine reposi-tory and part of the NIST spe
ial database3 of handwritten digits (Table 1). The de-sired outputs are based on the 1-of-
 
od-ing s
heme with one output for ea
h 
lass.

Gate test 5�2
vFull 76.8(1.38)Spheri
al 77.4(1.50)MFA-1 77.5(1.08)Diagonal 77.6(1.74)MFA-2 77.6(0.92)MPCA-2 78.0(1.66)MPCA-1 78.1(1.57)MFA-3 78.2(1.59)MPCA-3 78.7(0.77)MLP 79.6(3.44)Per
eptron 81.7(1.02) <Table 3: Classi�
ation results on thewaveform-noise data with a mixture of 3 ex-perts. S
ores are in per
entages of 
orre
t
lassi�
ation.The raw data has been pre-pro
essed in var-ious ways and the reader is referred to [6℄for a more detailed des
ription of the pre-pro
essing.The expert networks are single-layer per-
eptrons with a soft-max output fun
tion,ex
ept for the gated experts where the ex-perts were 
hosen to have the same MLPar
hite
ture as the gate.Training of the lo
alized mixtures of ex-perts 
onsisted of two phases. In the �rstphase, the mixture model for the gating net-work was trained in an unsupervised fash-ion with k-means and the EM algorithm to�nd a good initial 
on�guration (see [6℄ fora more detailed des
ription). In the se
ondphase, the whole model was trained in theEM framework. The M-step for ea
h of theexperts 
onsisted of three iterations of thes
aled 
onjugate gradient algorithm [1℄. TheM-step for the gate is as des
ribed in se
tion2, based on the M-step for the 
orrespondingmixture model. For the experiments withthe standard mixtures of experts and thegated experts, the M-step for ea
h of theexperts and the gating network again 
on-sisted of three iterations of the s
aled 
on-jugate gradient algorithm.The 5 � 2
v test (a paired t-test) [3℄for testing the statisti
ally signi�
antdi�eren
e, was used on all data sets ex
eptthe NIST data. In the 5� 2
v test, �verepli
ations of twofold 
ross-validationare performed. On the NIST data, onlyone run has been performed and in this
ase, M
Nemar's test was used to test forstatisti
al signi�
an
e [3℄. We used a �xedtraining (15025 examples written by 140persons) and test (4975 examples written



by 48 persons not in the training set) set.The entries in the tables with results arethe average per
entage of 
orre
tly 
lassi-�ed test patterns over 10 simulations (ex-
ept for the NIST data); the standard devi-ation is given between parentheses. A<-signin the tables with results, indi
ates whetherthe s
ore on the test set is signi�
antly bet-ter (80%) than the one on the previous row.MFA-l and MPCA-l denote a mixture of la-tent variable models with a dimension oflatent spa
e equal to l. Full, diagonal, andspheri
al, refer to the type of 
ovarian
e ma-trix used in the GMM-based gate.3.2 Arti�
ial DataAs a �rst test, experiments were performedon two often used arti�
ial 
lassi�
ationproblems with 
ode for generating the dataat the Irvine repository: the waveform andthe waveform-noise data (the last two rowsof Table 1).The results on the waveform andwaveform-noise data are in tables 2 and 3.The gated experts, indi
ated by MLP, had4 hidden units in both the expert andgating networks. On both waveform ben
h-marks, the standard mixture of expertssigni�
antly outperforms the alternativemodels. The results for the other models donot permit a further ordering.To get some insight in the solution foundby a lo
alized mixture of 3 experts, Fig-ure 1 shows the proje
tion of the waveformdata on its two leading prin
ipal 
ompo-nents. Ea
h of the 3 
lasses turns out to lieon the edge of a triangle. Also shown are thethree Gaussians of the MFA-1 model thatwas used as a gating network. The three
lusters lie 
lose to the verti
es of the trian-gle and the subproblem solved by ea
h of theexperts is therefore e�e
tively redu
ed toa two-
lass problem for separating the twoedges out of this vertex. This might also ex-plain why the results are better with a per-
eptron gate. In the latter 
ase, the gatingnetwork is namely far less lo
alized and per-forms a sort of averaging (whi
h is known tooften improve a

ura
y) of the per
eptronexperts. Sin
e the a

ura
y of a single per-
eptron on the waveform data (see [6℄) is al-ready satisfa
tory, the de
omposition foundby the lo
alized mixture of experts does notimprove the results.
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Figure 1: Proje
tion of the waveform dataon the 2 leading prin
ipal 
omponents withthe ellipses indi
ating the 
omponents of theMFA-1 gate trained on this data.3.3 Real-World DataDo the good results with a standard mix-ture of experts on both arti�
ial data sets,
arry over to real-world data? To answerthis question, experiments have been per-formed on the other databases listed in Ta-ble 1. The results are shown in Table 4. Themethod with the highest s
ore and the onesthat are not signi�
antly worse (80% withthe 5�2
v test or M
Nemar's test) are setin bold fa
e. If most of the methods per-formed equally well, the ones that are sig-ni�
antly worse are set in itali
s. For theexperiments with a MPCA/MFA gate manydi�erent dimensions of the latent spa
e weretried and the ones giving the best resultsare shown here (more details in [6℄). Thismeans that the results as presented here forthe MPCA/MFA gate are favorably biased.For the gated experts, the number of hid-den units was either 4 (for dermatology andglass) or 10 (for the others).While all 
hoi
es for the gating networklead to good results on at least one ben
h-mark, the best results are 
learly obtainedwith the standard mixture of experts andthe gated experts. Variability of the resultsis also often larger for lo
alized models thanfor the standard mixture of experts.When 
omparing the various lo
alizedmixtures of experts, it is 
lear that theresults are not uniform. None of the GMMsor mixtures of latent variable models 
an bepreferred over the others. More spe
i�
ally,there seems to be no 
orrelation betweenthe performan
e of the gate as a densityestimator in the input spa
e and the
lassi�
ation results.A 
riterion for quantifying the di�eren
e



