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Zusammenfassung

Die fortschreitende Entwicklung von Robotersystemen von strukturierten industriellen
Umgebungen hin zu unstrukturierten, menschenzentrierten Umgebungen erfordert neue
Ansatze, um die Anpassungsfahigkeit, Sicherheit und Robustheit zu gewahrleisten. In
dieser Arbeit wird die These vertreten, dass geometrisch koharente Darstellungen fir
die Bewaltigung dieser Herausforderungen von entscheidender Bedeutung sind. Da-
her wird in dieser Arbeit ein einheitlicher geometrischer Rahmen fir die Manipula-
tion von Robotern unter Verwendung der konformen geometrischen Algebra (CGA)
vorgestellt. Die CGA ist eine mathematische Sprache, die geometrische Grundelemente
(Punkte, Linien, Ebenen, Kugeln) und Transformationen von starren Kérpern (Drehun-
gen, Verschiebungen, Skalierungen) in einer einzigen algebraischen Struktur vereint.
Durch die Verwendung der CGA und ihrer Fahigkeit, geometrische Intuition direkt

in algebraische Operationen zu Ubersetzen, werden grundlegende Herausforderungen
der Robotik wie Kinematik, Dynamik, optimale Steuerung und kooperative Manipu-
lation bewaltigt. Die Ergebnisse ermdéglichen eine intuitive Modellierung von Manipu-
lationsaufgaben durch geometrische Grundelemente und deren Ahnlichkeitstransforma-
tionen, die Skalierung, Rotation und Verschiebung vereinen. Die vorgestellten Mod-
ellierungsansatze ermdglichen eine Generalisierung von einarmigen auf zweiarmige und
mehrarmige Systeme. Wir zeigen, wie dieser Ansatz in optimalen Regelungsformulierun-
gen sowie in Regelungsanwendungen, bei denen die Aufgabenziele einheitlich Uber alle
Grundoperationen hinweg formuliert werden und keine anwendungsspezi schen Anpas-
sungen erforderlich sind, eingesetzt werden kann und so eine kompatible Interaktion
ermoglicht wird. Die praktischen Beitrdge umfassen digafro-Bibliothek, eine Open-
Source-Implementierung der CGA, die speziell fir die Robotik entwickelt wurde. Die
Beitrdge ermoglichen nicht nur theoretische Fortschritte in der Robotik, sondern liefern
auch praktische Werkzeuge fur die Anwendung in der Realitat. Wir zeigen dies durch die
Losung von Aufgaben im Bereich der zweiarmigen Admittanzsteuerung und der taktilen
ergodischen Ober &chenabdeckung.

Schlusselbegrie  Geometrische Algebra, Optimale Regelung, Kooperative Manipula-
tion, Kraftregelung, Zweiarmige Manipulation






Abstract

The ongoing transition of robotic systems from structured industrial settings to unstruc-
tured human-centric environments necessitates novel approaches to ensure adaptability,
safety, and robustness. This thesis supports the view that geometrically coherent rep-
resentations are pivotal in addressing these challenges. Therefore, this work presents
a uni ed geometric framework for robot manipulation using Conformal Geometric Al-
gebra (CGA), a mathematical language that seamlessly integrates geometric primitives
(points, lines, planes, spheres) and rigid-body transformations (rotations, translations,
scaling) into a single algebraic structure. By leveraging CGA's capacity to encode geo-
metric intuition directly into algebraic operations, we address key challenges in robotics,
including kinematics, dynamics, optimal control, and cooperative manipulation. Our
results enable intuitive modeling of manipulation tasks through geometric primitives
and their similarity transformations, which unify scaling, rotation, and translation. The
presented modeling approaches generalize from single-, to dual-, and multi-arm systems.
We show how this approach can be used in optimal control formulations as well as
force control applications, where task objectives are formulated uniformly across primi-
tives, avoiding case-speci ¢ adjustments and enabling compliant interactions. Practical
contributions include the gafro library, an open-source CGA implementation tailored
for robotics. The contributions not only provide theoretical advancements in geomet-
ric robotics but also deliver practical tools for real-world deployment. We demonstrate
this by solving tasks around dual-arm admittance control and tactile ergodic surface
coverage.

Keywords Geometric Algebra, Optimal Control, Cooperative Manipulation, Force Con-
trol, Dual-Arm Manipulation
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Notation

We use the following notation throughout the thesisx to denote scalarsx for vectors,
X for matrices, X for multivectors and X for matrices of multivectors. The operator
E() extracts the minimal parameter vector of a multivector, andE () is its inverse.
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1. Introduction

1.1. Motivation and Challenges

Currently, in a profound technological shift, robots are transitioning from structured
industrial environments to unstructured human-centric spaces. These scenarios range
from cluttered homes and busy urban streets to intricate surgical theaters and disaster
zones. While advances in computational power, structural design, sensors, and algorithm
development certainly drive this evolution forward, the push towards unstructured envi-
ronments comes with tremendous challenges. The fundamental question is how should
robots model, perceive, and interact with their surroundings in order to achieve the
required adaptability and robustness. This thesis supports the view that geometrically
coherent representations are essential for this transformational shift. Well-chosen repre-
sentations that capture the intrinsic geometric structure of robotic tasks subsequently
enable e cient computation, safe interaction, and scalable generalization. For this pur-
pose, in this thesis, we use the mathematical theory of geometric algebra that uni es
the aforementioned approaches into a single algebraic framework. It contains vectors,
guaternions, complex numbers and more generally geometric objects that can all be
used for consistent, concise and intuitive geometric reasoning and calculation [102]. We
present how to exploit this unifying geometric framework in complex manipulation sce-
narios through the geometric primitives, their transformations and their variations.

The rst robotics revolution saw the introduction of industrial robots for automating
repetitive manufacturing tasks like welding, painting and assembly. Their success was
founded on the well-de ned workspace environments, where geometry, object poses, and
task sequences were known ahead of time [194]. The deterministic control algorithms
relied on precise kinematic models and were shielded from external perturbations. Tra-
jectories for six-axis robotic arms were preprogrammed and employed in automotive
assembly lines. Accurate calibration then ensured repeatability [59]. While these sys-
tems are capable of repeating the same tasks without failures, they cannot deal with the
variability encountered in unstructured settings, since they lack the necessary exibility.
These limitations become obvious, when robots are expected to operate in human envi-
ronments. Navigating tight living spaces, manipulating di erent objects, while adapting
to particular contexts are the tasks of assistive service robots [166]. Urban environments
where self-driving cars are deployed require decision-making under uncertainty to deal
with the chaotic movements of people, other vehicles, and unforeseen obstacles such as
road blockages [90]. High precision is demanded from surgical robots when operating
on the human body, to avoid damaging the soft tissue that can deform and vary with
di erent anatomies [208]. Search and rescue robots are challenged by traversing and
manipulating debris, and detecting survivors, while not being able to rely on prior maps
[165]. Even in industrial settings, low-volume and high-mix production, as well as surface
operations that require contact force industrial robots to abandon the traditional con-
trol paradigms. The common challenges across these scenarios are the safety constraints
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to not harm or damage, partial observability and environmental variability leading to
uncertainty, and dynamic interactions coming from moving objects and agents. Simple
rule-based algorithms are not su cient to solve these challenges. Instead, they need
to exploit the geometric structure for probabilistic reasoning, adaptive learning, and
model-based control.

Many problems in robotics are fundamentally problems of geometry. Whether manip-
ulating objects, avoiding obstacles, or interpreting sensor data: spatial relationships dic-
tate system behavior. Consider for example object manipulation, where the relationship
between the pose of a gripper and the object is de ned by a rigid body transformation
in SE(3). Navigation requires collision avoidance, where distances are computed based
on the geometries of the robot and the obstacles. Projective geometry is used in per-
ception when inferring three-dimensional structures from images. Hence, each robotic
task has an intrinsic geometry. Since the problem and its geometric structure are deeply
interconnected, we need to choose representations that intuitively allow incorporating
the geometry of the problem. In other words, the properties of a function inform about
the domain it is de ned on and in return the domain structure enforces other prop-
erties ([40]). Geometric priors, such as symmetry and invariance, can be exploited to
reduce the complexity and constrain learning spaces. For examptE(3)-equivariant
networks improve generalization by ensuring that predictions transform consistently un-
der rigid body transformations [70]. SLAM algorithms can be improved by considering
scale-invariant features [175].

Geometric methods in robotics reach back to screw theory formalized by [17]. The
concept of screws uni es translational and rotational motion using helical axes. Based
on screws, a dual formulation for force and motion was derived: twists describe instan-
taneous linear and angular velocities, while wrenches represent forces and torques. In
practice, screw theory is for example applied to parallel manipulators to compute ac-
tuator forces for desired motions [84]. The manifolds encountered in robotics are often
non-Euclidean. Here, Riemannian geometry generalizes concepts from at Euclidean
space to curved manifolds. A simple example are con gurations spaces with joint lim-
its that form a manifold that requires using geodesics for motion planning [41]. Rigid
transformations are very prominent in robotics and can be properly represented via Lie
groups such asSE(3). The associated Lie algebras@3)) linearizes group operations,
enabling e cient integration of angular velocities. Its applications include consistent
sensor fusion state estimation via the invariant extended Kalman lIter [35]. By aug-
menting quaternions with dual numbers, dual quaternions were constructed to provide a
compact, concise, and singularity-free, and computational representation of rigid trans-
formations. They enable smooth interpolation that avoid discontinuities [121] and e -
cient inverse kinematics [62]. In robotics, we often use homogeneous coordinates that
embed 3D Euclidean space into a projective space to enable the representation of rigid
transformations as 4x4 matrices [95].
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1.2. State of the Art

In the previous section, we have motivated the general importance of geometric methods
in robotics. In this section, we give a more detailed overview of recent geometric methods
in robotics. Since this thesis advocates for the usage of geometric algebra in robotics as a
unifying geometric framework, we put special focus on existing work that uses geometric
algebra and the closely related dual quaternions.

Geometry plays a crucial role in robot learning by providing a principled approach
for understanding and representing the relationships between di erent data modalities
[45, 111] since often there are non-Euclidean spaces involved that require the adaption
of traditional approaches to those manifolds [40, 160]. Accordingly, an increased e ort
has been put into deriving methods that are considering the underlying geometry of the
robot's con guration and task spaces [156, 155, 52, 126]. The di erent approaches in-
clude powerful mathematical techniques such as Riemannian manifolds and Lie groups,
which have been used especially at the intersection of learning and control, by using
manipulability ellipsoids [112], vector elds on Lie groups [211], dynamical systems on
Riemannian manifolds [186] or even learning manifolds [26]. Leveraging the intrinsic
geometry provides theoretical guarantees and practical performance increases for opti-
mization and control [129, 34, 202, 213].

Along with the regained interest of using geometric methods in robotics came various
works proposing the use of di erential and Riemannian geometry for learning and opti-
mization problems. The topic of learning from demonstration often requires data to be
represented as distributions, thus [45] presented how to use Gaussians on Riemannian
manifolds. The manifold of semi-positive de nite matrices has been used to study ma-
nipulability ellipsoids for learning robot skills [112]. In [156] a Riemannian metric was
proposed that helps manipulators avoid singularities. Riemannian optimization is also
used to solve the inverse kinematics problem of kinematic chains using distance geome-
try [155]. Another aspect when developing robotic algorithms, apart from the modeling
of the robot itself, is the modeling of the tasks and the environment. Here, an increased
focus has been put on exploiting the underlying geometry of the problems. The di er-
ent approaches include powerful mathematical techniques such as Riemannian manifolds
and Lie groups. They have been used especially at the intersection of learning and con-
trol. Various works presented approaches for representing robot skills using Riemannian
manifolds and it was shown that di erent manifolds can be used for that purpose [45].
The manifold can be prede ned, such as learning orientations [186], and leveraged in
a dictionary of di erent manifolds [209]. In [112], the authors presented a framework
for geometry aware manipulability learning, and then tracking the learned trajectory
of manipulability ellipsoids and transferring it to di erent systems. These works used
the manifold of symmetric positive-de nite matrices for the skill representation. The
underlying Riemannian manifold can, however, also be learned to obtain motion skills
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and then later be used for reactive motion generation [26]. Riemannian motion policies
are another geometric framework for reactive control [52]. In addition to these geometric
learning and control methods, Riemannian optimization is also used to exploit geometric
structures for solving the inverse kinematics problem based on distance geometry [155].