Data set MFA MPCA spheri
al diagonal full per
eptron MLPDermatology (2) 96.3(0.8) 96.3(0.9) 96.6(1.0) 94.9(1.4) 94.7(1.0) 96.3(0.9) 95.5(1.3)Dermatology (4) 96.0(1.0) 96.0(0.7) 95.8(1.5) 93.0(2.0) 92.0(2.0) 96.4(0.7) 95.0(1.8)Glass (2) 63.7(2.9) 63.7(2.8) 64.1(2.6) 63.0(3.4) 63.4(3.7) 64.7(2.1) 63.8(2.5)Glass (4) 64.1(1.8) 64.5(2.1) 65.8(2.3) 64.0(2.3) 60.2(3.4) 66.2(1.9) 62.9(3.5)Letter (2) 81.6(0.6) 80.4(0.9) 79.8(0.2) 79.2(0.3) 81.5(0.8) 81.4(1.3) 82.3(0.8)Letter (10) 87.5(1.0) 88.3(1.3) 86.0(0.9) 85.3(2.3) 89.1(1.3) 90.1(0.6) 87.5(0.7)NIST (2) 93.6 94.2 94.5 94.7 92.7 94.2 95.1NIST (4) 93.6 95.3 94.9 94.8 91.5 96.1 95.1Opti
al (4) 95.7(0.4) 96.0(0.5) 95.9(0.3) 96.1(0.7) 95.8(0.5) 96.7(0.4) 96.2(0.6)Opti
al (10) 95.0(0.7) 95.6(1.1) 95.3(0.6) 95.5(0.8) 95.9(0.4) 97.0(0.4) 96.7(0.3)Pen (4) 98.4(0.2) 98.1(0.8) 97.2(2.8) 97.7(0.6) 97.4(2.1) 98.7(0.3) 98.6(0.2)Pen (10) 95.5(3.0) 96.9(0.8) 97.7(0.7) 95.6(1.7) 96.2(2.0) 98.9(0.2) 98.8(0.2)Soybean (2) 90.4(1.2) 89.4(1.5) 89.9(2.7) 90.0(2.9) 89.3(1.8) 90.1(1.5) 89.7(2.4)Soybean (4) 83.6(12.0) 87.6(6.0) 88.8(5.7) 79.5(13.6) 83.3(8.5) 90.5(1.6) 90.1(1.6)Vowel (4) 80.2(2.6) 80.7(3.4) 79.3(3.3) 80.9(2.6) 78.0(3.2) 77.1(3.2) 79.9(4.2)Vowel (11) 83.2(2.1) 83.1(2.8) 81.8(2.8) 82.9(2.2) 80.3(4.4) 82.4(2.4) 83.7(2.7)Table 4: Results of the experiments with a mixture of experts and di�erent gating networks.S
ores are in per
entages of 
orre
t 
lassi�
ation. The best s
ores are set in bold and the worsts
ores in itali
s. The number of experts is indi
ated between parentheses after the name of ea
hdata set.between feed-forward gates and lo
alizedgates, is the entropy of the gating outputs:�PnPmj=1 gj(xn) ln gj(xn): On most ofthe data sets des
ribed in this paper, theentropy of the feed-forward gates wasgreater than the entropy of the lo
alizedgates by one order of magnitude. Thisillustrates that standard mixtures of ex-perts are far less lo
alized and attributepatterns a
ross the experts, if this happensto redu
e the total error. This seems to
on�rm Jordan and Ja
obs' 
laim thatthe soft splits of the standard mixture ofexperts redu
e the varian
e of the model[5℄ whi
h might explain the better resultsobtained using feed-forward gates.4 Con
lusionsMixtures of latent variable models 
an beused as a gating network in a lo
alized mix-tures of experts model trained via the EMalgorithm. However, a 
omparison of theselo
alized models on 10 data sets for 
lassi-�
ation, shows that they are often outper-formed by standard mixtures of experts andgated experts. This might be explained bythe softer splits obtained when using feed-forward gates whi
h de
reases the varian
eof the model.Note that, the 
omparison between thestandard mixture of experts and the gatedexperts is not 
ompletely fair, sin
e for thelatter model the experts are MLPs. Thetrade-o� between more 
omplex experts andthe number of experts is a subje
t for fur-

ther resear
h.A
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