The resurgence of geometric methods in robotics has spawned a variety of di erent
approaches to formalize control, learning and optimization problems in robotics. These
methods include screw theory, Riemannian geometry, Lie algebra and dual quaternions.
A common motivation between these frameworks is the modeling of robot kinematics and
dynamics, which is closely tied to representing rigid body transformations. Geometric
algebra essentially presents a generalization and uni cation of these concepts, and thus
it is naturally connected to a large variety of recent work in robotics research.

Conceptually, geometric algebra can be seen as an extension and generalization of dual
guaternions [18], since dual quaternions can be identi ed with a certain Cli ord algebra,
which forms the foundation of geometric algebra. The literature on dual quaternions
is hence the most closely related to our work. Starting with formulating rigid body
transformations, dual quaternion algebra o ers e cient ways for blending them, which is
useful in computer graphics [120]. In robotics, there have been various works describing
the kinematics and dynamics of robots in dual quaternion algebra [133, 6]. E cient
control is an important aspect for using real robots and dual quaternions have been
used to design admittance controllers [80] and LQR controller for trajectory tracking
[157]. Collision avoidance is an important aspect of control and in [158] vector eld
inequalities based on dual quaternions were proposed to handle them during surgical
tasks.

Geometric algebra has been applied successfully in a variety of di erent applications
and elds. For example in the eld of computer graphics, which started to re-popularize
it, it found applications in mesh deformation [28] as well as ray casting and surface
representation [93]. In the domain of image processing techniques for adaptive Itering
have been devised [143], [98].

A popular example in robotics to show the strengths of geometric algebra is solving
the inverse kinematics problem. There have been various methods that proposed to
utilize the geometric primitives and their intersection such as FABRIK [13] which nds
an iterative solution and has also been extended to include model constraints [12]. Re-
cently another extension, called FABRIKx [128], was proposed to address the inverse
kinematics problem of continuum robots. A similar approach that nds a closed-form
solution using the geometric primitive intersection has been described in [222], while [24]
presented the di erential and inverse kinematics of robots using conformal geometric al-
gebra and an iterative inverse kinematics solution was derived in [132]. Recent work
has approached the topic of formulating constrained dynamics in conformal geometric
algebra [94]. Newton-Euler modeling has been proposed for multi-copters using motor
algebra in [11] and for robot control using conformal geometric algebra in [23]. The
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interpolation of motors, i.e. rigid body transformations, has been shown to have useful
applications in surgical robotics to model and plan surgical paths using virtual reality
[21]. Conformal geometric algebra was presented for robust pose control of manipula-
tors in [89] and [221] used it for robot object manipulation. Mathematically, geometric
algebra presents fresh insights on screw theory [65], which is often used in robotics to
express kinematic relationships.

1.3. Contributions and Thesis Outline

This thesis is organized into three main parts. The rst part introduces the mathematical
background on geometric algebra and its application to the general modeling of robotic
systems. The second part outlines how geometric algebra can be used to formulate
di erent optimization problems for manipulation tasks. In the third part, we focus on
the practical aspects of geometric algebra by including it in real control systems. The
contributions of each part are described below in more detail.

Part I: Mathematical Fundamentals Chapter 2 introduces the mathematical back-
ground on geometric algebra. It explains the fundamental theory of how this family
of algebras is constructed from vector spaces. Furthermore, we present the relations,
de nitions and equations that are necessary for understanding the rest of this thesis. Af-
terward, we introduce the speci ¢ variant known as conformal geometric algebra (CGA)
that is used throughout this thesis. Here, we focus on the geometric primitives that
CGA is capable of representing as algebraic objects and on the transformation groups
that are contained within CGA. The geometric primitives and the transformations on
them are the two fundamental building blocks for ideas that are presented in this thesis.
Chapter 3 then provides the mathematical details on using geometric algebra for the
modeling of robot kinematics and dynamics. It gives insights on the forward kinematics
and the related Jacobians using the conventional terminology, and shows optimization-
based inverse kinematics. We then present the dynamics modeling of serial kinematic
chains. We extend the Lagrangian dynamics of serial manipulator in CGA to include
a non-trivial inertia tensor and subsequently use the derived dynamics in an inverse
dynamics control scheme. Furthermore, we propose a recursive algorithm for the com-
putation of the forward dynamics. We use the results of this chapter to draw parallels to
classical control schemes, such as di erential kinematics and inverse dynamics control.

Part 1l: Modeling of Optimization Problems for Manipulation Tasks After in-
troducing the basics of geometric algebra for robotics, this part focuses on modeling
optimization problems for manipulation tasks. The part is separated into four chap-
ters. The aim of this part is to utilize CGA to formulate optimal control problems for



1.3. Contributions and Thesis Outline

manipulation tasks in a geometrically uniform manner. Optimal control deals with the
problem of nding a control sequence minimizing an objective function which encodes
the requirements of the task while at the same time adhering to the constraints of the
robot and the environment.

Chapter 4 leverages the capabilities of CGA to achieve uniform modeling of manipu-
lation tasks across di erent geometric primitives resulting in a low symbolic complexity
of the resulting expressions and a geometric intuitiveness. We show that this formula-
tion can be used to achieve compliant behaviors according to geometric primitives when
employed using model-predictive control on a torque-controlled robot.

Chapter 5 extends the optimal control formulation to bimanual systems, which is
building on the cooperative dual-task space that was originally de ned using dual quater-
nions [4]. Here, geometric algebra allows for the simultaneous representation of both end-
e ector positions as a pointpair primitive, which enables automatic decision-making of
the system on which arm should reach for a target without conditional statements.

The ideas from the cooperative dual-task space are then further extended in Chapter 6.
That chapter introduces the cooperative control for multiple parallel kinematic chains
based on cooperative geometric primitives. These primitives are found via the outer
product of the end-e ector of the kinematic chains. Using similarity transformations,
we then de ne a modeling strategy that closely mimics single manipulators. This way,
classical control strategies are readily available for these complex systems with many
degrees of freedom. By integrating this approach with optimal control and teleoperation,
we then show the simplicity in de ning cooperative control objectives.

The previous chapters explored manipulation tasks from the perspective of optimiza-
tion given ideal conditions. In Chapter 7 we explore a probabilistic perspective on the
geometric primitives and their transformations. This way, sensor noise, actuator hystere-
sis, or other sources of modeling or perception uncertainty can be considered. Further
more, the probabilistic perspective presents a gateway to including statistical learning
of manipulation tasks into the geometric algebra optimization framework. Therefore,
this chapter derives precision weighted cost functions of the objective functions from
the previous chapters by considering the covariance propagation through the products
of geometric algebra.

Part I11: Practical Applications Using the theoretical insights from the previous parts,
this part aims at applying the geometric insights in practice. Apart from theoretical
contributions, this thesis contributes an open-source library callegeometric algebrafor

ro botics (gafro) that implements all the presented formulations and algorithms. The
library is based on a fast and e cient custom implementation of CGA using expres-
sion templates. In contrast to existing GA libraries, this implementation is targeted
speci cally at robotics applications and thus not only implements the low-level alge-
braic computations but also features the computation of the kinematics and dynamics
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of serial manipulators as well as generic cost functions for optimal control. We explain
the details of this library in Chapter 8 and provide examples in the form of a short
tutorial on how to use this library in practice.

Chapter 9 then uses the cooperative dual-task from the previous part to formulate
a dual-arm admittance control scheme in CGA. This controller is deployed in a real-
world industrial application for lifting big and bulky objects. The particular use-case
comes from our industrial partner in Horizon Europe project SESTOSENSOhitps:
//sestosenso.eu ) that this thesis is a part of.

As continuous physical interaction between robots and their environment is a require-
ment in many industrial and household tasks, Chapter 10 proposes a closed-loop control
method that is constrained to surfaces. Due to the complex tactile information, these
tasks are notoriously di cult to model and to sense. Thus, planning open-loop tra-
jectories is extremely challenging and likely to fail. One of the challenges was to keep
contact with the surface without applying excessive force. To solve this issue, we use
geometric algebra for an intuitive way of representing a line corresponding to the surface
orientation at a given position. This formulation will cause the system to track the line
while being free to move along it, which lets it stay in contact with the target surface by
simultaneously exerting a desired force along that line. Accordingly, the force and the
line controller can simultaneously be active without con icting objectives or rigorous
parameter tuning.

Chapter 11 concludes this thesis by discussing the presented results and providing
ideas for future work.
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2. Geometric Algebra

2.1. Introduction

Geometric Algebra (GA) can be seen aslagh-level mathematical languag®r geometry
that uni es several known concepts, which makes it a very e ective tool when the physics
of a system need to be modeled. The roots of geometric algebra can be found in Cli ord
algebra, which was a uni cation of quaternions and Grassmann algebra [38]. The result
was the geometric product, which is the sum of an inner and an outer product. This
unfamiliar concept actually leads to algebraic tools that allow for the simpli cation of
many otherwise complex equations, making them more intuitive to handle. A well-
known example for this simpli cation are the Maxwell equations, which reduce to only
a single equation in geometric algebrar + %@@t F =J [114].

The representational advantage of geometric algebra is the geometric signi cance of
its elements, meaning that an object can directly represent geometric primitives, such
as lines, spheres and planes, as well as orthogonal transformations, such as rotations,
translations, scaling and projections. This allows the direct extraction of geometric
information about the problem from the equations. Furthermore, its elements, called
multivectors, avoid the parameter redundancy of other representations such as matrices,
leading to less memory consumption and optimized computation compared to analytic
geometry or vector calculus, which makes it an amenable framework for real-time appli-
cations. In engineering the validity of equations is usually determined by a dimensional
check of the quantities of the formula. These quantities are of a certain algebraic order
when using geometric algebra, which adds a structural check for the validity. These
properties were some fundamental criteria in the design of geometric algebra, along with
the possibility to formulate basic equations in a coordinate-free manner and to smoothly
transfer information between formalisms [101].

Geometric algebra (GA) can be considered a high-level mathematical language for
geometric reasoning. As such it is very well suited for general problems in robotics. GA
uni es the geometric understanding of screw theory, the thoroughness of Lie Algebra
and the simplicity of spatial algebra. The representational advantage of geometric alge-
bra is that its elements directly represent geometric objects that can be manipulated by
algebraic operations. Complex relations and algorithms can be formulated in a simpli-
ed and coordinate-independent way. Furthermore, the existence of di erent geometric
primitives in the same algebra allows for the uniform de nition of distance functions,
which we will later show in the examples for solving inverse kinematics problems. Dual
quaternion algebra is closely related to GA due to their common roots in Cli ord algebra.
GA is, however, more general and can be de ned over any dimension.

The story of geometric algebra in engineering is the story of an algebraic frame-
work that greatly simpli es well-known equations, the most popular example being the
Maxwell equations, which reduce to a single equation in geometric algebra. In [18], a
survey is presented detailing this story of the development of GA in engineering ap-
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plications and how it is a powerful geometric language that connects and uni es many
mathematical concepts. Another recent survey showing how the applications of GA in-
clude physics, electrical engineering, computer graphics to quantum computing, neural
networks, signal processing and robotics can be found in [104].

2.2. Basics of Geometric Algebra

Geometric algebras are a family of algebras that are de ned over vector spaces to allow
operations with subspaces. Geometric algebra is also known as Cliord algebra. In
general, Cli ord algebras can be de ned for vector spaces over arbitrary elds, e.g. also
over the complex number<C, but usually geometric algebra refers to a Cli ord algebra
that is generated by a vector space over the eld of the real numbeR. In this thesis,

we only consider this case and rst give some basic de nitions. This introduction is
not exhaustive and only touches on the surface of the most important concepts that
are needed for understanding the rest of this thesis. For thorough introductions we
recommend the excellent books [179, 144, 68].

Let (R™%';g) denote a quadratic space, i.e. § + g+ r)-dimensional vector space
RP@" with a quadratic form g de ned asg: R»®" RP4"1 R, Here,p, g, andr are the
number of basis vectors that square to 1, -1, and 0, respectively. Formally, a geometric
algebraG,.q; is then de ned as an associative algebra over the quadratic spgé&9"; g)
that forms a ring. The eld R and the vector spaceR™%" can be regarded as subspaces
of Gpq;r- A general elementX 2 G, is called a multivector. Given two multivectors
X;Y 2 Gpq; their algebraic product is denoted by juxtaposition, i.eXY , and is called
the geometric product

Squaring a vectorx 2 RP%" G4, using the geometric product yields a scalar, i.e.
xx 2 R. This property separates geometric algebra from other associative algebras.
Given two vectorsx1;Xz 2 Gy, their geometric product can be decomposed into a
symmetric and an anti-symmetric part

X1X2 = %(Xlxz + XX1) + %(Xlxz X2X1) = X1 X2+ X1/ X2 (2.1)
The symmetric part is theinner product of vectors
Ko Ko, (X2t XX = 5 (a¥x)? X3 X3 2.2)
The anti-symmetric part is the outer product of vectors

1
X1" Xz, 5(X1Xz X2X1): (2.3)
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The inner product is related to the metric of the algebra, whereas the outer product
spans vectors tok-vectors, wherek refers to the number of linearly independent basis
vectors. For example, the quantityX , = x1 ™ X, is called a bivector.

Denoting the set of basis vectors oRP%" as RP4" and considering the geometric
product of the basis vectore; 2 RP", all possible combinations form the algebraic basis
Gp.qr Of Gpg:r. Consequently, this basis then hag* 9" elements which are called basis
blades. LetE RP9" then eg denotes the basis blade

AE]
ee, E[K]: (2.4)
k=1

For example, ifE = (e1;e;;€3), then eg = e; ® e, ™ ez and by convention it is written
asejzs. A general multivector X 2 Gy then is the linear combination of basis\plades.
As a vector space (not as an algebra,.q.r is isomorphic to the exterior algebra ™%,
meaning that it is a graded algebra. Here, th@rade of a basis bladeeg 2 Gp,q;r With
E RPY is de ned as
gr(ee) = jEj;
l.e. the grade refers to the number of basis vectors in a blade. The highest grade basis
blade is called the pseudoscalar, and is denoted lasLet e; , G [i] then the grade
projection is de ned as
, ei; or(e)=Kk
e, = & 91 : (2.5)
0; gr(ej) 6 k
Given this de nition, scalars are homogeneous multivectors of grade 0, iB.= hGpq;i ,
and vectors are homogeneous multivectors of grade 1, iR = hGyq.i ;.

Using the grade projection, we can extend the inner and outer products to general
multivectors X1; X2 2 Gpqr. The inner product for general multivectors is de ned as

thik hX2i| = hX1X2ijk |j’ (26)

and the outer product as
thik"hXZiI: hX1X2ik+|: (27)

Also based on the geometric product, we can de ne other products, in particular the
commutator product

X Y=%(XY Y X); (2.8)

and the anti-commutator product

X Y= %(XY + Y X): (2.9)
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2.2. Basics of Geometric Algebra

For non-degenerate geometric algebras, i.e.= 0, we can de ne thedual of a basis
blade as
e = ed 1 (2.10)

wherel denotes the unit pseudoscalar dby.q.
Later, for applying transformations to multivectors, we will need gn operator called

the reverse of a multivector. Let X 2 Gy, be a blade, i.e. X = :‘=1 Xi, then the
reverse ofX , denoted asX, is de ned as
Nl
¥ = x;=( 1)Kk D2x: (2.11)

i=k

2.2.1. Example: 2D Geometric Algebra

In order to further motivate geometric algebra and to better explain the above de nitions,
we introduce here the geometric algebra of the two-dimensional Euclidean plane. The
underlying quadratic space isR?, which means it has two basis vectors; and e, and
both of them square to 1. The geometric algebra of this space is consequently denoted
as G,, and its algebraic basis is

Gz =(1;e1;€2 €12): (2.12)

Clearly, the pseudoscalar o065, is | = e;,. Evaluating its square yields

ef, = epen=(e1” e)(er” ey) (2.13)
= epen= (e1” e)(ex” ey) (2.14)
= 68 (2.15)
= L (2.16)

This is a very important result, because we have e ectively introduced complex numbers
simply by de nition of a real geometric algebra. Other important isomorphisms can be
found asGp = R; GO;l = C; GO;O;l = D; and Go;z = H.

2.2.2. Versors

For a non-degenerate geometric algeb(@,,q, the set of multivectors constructedérom the
geometric product ofn 2 N* invertible vectors is called the set of versors, i.&/ ~ ', X;.
Combined with the geometric product they form the Cli ord group ( p; 9. The versors
are invertible, i.e. VV 1 =1. When restricted to be of unit norm, we nd the Pin(p;0)
group and the inverse becomes the reverse ! = ¥. The subgroup whenn is even, is
called the Spin(p; g group. The unit vectors x; that form the versors can be seen as
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2. Geometric Algebra

hyperplanes inRP9. Therefore, thePin(p; g and Spin(p; g group represent arbitrary
orthogonal transformations as product of vectors, since by the Carthan-Dieudonné the-
orem orthogonal transformations are found as multiple re ections in hyperplanes. More
concretely, these groups are double covers of the Lie groupép; g and SO(p; ), re-
spectively, i.e. the orthogonal and special orthogonal groups. Transforming an arbitrary
multivector X 2 G, is achieved via a sandwiching operation

Y = VX¥: (2.17)

This operation is grade preserving, i.e. it leaves the number kfbasis vectors in outer
product representation unchanged and thus does not change what the multivectors rep-
resent. Herein lies one of the advantages of geometric algebra, as it extends linear
transformations naturally from vectors to the entire algebra, i.e. transformations can be
applied to all multivectors in a uniform manner, they are a more general representation
of rigid body transformations and can also be used to transform all geometric primitives
that are part of the algebra and not just vectors. This extension is called outermorphism.

2.3. Conformal Geometric Algebra

This thesis uses the speci ¢ variant of geometric algebra that is known as Conformal
Geometric Algebra (CGA) and denoted asG,;. Accordingly, the underlying vector
space of CGA isR*!, which extends the Euclidean spacB?, characterized by the three
basis vectorses;ey; s, by two additional basis vectorse, and es, whereeZ = 1 and
e2 = 1 Itis clearly a pseudo-Euclidean space, in fact it has a Minkowski signature.
It can be understood as extending the Euclidean spa& with a Minkowski plane R*?,
i.e. Rt = R® R [137]. In practice, the conformal model is found by a change of
basis, which introduces two new basis vectors in order to obtain a null basis. These basis
vectors are 1

€o = 5(65 e;) and e; = e4+ es; (2.18)

which can be understood as a point at the origin and one at in nity. This e ectively
leads to a non-orthogonal basis with a metric tensor of the following form

€ €1 € €3 e
e | 0 0 0 O -1
e;, /0 1 0 O O
2.19
e;,/ 0O 0 1 O O ( )
e/ 0O 0 O 1 O
e /-1 0 0O O O

Since the underlying vector spac®;.; is ve-dimensional, the algebraic basis of CGA
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2.3. Conformal Geometric Algebra

consequently consists of 32 basis blades of grades zero to ve. This structure can be
seen in Figure 2.1.

grade 0 1
grade 1 e e, es = €
grade 2 €23 €13 €12 €11 €21 €31 €01 €02 €o3 €o1

grade 3 €123 €121 €131 €231 €012 €013 €023 €o11 €021 €031

grade 4 €1231 €0123 €0121 €0231 €o131

grade 5 | €o1231

Figure 2.1.: Structure of conformal geometric algebra with the 32 basis blades, divided
into the di erent grades. Grade 0 and 5 are the scalar and pseudoscalar,
respectively. Grade 1 are vectors. Grades 2 to 4 are called bi-, tri- and
guadvectors.

2.3.1. Geometric Primitives

Points are the basic geometric primitives that can be used to construct others by the
spanning operation of the outer product. Euclidean pointg are embedded in CGA by
using the conformal embedding

P(X)= ey + X + %xzel ; (2.20)

These conformal points form the basic building blocks for geometric primitives that
can be represented in the algebra. Note that, this nonlinear embedding turns at Eu-
clidean space into a parabolic space. Furthermore, this embedding is similar to how we
traditionally embed vectors inR?® into R* when using homogeneous coordinates.

In general, geometric primitives, such as lines, circles and spheres, can be constructed
from conformal points using the outer product, i.e.

X= P (2.21)
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2. Geometric Algebra

In the above equation, depending on the number of points and the presence of the
point at in nity e; , di erent geometric primitives can be constructed:

a line can be constructed from two points passing through it and the point at in nity
L=P,"P,"e;; (2.22)
a circle can be constructed from any three distinct points lying on its orbit
C= PN Py" Py (2.23)
a plane can be constructed from three points and a point at in nity
E=E,"E,"E3"e;; (2.24)
a sphere can be constructed from four points.
S=E;NE,NE3” Ey (2.25)

The geometric primitives of CGA are in general nullspace representations with respect
to either the inner (IPNS) or the outer (OPNS) product, meaning that a geometric prim-
itive is de ned by the set of all Euclidean points that result in zero upon multiplication
when embedded in CGA, i.e.

IPNS: NIg(A)= fx 2 R®:C(x) A =0g; (2.26)
OPNS:NOg(X )= fx 2 R®:P(x)" X =0g: (2.27)

The IPNS and OPNS representations are dual to each other. Duality in this case means
multiplication with the pseudo-scalar. We refer to the OPNS as the primal space for
its more convenient usage, which consequently makes the IPNS the dual representation,
although both representations can be used to represent all geometric primitives.

We show the subspaces that several geometric primitives occupy within the algebra
in Figure 2.2.

Operators using Geometric Primitives

As part of the geometric algebra, the geometric primitives can be used in algebraic
expressions that have geometrically meaningful interpretations. For example, the pro-
jection of a point P to another geometric primitive X is achieved by the general formula

P=(P X)X % (2.28)

Using what is known as themeet operator, it is also possible to calculate intersections

20



2.3. Conformal Geometric Algebra

s =Illl Motor
S | | | [ 1 | o
e EEEEEEEEEE

wes @ HEE
grade 5 D

Figure 2.2.: Non-zero elements of various geometric primitives in their primal represen-
tations in conformal geometric algebra. Boxes represent basis blades and
colored boxes represent the possible non-zero blades of the geometric prim-
itive with the matching color. It can be seen that of the 32 basis blades
only a sparse number is used for the representations. Note that geometric
primitives are single-grade objects, while transformations are mixed-grade.
The boxes correspond to the basis blades that are shown in Figure 2.1

between any two geometric primitives
Y = (X, M X,): (2.29)

Here, it is not required to additionally consider edge cases. The resulting multivector
retains a geometric meaning, e.g. when a line meets a sphere there are three possibilities:

the line intersects the sphere, in which casé is a point pair;

the line is tangential to the sphere, which results in a single point;

the line and the sphere are completely separate, resulting in an imaginary point that
is related to the distance between the objects.

This geometric result is directly encoded in the result and no special cases need to be
considered. Similarly, in the case of a line and a circle, it is not necessary to check
whether the line is tangential, intersecting the circle twice or not all. Equation (2.29)
will always return a meaningful geometric primitive that conveys the information of
these di erent cases.

The geometric primitives can also directly be used for geometric operations such as
re ections and projections, which result in rigid body motions. Here, two consecutive
re ections on intersecting planes result in a rotation and on parallel planes in a transla-
tion.

2.3.2. Transformation Groups in CGA

In general, since the orthogonal grou®@(n + 1;1) is isomorphic to the conformal group

C(n), i.e. the group of angle-preserving transformations, CGA contains conformal trans-
formations via the groupPin(4;1). For the purpose of this thesis, we neglect pure re-
ections and special conformal transformations. As the relevant transformation groups,
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2. Geometric Algebra

we only consider subgroups that are formed by an even number of unit vectors, i.e. sub-
groups ofSpin(4; 1). In particular, we only introduce the subgroups formed by rotations,
translations, and uniform scaling.

Rotation Group

The group of rotations in three-dimensional Euclidean space is usually represented by
the special orthogonal groug50 (3), i.e. a matrix Lie group. The groupSpin(3) is its
double-cover and can be represented as unit quaternions. In CGA, it is the rotors that
form an isomorphic group to unit quaternions and we denote them here &. Their

Lie algebra is the bivector algebrdBr = spanf e;,; e;13; €,39. Given the elementsR 2 R
and Br 2 Bg, the exponential mapexps : Br ! R and its inverse the logarithmic map
logg : R! Bg are

R = exp(BR) = cos %kBRk sin %kBRk kBrk Bg: (2.30)
and ) L i
cos i

Br = log(R) = 0 _mRi,: (2.31)

sin cos?! MRi,

Translation Group

The translation group ofR® is the Euclidean space itself under the addition operation, i.e.
(R3;+), which is often shortened to simplyR3. In CGA, this group can be represented
in versor form. Here, we denote the translation group containing all translation versors
in CGA as T. Note that, unlike the rotation group in CGA, the group T is not a
double-cover of(R3;+), since (R%;+) is already a simply-connected group. The Lie
algebra of the groupT is the bivector algebraBr = spanfe;; ;e ;€3 g. Given the
elementsT 2 T and Bt 2 By, the exponential mapexp; : Bt ! T and its inverse the
logarithmic maplog; : T ! By are

T=exp(Br)=1 %BT; (2.32)
and
Br =log(T)= 2HhTi,: (2.33)

In general, the translation bivectorB+ can be found from a Euclidean vectotr 2 R3 as

Br=t"e: (2.34)
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2.3. Conformal Geometric Algebra

Uniform Scaling Group

Uniform scaling is a transformation that preserves geometric similarity, i.e. the shape,
proportions, angles and orientation as well as parallelism and collinearity are preserved
while distances are changed by an isotropic scaling factor. Here, we restrict uniform
scaling to positive scalarR* to preserve the handedness as well. In CGA, the versor
achieving this is called a dilatorD and consequently the set of all dilators forms the
dilation group D, with its corresponding bivector Lie algebraBp. Given the elements

D 2D andBp 2 Bp = spanfeg,; g, the exponential mapexp, : Bp ! D and its inverse
the logarithmic maplog, : D! Bp are

D =exp(Bp) = cosh %kBDk sinh %kBDk €o1 ; (2.35)
and
Bp =log(D)=2cosh * MDi, e ; (2.36)

where the bivectorBp then relates to the scaling factod 2 R™ via
Bp =log(d)eo; : (2.37)

Note that the scaling is always with respect to the origin.

Rigid Transformation Group

The group of rigid transformations in Euclidean space is the most commonly used group
in robotics. Traditionally, it is represented by the matrix Lie group SE (3) called the
special Euclidean group. Alternative representations, such as dual quaternions, are
representations oSpin(3)nR 3, which is the double-cover o8E (3). Here, we denote this
group asM and usually call its elements motord/ . The group is foundasM = Rn T,
and we de ne the canonical decomposition of an elemekt 2 M as

M = TR: (2.38)

The Lie algebra ofM is the bivector algebraBy = spanfe;,;eis;€s3;€11 ;€21 ;€31 0
and an elementB,, 2 By is decomposed as

Bum = Bt + Brg: (239)

Consequently, given the elementé1 2 M and By 2 By, the exponential map
expy :Bm !'M and its inverse the logarithmic maplog,, : M! By are

M =exp(Bw) = exp(Br)exp(Br); (2.40)
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2. Geometric Algebra

and
Bm =log(M)=1log(T)+log(R): (2.41)

Since the motors and the geometric primitives are part of the same algebra, the
motors can be used to apply rigid body transformations to these primitives. Some visual
examples of how motors are transforming geometric primitives are shown in Figure 2.3.

NS

Figure 2.3.: Rigid body transformations of various geometric primitives. Red marks the
initial primitive and green the nal one, the primitives resulting from the
trajectory of interpolated motors are shown in blue.

It has been shown in [21] that e cient interpolation between motors can be achieved
via the bivector space, which is similar to spherical linear interpolation (SLERP). In
this case the parameterized motor curvé (t) can be found as an interpolation in the

bivector space of viapoint motors using the exponential and logarithmic map
|
0 !
M (t) = exp w; (t) log(M;) (2.42)

j=1

P
The weights need to fulll [, w; = 1 for each timestep, but can otherwise be chosen
arbitrarily. In [28] this is exploited for mesh deformation.

2.3.3. Twists and Wrenches

In the previous section, we have identi ed a bivectoB), 2 By as the screw axis of the
motion de ned by its exponential. Continuing to utilize the terminology of screw theory,
the screws that carry velocity and force information are called twists and wrenches,
respectively. Hence, twists are identi ed with the time derivatives of the bivectors that
generate rigid body motions, i.e. their space is found as

V 2 By = sparf ey3; €13; €12; €11 ;€21 ;€31 T; (2.43)

where the six objects forming a twist are bivectors. The space of twists algebraically
corresponds to the bivector dual lines that form the screw axes of motors.
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2.3. Conformal Geometric Algebra

Wrenches, on the other hand, are usually called co-screws, meaning that there is a
certain duality relationship between twists and wrenches. In matrix Lie algebra, how-
ever, this duality is not directly visible, since both twists and wrenches are simply
6-dimensional vectors. In conformal geometric algebra, this duality is explicitly found
via multiplication with the conjugate pseudo-scalad . = | eq [100]. Multiplication of I
with a twist yields the space of wrenches as

W 2 sparf ez3; €13; €12; €01; €02; €030 (2.44)

Using these de nitions, the inner product of a twistV and a wrenchW reduces to the
scalar product and calculates the power of the motion, i.e.

p=V W : (2.45)

In Lie theory, twists are elements of the Lie algebra and wrenches are elements of
the dual Lie algebra. As per the above de nitions, this duality relationship can be di-
rectly seen from the di erent bivector blades in the respective spaces. The elements
also allow for a direct geometrical interpretation: the linear velocity part of twists (i.e.
€11 ;€71 ;€31 ) corresponds to a direction bivector, whereas the force part of wrenches
(i.e. ep1;€02;€03) COrresponds to a tangent bivector. This geometric interpretation
further clari es why twists and wrenches transform di erently under rigid body trans-
formations, i.e. why in matrix Lie algebra the adjoint matrix Ad transforms twists and
the dual adjoint matrix Ad transforms wrenches. Using conformal geometric algebra,
this distinction is not necessary, since, by de nition of the algebra, direction and tan-
gent bivectors (i.e. linear velocities and forces) multiply di erently using the geometric
product. Hence, a motor can be used to transform both twists and wrenches according
to Equation (2.17), which means it simultaneously represents the adjoint and the dual
adjoint operation.

Similarly, a uni ed expression for the Lie bracket can be found in conformal geometric
algebra. The Lie bracket is a linear mapping between elements of the Lie algebra. For
twists acting on twists or wrenches, this mapping can be found as

V=V, V, and W°=V W ; (2.46)

where is the commutator product that is de ned in Equation (2.8). The implications
of these de nitions are very interesting, since CGA simultaneously clari es the duality
relationship of twists and wrenches, by removing the ambiguity of what a 6-dimensional
vector represents through an algebraically determined di erence. Furthermore, it also
uni es their treatment by having the same adjoint operations.
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2.4. Discussion

2.4.1. Computational Properties of Motors

When comparing the computational properties of motors in CGA to matrices, there
are several important quantities to consider, i.e. the required memory, the number of
oating-point operations for transformations and for composition. First of all, in terms

of memory, it is easy to see that motors requiring the storage of 8 oats are a more
compact representation than matrices that use at least 12 oats, since the bottom row
Is constant and can be treated separately. The scenario in which matrices are more
e cient than motors is if a large number of vectors needs to be transformed. In this
case, matrices generally require less oating-point operations. For composition, on the
other hand, i.e. chaining multiple transformations, motors and dual quaternions are
more e cient [62]. So depending on the scenario, one or the other representation might
be preferred. Converting motors to matrices, however, is easy and relatively cheap, so
in general it could be bene cial to store transformations as motors and to chain them
in this form for, e.g. the computation of the forward kinematics, and to only convert
them to matrices if a large number of points needs to be transformed. More analysis
needs to be performed on this, since also it might end up being worth to do slightly
more computation if it means to move less data around. A study on the use of the
di erent representations for robot kinematics has been performed in [62] and a similiar
one should be made for the dynamics.

Other advantages that motors and dual quaternions share over transformation ma-
trices is that they are simpler type invariants, i.e. violations of the unit constraint are
much easier to detect and corrections are much cheaper to enforce, i.e. re-normalizing a
motor or a unit dual quaternion is a lot easier than re-orthonormalizing a matrix. Fur-
thermore, in some applications, it is necessary to interpolate between transformations,
which is also much easier to achieve with motors than with matrices.

Due to the widespread usage of matrices, modern systems use highly optimized al-
gorithms for matrix operations and the architecture around graphics processing units
also helps to parallelize these operations. Hence, an argument could be made for using
matrices in the implementation. For this, we want to point out that in general, for
every geometric algebra as a real, associative algebra, one can nd an isomorphic ma-
trix algebra. In the case of CGAG,; it is the algebra of4 4 complex matrices, i.e.
G41 = C* 4. This means that the presented algorithms could also be implemented en-
tirely using (sparse) matrices as opposed to the bitset-based multivector implementation
that we utilized in this thesis.
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2.4.2. Comparison to Spatial Vector Algebra

Spatial vector algebra is a framework that is designed to treat screws as unied 6-
dimensional vectors. It requires twelve basis vectors to form two vector spaces, one for
motions, i.e. twists, and one for forces, i.e. wrenches. The bases of the two vector
spaces are made dual to each other by using a dual coordinate system known as Plucker
coordinates [74]. Instead of an inner product, the algebra de nes a scalar product
between the two spaces that, like the inner product of Equation (2.45), yields the power of
the motion. The equivalent of the Lie bracket that we introduced for CGA in Equations
(2.46) and (5.14) is implemented in spatial vector algebra using the de nition of two
separate cross products, in order to treat the two vector spaces of motions and forces
di erently. Spatial vector algebra uses mathematical constructions and de nition that
are sometimes not seen in the implementation, i.e. the matrices that are used in the
implementation do not encode the distinction between screws and coscrews.
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3. Robot Kinematics and Dynamics

This chapter introduces robot kinematics and dynamics from the perspective of
conformal geometric algebras.

Publication Note

The material presented in this chapter is adapted from the following publi-
cations:

Tobias Léw and Sylvain Calinon. Geometric Algebra for Optimal Con-
trol With Applications in Manipulation Tasks . In: IEEE Transactions
on Robotics 39.5 (2023), pp. 3586 3600.doi: 10.1109/TRO.2023.
3277282

Tobias Low and Sylvain Calinon. Recursive Forward Dynamics of Serial
Kinematic Chains Using Conformal Geometric Algebra . In:Workshop
on Algorithmic Foundations of Robotics (WAFR) 2024
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3. Robot Kinematics and Dynamics

3.1. Introduction

This chapter describes the computation of the robot kinematics and dynamics in confor-
mal geometric algebra. Since these are important concepts in robotics, naturally, there
have been many algorithms and implementations. There are many o -the-shelf robot
simulators available using classical formulations, such as Raisim [106], Isaac Sim [139],
Gazebo [127], Mujoco [210], Bullet [58] or Coppelia Sim [212]. Furthermore, there are
several software libraries that, while not being full simulation engines, allow for the e -
cient computation of the robot dynamics, e.g. Pinocchio [50], KDL [200] and RBDL [77].

Researchers have realized before that mathematical tools from geometry can lead to
simpli ed and uni ed treatments for robot modeling. Featherstone's seminal work [76]
used spatial algebra for computing the dynamics recursively. By treatin§E (3) as
a Lie group and adopting basic ideas from Riemannian geometry, a geometric variant
of the robot dynamics was derived in [176]. That work showed that by looking at the
problem through the lens of geometry, various impractical notational conventions can be
avoided and that the connections to di erential geometry lead to easily factorizable and
di erentiable equations, making it very attractive for optimization and optimal control.
These ideas of exploiting Lie groups and Lie algebras were extended further to show
the natural emergence of a matrix factorization of the mass matrix and its inverse [182],
where a recursive algorithm is embedded within its structure. Furthermore, the inherent
invariance w.r.t the reference frame allows for arbitrary frames in the kinematic mod-
eling [164]. Our formulation in CGA not only retains this coordinate invariance, but
actually uses a double covering group &E (3) for its computations and that the algebra
contains more classes of transformations including non-rigid ones.

The theory of dual quaternion algebra presents another paradigm to approaching prob-
lems in robotics from a geometric perspective. There are works that are describing the
robot dynamics using dual quaternion algebra, currently in the form of Newton-Euler
type dynamics, which are less e cient for the computation of the accelerations [6]. A
notable insight from that work is that by combining the geometric perspective from
screw theory, the thoroughness of Lie algebra and a simple algebraic framework in the
form of dual quaternion algebra leads to simpli ed and more general expressions. This
insight seamlessly translates to geometric algebra due to their common roots in Cli ord
algebra. Hence, there are also works that utilize geometric algebra to derive a Newton-
Euler type algorithm for robot inverse dynamics and control of manipulators [23] and
multicopters [11]. In contrast to those works, we are presenting a recursive forward dy-
namics algorithm following Featherstone's formalism of the articulated body algorithm.
In order to give a complete overview and to integrate our inertia tensor formulation
into the Newton-Euler algorithm, we are also showing the inverse dynamics. Previous
work in geometric algebra also looked at the inertia tensor and showed that it was fully
contained within the geometric algebraGo..» [188]. Since this algebra is comparatively
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large, that work asked the question regarding the minimal algebra containing the adjoint

operation of SE (3). While the presented inertia tensor and transformations of it require

multiple operations, the proposed approach is fully contained within the algebra.
Hence, our contributions are as follows:

we de ne an inertia tensor using elements from conformal geometric algebra,
we formulate the articulated body inertia in conformal geometric algebra,

we formulate the recursive forward dynamics in conformal geometric algebra,
we implement the presented algorithms in an open-source libragafro®.

The rest of the chapter is organized as follows: Section 3.2 introduces the mathematical
background, in Section 3.4 we show our formulation of the inertia tensor in CGA, in
Section 3.5 we then introduce the robot dynamics in CGA, and in Section 3.6 we show
numerical results.

3.2. Background

3.2.1. Robot Dynamics

The manipulator equation using classical linear algebra for computing the dynamics of
the system is

M (g)g+ C(q;q)g+ g(q) = ext; (3.1)

whereM (q) is known as the inertia or generalized mass matrix; (g; Q) is representing
Coriolis/centrifugal forces, g(q) stands for the gravitational forces, is the vector of
joint torques and ¢, are the external torques. The problem of forward dynamics then
arises when solving Equation (3.1) for the joint acceleratiors, i.e.

a=M *(q) et C(gya)a g(q) : (3.2)

This matrix algebra approach to solving the forward dynamics therefore requires nd-
ing the inverse of the generalized mass matrid 1(q), which can be computationally
demanding. Hence, the previous work on deriving recursive algorithms for the forward
dynamics showed how the inverse mass matrix could be e ciently factorized, alleviating
the need of matrix inversion. This concept translates to the formulation of the forward
dynamics in CGA, since we also don't compute the mass matrix or its inverse explicitly.

3.2.2. Torque Control

Standard practice for controlling robot manipulators is using torque commands. Often,
this is achieved by converting acceleration commands found from planning methods to

Lhttps://gitlab.com/gafro
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torques. This can be realized using an inverse dynamics controller, the required control
command can thus be found as

u = (o;98:)+ Kp(da 9)+ Ka(da Q) (3.3

where the torque vector is computed using inverse dynamicsK , and K 4 are the
sti ness and damping gains, respectively.

3.3. Kinematics of Serial Manipulators

In this section, we present how geometric algebra can be used to express the kinematics
and dynamics of serial manipulators. We do this while also explicitly drawing connec-
tions to the expressions and terminology of classical linear algebra.

3.3.1. Forward Kinematics of Serial Manipulators

The forward kinematics of a kinematic chain oin joints can easily be de ned using
motors [22]. Assuming that we only have revolute joints, the forward motoM (q),
given the con guration g, can be computed with

Y Y
M(q) = Mi(qg) = MEeiRi(q): (3.4)
i=1 i=1

The constant joint-speci ¢ motors Mg, represent the local frames of the joints with the
rotation in that frame expressed by the rotor

1
Ri(@)=exp  5GBi | (3.5)
where the bivectorsB; essentially represent the rotation planes of the joints. These

guantities can easily be found using e.g. DH-parameters [195].

3.3.2. Jacobians of Serial Manipulators

In the literature about serial kinematic chains one can generally nd the distinction
between two Jacobians: the geometric and the analytic Jacobian. In this section, we
will explain how these quantities translate to geometric algebra.

Using an arbitrary representation of the end-e ector forward kinematics

= f(a); (3.6)
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the analytic Jacobian is de ned as the partial derivatives of the forward kinematic func-
tion f (q) w.r.t. the joint angles, i.e.
@ (q)
ING) = —=; (3.7)
@
and it relates the joint angle velocity to time-derivatives of the end-e ector con guration
using the given representation

—= J*(a)a: (3.8)

The geometric Jacobian on the other hand de nes the relationship of the joint angle
velocity to the linear and angular velocity of the end-e ector in a certain coordinate
frame

| = 3%ae (3.9)

The relationship between the analytic and the geometric Jacobians can be found by a
representation speci ¢ mapping

J%(a)=3M()Ia): (3.10)

In geometric algebra the analytic Jacobian can be found as the derivative of the
forward kinematics motor de ned in Equation (3.4), i.e.

@Ma) _ h@M(q) ... eMa) :

J M) = @ R

(3.11)

Note that the size of the multivector matrix isJ *(q) 2 M* N Gz, with its elements
corresponding to motors. The partial derivative of the forward motor w.r.t the-th joint
angle is

—@CI\@I(S) = My(ap) ::: Mg %Bi Ri(g):::Mn(n): (3.12)

Similarly, the geometric Jacobian of a serial kinematic chain in geometric algebra can
be found by transforming the rotation bivectors of each joint using the respective motor,
i.e.

J %)= BY ::: BY; (3.13)

n

with the rotation bivectors
BO= My:::M; (MgiBiMei K, 1100 (3.14)

In this case, the size of the multivector matrix isJ ¢(q) 2 B* N G}MN. Its elements
correspond to bivectors.
From Equations (3.12) and (3.14) the relationship between the analytic and geometric
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Jacobians in geometric algebra can easily be derived as
Jg@= 23§ () (3.15)

The time derivative of the geometric Jacobian can be found using the time derivatives
of the rotation bivectors B as

G >
(9= BY BY = J (@a ; (3.16)
where 1
Ji (q) = B Bj0: E(BiOBjO BjOBicb; (3.17)
where the operator is the commutator product from Equation (2.8), i.e. the Lie
bracket.

Since the analytic Jacobian can be used to derive the time derivative of the end-e ector
motor

Mg =J (3.18)
and the geometric Jacobian for nding the end-e ector twistV.q

Vgg = J gq; (3.19)

it is straightforward to relate the bivector time derivative of the end-e ector motor B,
to the end-e ector twist Vg.q

Vgg= 2Bq= 20 My (3.20)

3.3.3. Inverse Kinematics of Serial Manipulators

Using the expressions derived in Section 3.3.2, the inverse kinematics problem for a serial
kinematic chain can be formulated as an optimization problem on the motor manifold.
The goal is to nd the joint angles g that minimize the following equation

2
g =arg m(;n log Mtarget M () 2: (3.21)
The forward kinematics motorM (g) can be found using Equation (3.4). The expression
If/lel can be understood as the shortest screw motion between two points on the motor
manifold. The log() operation moves the problem to bivector space, i.e. the Lie algebra
of the motor manifold.
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The Jacobian can be found as

I R6 @
JB(Q)= EB' R —|Og MtargetM(q) : (3-22)
@q
Here Jg(g) 2 R® N is a linear algebra matrix. The interpretation ofJg(q) is an em-
bedding of the multivectors into a matrix algebra and exploiting their sparsity. The
expression can be further untangled into

Je(@) = Im s(a)Iwm (0): (3.23)

Jw (9) 2 R® N is the embedding of the analytic Jacobian of Equation (3.11) multiplied
by the target motor, i.e.

h i
In (@)= E" R Miagerd A(q) (3.24)

Jw e(q) 2 R® 8 can be understood as the Jacobian of the local parameterization
from the motor manifold to the bivector space and hence is the Jacobian of theg()
operation. The derivation ofJy, g can be found in Appendix A.1.

With Equation (3.22) the Gauss-Newton step becomes

Gt = G (Js(@) Is(@) *JIs(a) f (qK); (3.25)

where s the line-search parameter. This shows how geometric algebra functions on the
motor manifold can be optimized using classical methods by embedding the multivectors
into a matrix algebra, which will be exploited later when de ning the cost functions for
optimal control problems in geometric algebra.

3.4. Inertia Tensor

In this section, we are presenting our formulation of the general inertia tensor in CGA.
This formulation is a direct extension of the de nition of the rotational inertia tensor in
dual quaternion algebra [6]. The rotational part can be identi ed in conformal geometric
algebra with the bivector bladese,s; e13;€1,. We add the bivector bladeseg:; €o; €03,
such that a general inertia element becomes

| 2 sparf ez3; €13; €12; €01; €02; €030 (3.26)

Note that an inertia element uses the same basis blades as a wrench that was de ned
in Equation (2.44). This follows from the fact that we want the inner product of an
inertia element and twists to be the scalar product in order to compute the di erent
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components of the resulting wrenches.

Hence, the inertia tensorl consists of six bivector-valued inertia elements, one for
each component of the resulting wrench. We de ne the geometric algebra inertia tensor
as the union of all elements belonging to the blade index lit, i.e.

| =1l ekgek2|l ; (3.27)

where the upper blade index indicates which component of the resulting wrench it is re-
sponsible for. In accordance with the de nition of a wrench, these blade indices therefore
are

I, = feas; e13; €12; €01; €02; €030: (3.28)

3.4.1. Linear Mapping from Twist to Wrench

The inertia tensor is a linear operator that acts on twists and produces wrenches. This
linear map can be found as the sum of the inner products of each inertia element with
the given twist, i.e. X
W=1[V]= (1% V)ex: (3.29)
ex2l,

At this point we would like to mention that we generally call the mathematical ob-
jects twists and wrenches according to the de nion of the spaces in Equations (2.43) and
(2.44), respectively. The physical interpretation, however, can of course be a mapping
either from velocity to momentum or acceleration to force. In both cases, the mathe-
matical bivector spaces are the same, hence we treat it using a uni ed terminology.

3.4.2. Rigid Body Transformation of Inertia Tensor

Often, it is required to view the inertia tensor from a frame that is dierent to the
inertial frame. Hence, it is necessary to have a formulation of how an inertia tensor
behaves under rigid body transformations. These are expressed using motors in CGA,
hence, given a motoM , we de ne the transformation of an inertia tensor and denote
this operation using the symbol , i.e.

( X )
M | = M M1 eMie e [ ; (3.30)
ex2l, e 21
where the operatorh i, extracts the e; blade component of the enclosed expression.
With equations (3.29) and (3.30), we can nd the equivariance relationship
h [
MI VIR =(M 1) Mmvia (3.31)
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3.4. Inertia Tensor

Hence, transforming a wrench produced by applying an inertia tensor to a twist, gives
the same wrench as rst transforming the inertia and the twist individually and then
applying the transformed inertia tensor to the transformed twist.

3.4.3. Spatial Inertia

Traditionally, the spatial inertiais a 6 6 symmetric matrix that contains the information
about the rotational inertia, the mass and the center of mass. We show in this section
how to obtain it in our CGA formalism, in order to give a more detailed explanation of
the involved operations.

Given an arbitrary rigid body, we have its inertial parameters as the masa, the motor
describing the location of the center of madsl °™ and the inertia matrix | , i.e. a sym-
metric positive-de nite matrix with the six independent componentSyy ; iyy;izz;ixy;ixz;lyz-
Thus, we nd the general inertia tensorl as a function ofm and 1, i.e. the elements of
| are

e —_ H H H . e —_ .

| "2 = Iy €23 Ixy€13+ Iy, €12; | =" = meoy;
e —_ : H H . e —_ .

I B = Ixy e23 + Iyyel3 IyZe121 I 02 = meoz, (3.32)
e —_ H H H . e —_ .

|2 = Iy,€23 ly,€13+ 15,€12; | ®% = meps:

Note the sign change in certain elements of the inertia, that is due to the metric tensor
of CGA, which led to our choice of basis bivectors to closely match and facilitate the
implementation. Then, we nd the spatial inertia tensor | <°™ by transforming the
inertia tensor | using the motor describing the location of the center of magd M

| COM = MmCM . (3.33)

3.4.4. Manipulator Inertia

As mentioned, we are not assuming the inertia to be constant in this work, since we
want to use the inverse dynamics control scheme in our experiments, which requires an
exact computation. Therefore, we have derived the in uence of the link inertia, given
the current joint state | (q), as well as its time derivativel(qg;q). The inertia matrix
can be found as a summation over the joint angles of the manipulator, accounting for
the in uence of each joint, i.e.

X

1 (@=" Bil(B): (3.34)
i=0
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The bivector matrix Bj isal N row-vector and contains the rotation generators of
each joint w.r.t the current joint. The j-th element of B; can thus be found as

Bij = Ri(g)log® J $(a) Ri(q): (3.35)

The expressionlog®( ) in these equations stands for the logarithmic map of the rotor
part of the motor that is the ij -th element of the geometric Jacobian. It hence returns
a bivector with non-zero elements corresponding to the basis bladesg; e;z and ej».

The time derivative of the inertia matrix thus follows as

X
Ha@= B I(B)+ R(qBIRi(q) : (3.36)

i=0

The time derivative of the rotation generatorsB; can be found in the same way as the
elements ofB;, but using the time derivative of the geometric Jacobian

Byj = Ri(a)log® I (a;@) Ri(a): (3.37)
The variable B\iW from Equation (3.36) can be found as
BY =(1sB) " Ri(a)l Ri(q)IsBRi(q) Ri(a) : (3.38)

Note that in this casel; stands for e;,3, which is the pseudoscalar of the Euclidean
geometric algebraGs;, which is a sub-algebra of CGAB}" on the other hand is the
bivector velocity that results from multiplying the geometric Jacobian with the joint
velocity, i.e. B = J £(q)q. The quantity |13BY therefore is the angular velocity and is
non-zero ine;,e, and e;. The outer product in Equation (3.38) causes the quantit;lé\iW
to be a bivector again, i.e. the elements,z,e;3 and e;, are non-zero.

In all the above equationsl () expresses the inertia tensor being applied to a mul-
tivector or to each multivector element in the matrix case. The inertia tensor is a
grade-preserving operation since it maps bivectors to bivectors [68].

3.4.5. Articulated Body Inertia

One of the key concepts that was introduced by Featherstone for computing the dynamics
of multibody systems is the Articulated Body Inertia (ABI). The ABI is the inertia that

a body appears to have if it is part of a multi-body system [73]. It is an integral part for
the e cient computation of the forward dynamics. Although the ABI is structurally and
mathematically identical to the spatial inertia, they physically di er in that the spatial
inertia converts from velocity to momentum and the ABI from acceleration to force [75].
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3.5. Dynamics of Serial Manipulators

The computation of the ABI is a recursive algorithm that iteratively adds the in uence
of child bodies to parent bodies. The recursion starts with the outermost body, where
the ABI is identical to the spatial inertia tensor of the body. We present the CGA
formulation of this computation in Algorithm 1. Here, q denotes the current joint
positions, | ; the link inertias, M; the current joint motors and B; the screw axes (as
bivector) of the joints. The computed articulated body inertia of the links isf\j.

Algorithm 1: Articulated Body Inertia

Input:  o;1 ;;M;;B;

Output: [

n MSM

forj=n 1to 1do
WBj+1n: r\j+1 [Bj+1](Bj+1 r\j+é [Bj+1]) !
Iy = r\je-:-(l +(Bjn r\je-tl)WBjﬁl
r\j = MjCOM | i + Mj+1 | i

end

ex2l;

3.5. Dynamics of Serial Manipulators

In geometric algebra, Equation (3.1) can be transformed to a simpli ed version, which
was shown in [19]. The in uence of the link inertia in that work, however, was assumed
to be a scalar constant, which of course is not accurate for real systems. Therefore,
we extend this equation by a joint position dependent inertia tensor and subsequently
derive the necessary in uence on the Coriolis/centrifugal forces. We rst present the
geometric algebra reformulation of Equation (3.1) that was derived in [19] and then
present our extension with the joint position dependent inertia tensor. The elements
of Equation (3.1) can be expressed as multivector matrices, where the generalized mass
matrix becomes

M (a)=1(q)+ VvV~ (q)mV(q): (3.39)

The scalar valuedm isanN N matrix that contains all link masses along its diagonal.
The Coriolis/centrifugal forces become

C(a;Q)a = I(a;q) + V™ (q)m\L(q; q)a; (3.40)
and the gravitational forces are

G(g)= V7 (qmG: (3.41)

39
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The constant matrix G 2 G}, * contains the gravitational acceleration with the infor-
mation about the direction. In the usual case, all elements therefore are equaldes.
The recurring multivector matrix V(q) 2 GZ‘;l N can be found using the current centers
of mass of the linksX jCO'V' and the current axes of rotation of the joints, expressed as

bivectors BY. An element of this matrix therefore becomes
Vi () = XjCOM (a) By: (3.42)

The interpretation of this matrix is the computation of the lever arms of the centers of
mass of the links w.r.t. each joint. Its time derivative can be found to be

Vi (@)= V(@)@ Jd 8@+ 11X () I-"(q;q): (3.43)

Note that | in this case isarN N identity matrix, such that the expressionV (q)g be-
comes a square matrix instead of a vector. The same applies to the expressixrt°M (q),
where the matrix X “*V' (q) 2 G}, * contains all centers of masses of the links.

Finally, we nd the manipulator inverse dynamics equation in geometric algebra to be

(@)= et (Pog+ (g + V' (m V(q)g+ \(g;)a+ G ; (3.44)

and consequently the forward dynamics of a serial manipulator can be expressed as

qad )= L@+ V@MY@ e V(@M \GQAF G LG :
(3.45)

3.5.1. Recursive Inverse Dynamics

The recursive computation of the inverse dynamics of serial kinematic chains has already
been presented in [20], where the authors used the variant known as motor algebra. We
show the recursive algorithm here for the sake of completeness and consistency in the
notation.

The problem of inverse dynamics is de ned as calculating the joint torques given
the joint positions q, velocitiesq and accelerationsy. Solving this problem is essential
for controlling robots in order to achieve a desired motion, such as in inverse dynamics
control. Recursive algorithms that break down the problem into smaller sub-problems
and solve them iteratively are e cient and widely used in robotics due to their ability to
handle complex kinematic chains and their recursive nature allows for easy implemen-
tation.

The algorithm has two stages: the forward and the backward pass. Using the joint
positions g, velocitiesq and accelerationsy, the relative joint motors Mj; 1, the joint
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3.5. Dynamics of Serial Manipulators

twists V; and their time derivatives \;, are computed in the forward pass. HereB;
denote the joint axes andM,“°™ the center of mass of the child link of the -th joint,
relative to the joint's axis of rotation. Mj; ; therefore relates the centers of mass of two
consecutive links. Afterwards, in the backward pass, the wrenches acting on the joints
W, are computed using the inertia map ; as it was de ned in Equation (3.29). The
joint torques ; are then found by the inner product of the wrench and the joint axis.
The entire algorithm is given in Algorithm 2.

Algorithm 2: Recursive Inverse Dynamics

Input: q;q;¢

Output:

Vo O

for j =1 to ndo
My 1= MEMR ()MEY Vi = My; 1V oMy 1+ gB;
V= My 1\ oMy 1+ g(B) V) + 9B,

end

vﬂ+l 0€si

Wn+1 w ext

for j =nto 1do h i

‘ WJ:MJ+1,JWJ+1MJ+1,J+IJ \[r V] I][\/j] J= Wj BJ
end

3.5.2. Recursive Forward Dynamics

The problem of forward dynamics is de ned as nding the acceleratiorns given the joint
positions g, velocitiesq and joint torques . It is a method to simulate the motion of
articulated bodies given their physical properties and constraints.

The algorithm for recursively computing the forward dynamics in CGA is given in
Algorithm 3. Note that the computation of the ABI of Algorithm 1 can be fully inte-
grated in this algorithm and does not need to be performed separately. The algorithm
consists of three recursions over the joints of the system, two forward and one backward
recursions. In the rst forward recursion, the spatial transformations of the joints are
computed and the corresponding velocities are propagated through the kinematic chain.
The transformations are denoted by the motord/; and the velocities by the twistsV;.
The velocity and gravity induced accelerations and forces are théh and W,,;, respec-
tively. Afterwards, in the backward pass, those forces are combined with the inertial
forcesWg, (or technically momenta) induced by the articulated body inertias(\j and
are propagated to parent joints. If present, external force®/y can also be taken into
account in this step. Using these quantities, the bias joint acceleratioré\p and torques
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\ are calculated, where the currently applied torques; are also considered. Here, the
quantities W; and \/\7,- are helper variables to reduce the complexity of a single line in
the algorithm. Lastly, in the second forward pass, the correct joint acceleratioreg are
computed.

Algorithm 3:  Recursive Forward Dynamics
Input: q;q;

Output: ¢

Vo O

Vo gesi

for j =1 to ndo

M; = Mj(q)

Vi = MV 1M, + gB;

V= M)\ M+ g(B) V)

| CoM _ M CoM
J J

h il
Wpj = 17 N Vo 1P V)]
end
Wn+1 W ext

for j = nto 1do
Wi = Mj+1Wj+1Mj+1 + W
1

i = Bj+1 r\j+1 [Bj+1]
We,,, = I [Bju]
1=+ (B Wj)
Wi = Wj+1 + Wj+1 Bj«1 + 741 Wp,,
Wi = MW M.

§= 1+B W
end
N
Vo O
for j =1 to ndo

N
\A‘f:'(/'j\lrl'\/'j

Y=V We Ged B
¢ =8+ MWg Q}l
end
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3.6. Numerical Results

3.6.1. Inverse Kinematics

In order to evaluate the numerical inverse kinematics using the motor formulation, we
repeated the following experiment 10000 times. We sampled a random target from
within the workspace of the Franka Emika robot and an initial joint con guration. Then
using the standard Gauss-Newton approach that we also described in Section 3.3.3, we
computed the optimal solution. The solver success rate was 85.39% with a tolerance of
le 5. The resulting nal cost was in the order ofl 10 ° on average and was found
within 11.2 iterations, which corresponds to a time of 7% on our system. We considered
only the successul solves for these statistics. Note that this inverse kinematics solution
presented in this work is meant as an explanatory example and proof of concept. Itis not
meant to compete in this form with existing IK solvers, but rather it should motivate

to integrate GA into them. A potential future work could therefore be augmenting
state-of-the-art solvers like TRAC-IK [25] with GA. Currently TRAC-IK uses KDL in

its implementation to calculate the forward kinematic chain. Based on our benchmarks,
using gafro instead of KDL would lead to a signi cant increase in performance.

3.6.2. Numerical Validation of the Recursive Dynamics
Algorithms

In order to be sure that our algorithms calculate the correct values for the robot dynam-
ics, we implemented them for CGA using C++20 making them available as an open-
source library. Since this library is heavily templated, especially on the numeric type,
it is possible to use it in combination withlibtorch. This means that all the mentioned
computations can be used withPyTorch [10], making them parallelizable on a GPU.
Thus, the recursive forward dynamics can be e ciently leveraged for sampling-based
model predictive control and reinforcement learning.

Here, we use this implementation to compare the resulting values with the output
of equivalent functions from existing libraries. We chose to compare tinocchio and
RBDL, since both of them are using implementations of spatial vector algebra, as well
as KDL which is a library within the ROS framework that uses an inversion of the
mass matrix in order to compute the forward dynamics. The results of this numerical
comparison can be seen in Table 3.1. The results show that our algorithm correctly
computes the forward dynamics of the system and closely match the results based on
spatial vector algebra, but the matrix inversion inKDL clearly introduces numerical
imprecisions.
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Table 3.1.: Numerical errors of the calculated acceleration from di erent forward dynam-
ics solvers. The values are the norm di erence of the resulting accelerations,
averaged over 1000 computations. Each time we randomly sampled di erent
values for the position, velocity and torque.

Pinocchio RBDL KDL
Inverse Dynam- 1.28015e-14 1.27072e-14 0.668193
ics
Forward Dynam- 6.73759e-14 7.06135e-14 125.061
ics

3.7. Discussion

3.7.1. Computational E ciency

Since the dynamics algorithms are heavily inspired by Featherstone's original formulation
of the articulated body algorithm, the computational e ciency for the geometric algebra
version is alsoO(n) in theory. However, since the implementations of our recursive
forward dynamics and of geometric algebra for robotics in general are still in their
infancy, they are not as highly optimized as other more established libraries that are
using matrix algebra. Since we are currently prioritizing the theoretical developments,
we have made no attempt at optimization. For this reason, our current implementation
takes roughly one order of magnitude longer to compute the forward dynamics. The
main reason for this is the allocation of additional memory due to unnecessary copy
operations, mainly in obtaining fundamental parameters of the robotic system and the
computation of the articulated body inertia. This is an issue that we will be adressing
in the future, since it mostly requires some software engineering e ort. In general, we
expect the recursive forward dynamics in geometric algebra to compute the accelerations
more e ciently than other formulations due to the uniform treatment of the involved
twists and wrenches in the forward and backward passes. This expectation is backed by
the ndings about the computational e ciency of the forward kinematics [148]. Here,
geometric algebra alleviates the need not only of having a dual adjoint matrix, but that
of having an adjoint matrix altogether. This is because twists, wrenches and all other
objects, such as the screw axes, can be uniformly transformed using the motors, which
reduces the amount of computation and memory needed. This extends also to the inertia
tensor, since with our formulation of its elements as wrench bivectors, they are part of
the algebra and can thus also be transformed using motors directly.
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3.8. Conclusion

In this chapter, we presented the formulation of the recursive forward dynamics and the
spatial and articulated body inertia in CGA. Although the presented results in their
current stage of research are of theoretical nature, we have shown their validity in sim-
ulation experiments. Additionally, the algorithms are implemented in an open-source
library, making them ready to be used in practical applications. Future work on this
library now includes addressing the problem of contact modeling in geometric algbra,
since this would be the next step in order to provide full simulation capabilities with
geometric algebra. However, we want to point out that by including the forward dynam-
ics, geometric algebra, in principle, is now capable of replacing traditional vector/matrix
based libraries for computing the kinematics and dynamics of serial kinematic chains.
It, however, o ers many additional tools for geometrically modeling various problems in
robotics.

The formulation of CGA o ers a uni ed view on screws, it allows for the coordinate
invariant formulations of Lie groups and has computational and representational advan-
tages. Thus, it not only uni es several frameworks into one algebra, but also, via the
direct connection of the pin group as a double cover to the orthogonal group, it facil-
itates the geometric interpretation of conformal mappings compared to matrix algebra
and makes them computationally more e cient.

The current research is limited by its implementation and the resulting lower compu-
tational performance compared to other libraries. Future research on using CGA can
therefore have several directions. First, it should be explored how the di erent possible
implementations of geometric algebra a ect the performance of the algorithms and to
improve the implementation in general. And second, the mathematical background of
geometric algebra o ers several directions for possible extensions and applications to
other areas such as deformable objects and soft robotics. For this reason, the contribu-
tions should be seen from a mathematical perspective, opening doors to new potential
research directions and uncovering mathematical and geometric connections that are
hidden in other frameworks.
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Modeling of Optimization Problems
for Manipulation Tasks
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4. Geometric Algebra for Optimal
Control

This chapter introduces the capabilities of geometric algebra when applied to robot
manipulation tasks. In particular, it demonstrates how the modelling of cost func-

tions for optimal control can be done uniformly across di erent geometric prim-

itives. The resulting expressions have a low symbolic complexity and maintain
a geometric intuitiveness. We demonstrate the usefulness, simplicity and comg
putational e ciency of geometric algebra in several experiments using a Franka
robot.

Publication Note

The material presented in this chapter is adapted from the following publi-
cation:

Tobias Loéw and Sylvain Calinon. Geometric Algebra for Optimal Con-
trol With Applications in Manipulation Tasks . In: IEEE Transactions
on Robotics 39.5 (2023), pp. 3586 3600.doi: 10.1109/TRO.2023.
3277282

Website

Videos and supplemental material are available at:
https://geometric-algebra.tobiloew.ch/optimal_control /
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4. Geometric Algebra for Optimal Control

4.1. Introduction

GA encodes geometric primitives, such as points, lines, planes, spheres, or quadric sur-
faces such as ellipsoids (depicted in red in Figure 4.1), as well as the associated transfor-
mations u to move from an initial state Xy to a desired statexqy, which are called motors
(depicted in green in Figure 4.1). In robotics, these operations allow translations and
rotations to be treated in the same way, without requiring us to switch between di erent
algebras, as is classically done when handling position data in a Cartesian space and
orientation data as quaternions. Practically, GA allows geometric operations to be com-
puted in a very fast way, with compact codes. In Figure 4.1, it means that = f (Xq; Xq)

can be described uniquely for the di erent geometric objects represented in the gure.

Xq

Figure 4.1.: A generic cost function in geometric algebra can consider di erent geometric
primitives without changing its structure.

The key insight of this chapter is how the representation of geometric primitives
within CGA can be used to uniformly model control objectives for robot manipulation
tasks. Hence, we propose the usage of geometric algebra to de ne objective functions
for optimizations as they appear in inverse kinematics and optimal control problems
for manipulation tasks and show the modeling of di erent geometric relations in an
optimization problem, while keeping the structure of the cost function uniform. We then
demonstrate how geometric algebra formulations can be seamlessly used within existing
frameworks based on linear matrix algebra by exploiting the sparsity of geometric algebra
in order to facilitate its adoption.

This chapter is organized as follows: Section 4.3 introduces geometric algebra for
optimal control and Section 4.4 then shows the experiments.
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4.2. Background: Optimal Control

Optimal control is a well-known technique that deals with the problem of nding a con-
trol sequence that minimizes an objective function. This objective function encodes the
requirements of the task as well as the constraints of the robot and the environment.
Modelling these mathematically requires special care, since they will determine the qual-
ity of the resulting solution. Furthermore optimal control can be applied as solver to
a model predictive control problem, which requires fast convergence in order to achieve
acceptable real time control rates. We will show that the use of geometric algebra for
geometric primitives improves the clarity of equations and thus reduces computational
di culties. The modelling of the cost functions becomes easier and is done uniformly
across all dierent primitives and is done directly in the error vector as opposed to
the precision matrix, which results in a low symbolic complexity of expressions and a
geometric intuitiveness, i.e. geometric meaning can directly be inferred.
Discrete-time optimal control aims at nding a control sequence that minimizes the
cost function
D( 1
rrLin L(x;u)= lg(xn) + I (X ) + Kuk: (4.1)
k=1
wherel(xy) and s (kx ) are the state dependent running and nal cost, respectively,
and kuk? is a regularization term representing a control cost. A popular method to
solve this problem is the iterative Linear Quadratic Regulator (iLQR) [207]. It solves
the problem by linearizing the non-linear system around the current solution and by
assuming a quadratic cost. The solution is then re ned iteratively until convergence.
We will be using iLQR to solve the problem in a model predictive control (MPC) fashion
in the experiments. This means that we are solving the regulation problem at each
timestep and apply only the rst control command to the robot.

4.3. Method

In this section, we describe how geometric algebra can be used in optimal control prob-
lems. We rst present a brief review of optimal control, then its application to a point-
mass system and nally show how it can be used for serial manipulators.

4.3.1. Optimal Control on the Motor Manifold

Employing homogeneous coordinates in 4D geometric algebra e ectively allows us to
linearize rigid body motions in 3D Euclidean space. In order to exploit this useful
property, we demonstrate how to solve reaching tasks for rigid body motion using the
motor manifold. The linear system is de ned in the linear 6-dimensional bivector space,
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4. Geometric Algebra for Optimal Control

l.e. the Lie algebra of the motor manifold. The statex is de ned to be the stacked
vector of the parameter vectorsh and b of the bivector B and its time derivative B,
respectively. From this follows the de nition of the linear dynamical system as

b

Br+1
= A + Cuy; 4.2
bt+1 bt ‘ ( )

Xi+1 =

where the commandu corresponds to bivector accelerations.

Using the optimal control formulation that was presented in Equation (4.1), we now
need to de ne appropriate state costs based on geometric algebra. Naturally the inverse
kinematics cost function that was presented in Section 3.3.3 can be used in order to de ne
pose targets for reaching motions. This cost function is therefore the most equivalent to
classical methods using e.g. transformation matrices. Of course, when using this linear
bivector system, the current motorM; is not found using the forward kinematics, but
instead using the exponential map, i.e.

M¢ = exp(B(b)): (4.3)

The corresponding cost function therefore becomes

2
I(x) = e(xt) 2= 10g Kliager My K (4.4)

Note that due to the logarithmic map that is used here, the error vectoe(x;) is the
parameter vector of a bivector and is hence 6-dimensional as well. Since the motors
include orientation as well as position, it essentially is an oriented pointmass system.

Apart from de ning target poses using the motor manifold, geometric algebra addi-
tionally o ers the possibility to de ne targets using its geometric primitives and the
accompanying incidence relationships. We exploit the nullspace representations of the
primitives for the formulation of the reaching objectives, more speci cally we use the
OPNS representation. By de nition of the OPNS, the outer product is zero for any
point that is on a geometric primitive. The multivector valued error can therefore be
de ned as

E(g) = Xq® MX My (4.5)

with X = e, i.e. the point at the origin, in this case andXy can be any geometric
primitive that can be expressed in the algebra. It is important to highlight that other
combinations are possible as well and is not restricted to be a point, it can for example
also be a line withX 4 being a point, which will be shown later in the form of a pointing
task for a manipulator. Note that the structure of equation remains the same regardless
of the combination of primitives.
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4.3.2. Optimal Control for Serial Manipulators

In this section, we are presenting the formulation of objective functions for optimal
control problems with serial manipulators based on geometric algebra. Similarly to the
previous section, the inverse kinematics cost function can be used to de ne target poses
for a manipulator to reach. More interesting is to consider Equation (4.5) for manip-
ulators, of course in this case the motor again corresponds to the forward kinematics
function. Using X = eq therefore means that the expressioM (g) X 1 (q) corresponds

to the tip of the end-e ector. X4 again is free to be any geometric primitive. In all cases
the Jacobian can be found by applying the chain rule to the multivector expressions

JE@) = Xg™ JA@XM(q)+ M(@)XI ) ; (4.6)

where theJ #(q) is the analytic Jacobian that was presented in Equation (3.11) and the
reverse of a multivector matrix is de ned as the element-wise multivector reverse.

Of course, depending on the combination of and X, the resulting E(q) will repre-
sent a di erent geometric meaning, which can be seen by the di erent non-trivial blades
it holds. It is, however, known a priori what the resulting non-trivial blades are. From
this it follows that the embedding function E actually becomes dependent oK and X4,
ie.

JE(a) = E(X;Xq) J F(a) : (4.7)

The purpose of the embedding function thus is the removal of the trivial blades of the
multivector, i.e. removing the zero rows from the matrix. This is in line with the goal
of keeping the representations compact to allow for e cient computation. Furthermore,
the embedding now allows the usage of o -the-shelf tools for optimal control.

Note that in general no special cases, such as division by zero, need to be considered
here. The exception-free incidence property of conformal geometric algebra allows for
the equations to be coded exactly as they are presented in this chapter.

4.4. Experiments

In this section, we are presenting implementation details of the provided librargafro
as well as benchmarks of the kinematics computation. Afterwards we show various
experiments with the Franka Emika robot to demonstrate how geometric algebra can
used to model di erent tasks.

4.4.1. Pointmass System

In Sections 3.3.3 and 4.3.1 we rst presented the cost function to minimize the di erence
between two motors and then optimal control for an oriented pointmass formulated as
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4. Geometric Algebra for Optimal Control

a linear system in the bivector space. Here we present an optimal trajectory for such
a system using several target motors. This example of a control problem using several
target motors along the trajectory is shown in Figure 4.2.

3

ot

Figure 4.2.: Optimal trajectory for an oriented pointmass system. We placed four target
motors along the trajectory at T=4, T=2, 3T=4 and T, respectively. The
target motors are highlighted along the trajectory. The optimal trajectory
was then found using the system de ned in Equation (4.2) and the cost
function from Equation (3.21).

Note that the same objective can be formulated for manipulators as well, which would
correspond to reaching target poses with the end-e ector, which makes it similar to
classical methods, albeit with a di erent mathematical formulation. Therefore we omit
showing it for manipulators for brevity and concentrate on modeling and reaching tasks
using the geometric primitives in the following sections.

4.4.2. Reaching Tasks

Using the cost function formulation of geometric algebra that was presented in Equation
(4.5) various reaching tasks can be de ned. In general, for a reaching task, the end-
e ector should reach a certain position. This can be modeled by using a point fof.
Then the desired multivector X4 can be any other geometric primitive, which in turn
means that instead of only reaching a point, we can also reach lines, planes, circles and
spheres. Higher order quadrics are possible as well, this however remains the subject
of further investigations. We present optimal trajectories that were computed using the
iterative linear quadratic regulator to explain how di erent geometric primitives can be
reached using the same structure of the cost function, which is shown in Figure 4.3. In
the experiments using the real Franka Emika we are then using nominal MPC, which
results in an o set for the steady-state. This e ect is expected but negligible in our work,
since the focus of this chapter are the modeling aspects. Since we are using an MPC
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framework we do not need to use xed points for the reaching but can have movable
targets. In practice we use Aruco markers to track the target online or we are disturbing
the robot while it is moving.

(c) Reaching a line.

(d) Reaching a circle.

Figure 4.3.: Examples of optimal trajectories for reaching tasks using di erent geometric
primitives. The initial con guration is always shown in gray and the nal
one in white. The target geometric primitive is shown in red. And the
trajectory is depicted as the frames corresponding to the end-e ector.

Reaching a Point

Reaching a point means that the desired geometric primitive is a point, i.eXqy = P
in Equation (4.5). The reference primitiveX, is a point as well and represents the tip
of the end-e ector. Figure 4.3a shows an example trajectory for reaching a xed point
from a random initial con guration.

In the real robot experiments we used a single Aruco marker for reaching a movable
point. For safety reasons the target point was set 10cm above the marker. We then
moved the marker around allowing the robot to follow the reference. We present the
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results of the real experiment in Figure 4.4. In both plots that are presented we show
the values of the 10-dimensional error vector that results from the outer product of two

points. If the magnitude of this vector is zero it means that the reference point is in

the nullspace of the desired point w.r.t to the outer product. In the case of points, this

means that they are identical and the target is reached. Figure 4.4a presents the static
case where we neither moved the point nor disturbed the robot while it moved. We did
both of these in the plot shown in Figure 4.4b. It can be seen that the MPC controller

is fast and reactive, reaching the targets in a stable manner.

0.4137 —
0.2751
0.138-
O,
-0.1381

error

0 5 10 15
time [s]
(a) Regulation of the end-e ector to a target point using MPC without disturbing it. It can be
seen that the o set that is induced by the nominal MPC is only very small.

error

time [s]

(b) Regulation of the end-e ector to a target point using MPC while disturbing it.

Figure 4.4.: Error of reaching a xed target point in MPC for a total duration of 20s. The
individual lines show the elements of resulting 10-dimensional error vector
that results from the outer product of two points.

Reaching a point is in this context a trivial example, since it can be easily done using
classical methods as well, but it serves to show that reaching problems can be solved for
all geometric primitives in the same way as they are solved for a point using geometric
algebra.

Reaching a Pointpair

Using a pointpair as the target presents a special opportunity to model a control problem
with options. A pointpair is the result of the outer product of two points. From this
outer product nullspace representation, it follows that the outer product of the point
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pair and any point P = C(x) with x 2 R® is zero if and only ifP is identical to one of
the points that constructed the pointpair.

The two possibilities are shown in Figure 4.5, where Figure 4.5a shows the robot
reaching the rst point and Figure 4.5b the second one. The point that is reached
depends on the initial con guration and there are no conditional statements required.
The corresponding Jacobian is thus always computed in the same way, i.e. as presented
in Equation (4.6), and is valid without exceptions. The same is true for the other
geometric primitives that we are considering here, but we wanted to speci cally highlight
the pointpair primitive due to its power to model a binary target. We also want to
point out here that the pointpair primitive would be very suitable for modeling dual-
arm manipulation tasks. In this scenario the pointpair would represent the end-e ector
positions of the two manipulators.

Figure 4.5.: Depending on the initial con guration, either the left or the right point of
the pointpair is reached.

Reaching a Plane

A plane in geometric algebra is represented by three individual points arg, using
the outer product nullspace, i.e.Xq = E = P, P, P;™ e; . Note that we do not
need to know the orientation, i.e. its normal vector, of the plane in order to de ne it.
It is su cient to know three points that lie in the plane. When multiplying the plane
with a point using the outer product, any point that lies in the plane will result in zero,
E~P =0if P2 E. Equation (4.5) will therefore minimize the reaching motion to the
plane from any random initial con guration as shown in Figure 4.3b.
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Reaching a Line

A line is similar to a plane, but requires only two known points along the line in order to
construct it. We show an optimal trajectory for reaching a line in Figure 4.3c. For the
real robot experiment we again used an Aruco marker, in this case one construction point
was on the marker and the other one was 10cm above it. The target line therefore always
Is perpendicular to they z plane. In Figure 4.6 we show the results of the experiment.
The corresponding error vector has 6 components and is geometrically equivalent to a
circle.

0.02161
0.0108;1
0
-0.0108"
-0.02161
0 5 10 15

time [s]

Figure 4.6.: Components of the error vector resulting from the outer product of a line
and a point. Error of reaching a xed target point in MPC for a total
duration of 20s. The individual lines show the resulting error vector that
results from the outer product of a line and a point.

Reaching a Circle

A target circle is constructed by the outer product of three points, i.e.Xq = C =

P, P, M P3;. These three points uniquely de ne the circle and no further knowledge
about its radius or orientation is required (but both of these can of course be obtained
from the circle for the visualization shown in Figure 4.3d). The target is here only the
boundary of circle (not the full disc).

4.4.3. Pointing Task

The modelling of a pointing task only requires the usage of a line instead of a point for
X in Equation (4.5). A possible scenario where this task would be applied is tracking an
object with a robot arm endowed with a camera. The line can in this case be interpreted
as the line of sight of the camera. Again di erent geometric primitives can be used as
the target, since the intersection of a line with any other primitive can be calculated in
closed form without exceptions. The setup is shown in Figure 4.7. Figure 4.8 shows the
moving target.
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Figure 4.7.: optimal trajectory example for a pointing task. The target is shown as the
red point. The pointing line is de ned to be collinear to thez-axis of the
end-e ector frame. It is shown in green for the initial con guration and in
blue for the nal con guration.

0.188;
0.0942

2 0.0042
-0.188 ‘ ‘ ‘
0 5 10 15

time [s]

Figure 4.8.: Experimental results of the pointing task showing the components of the
error vector during 20s. The Aruco marker representing the target point
was constantly moved around, which is the reason why the error vector is
more jittery than in other experiments.

4.4.4. Circular Object Grasping Task

In this task the goal is to give an object with a round opening to the robot. The setup is
depicted in Figure 4.9. The opening is modeled as a circle, i.e. the robot can grasp the
object all around its opening. However, two additional constraints on the orientation
are necessary to model this task. These constraints are shown in Figure 4.9a. The end-
e ector is required to be perpendicular to the plane that the circle lies in. A plane in
geometric algebra can be obtained from a circle by a multiplying the circle witty, and
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the normal vector is then obtained as
ng = E O5(E ep)e; : (4.8)

The second constraint is that the direction that the gripper is actuated in needs to be
perpendicular to the circle, which expressed mathematically means that this direction
needs to be coaxial with the line that connects the grasping position and the center of
the circle when it is projected into the plane of the circle. The projection of a poirf
to the plane E is computed as

P°=(E P)E % (4.9)

(a) Constraints de ning the circular object
grasping task: 1) the green point repre-
senting the end-e ector position needs to
lie on the circle (i.e. the boundary of the
red disc), 2) the green arrows representing
the y-axis of the end-e ector frame and the
radial vector of the circle must be collinear,
3) the blue arrows representing thez-axis
of the end-e ector frame and the normal
vector of the circle must be collinear and
pointing in opposite directions.

(b) Franka Emika robot grasping a box with a
circular opening. An Aruco marker is at-
tached to the box to mark its location. The
three points de ning the circular opening
are measured with respect to the marker
frame.

Figure 4.9.: Experiment setup of the circular object grasping task.

In Figure 4.9 we show the setup of the experiment with the Franka Emika robot. The
box that we used has a circular opening and we de ned it by measuring three points
relative to an Aruco marker that we attached to the side of the box. Then during
the experiment the robot was reaching for the box while satisfying the aforementioned
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Figure 4.10.: Experimental results of the circular object grasping task. In this gure
three repetitions are depicted, the location of the target box was changed
in-between.

constraints using MPC. As soon as it reached (i.e. the cost was below a threshold) the
robot closed its gripper in order to hold the box. We repeated this experiment multiple
times and changed the box position by holding in our hands for giving it to the robot.
An excerpt of the resulting error vector over time can be found in Figure 4.10.

4.5. Conclusion

We presented in this chapter the usage of geometric algebra for the modelling of optimal
control tasks.

Higher order quadric surfaces such as cones and paraboloid&iy [220] or ellipsoids
and hyperboloids inGg. [37] are still a topic of ongoing research. In theory it should be
possible to use them seamlessly in combination with the methods that we presented in
this chapter, since the properties of the di erent geometric algebras such as the outer
product nullspace, which we rely on, remain the same. It is therefore the topic of future
work to investigate the integration of these algebras into our formulation. The bene t
of this would be a more versatile and generic modeling of surfaces that can be exploited
for various manipulation tasks.

A possible extension and application of this work would be grasping and in-hand
manipulation. Using the geometric representations and the corresponding optimization
functions presented in this we can actually very easily derive a model for grasping in
geometric algebra. The three contact types point, line and plane can directly be repre-
sented as geometric primitives. In most cases the contact points are surface points of
objects. Especially the most commonly used point-on-plane model.
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5. Cooperative Dual-Task Space

In this chapter, we present an extension of the cooperative dual-task space (CDTS
in CGA. The CDTS was rst de ned using dual quaternion algebra and is a well

established framework for the simpli ed de nition of tasks using two manipulators.

By integrating CGA, we aim to further enhance the geometric expressiveness angl
thus simplify the modeling of various tasks. We show this formulation by rst

presenting the CDTS and then its extension that is based around a cooperativd
pointpair. This extension keeps all the bene ts of the formulation based on dual
guaternions, but adds more tools for geometric modeling of the dual-arm tasks. W4
also present how this CGA-CDTS can be seamlessly integrated with the optima
control framework from the previous chapter. In the experiments, we demonstrate
how to model di erent objectives and constraints using the CGA-CDTS. Using a
setup of two Franka robots we then show the e ectiveness of this approach using
model predictive control in real world experiments.

Publication Note
The material presented in this chapter is adapted from the following publi-
cation:

Tobias Low and Sylvain Calinon. Extending the Cooperative Dual-Task

Space in Conformal Geometric Algebra. IniIEEE International Con-
ference on Robotics and Automation2024

Website

Videos and supplemental material are available at:
https://geometric-algebra.tobiloew.ch/cdts/
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5. Cooperative Dual-Task Space

5.1. Introduction

With the increasing desire to deploy robots in human environments, the need for robots
to have human-like manipulation capabilities arises. One inherent ability that humans
have is to manipulate objects using both their hands and arms, which is needed for
example when objects that are either too large or too heavy need to be manipulated.
In order to match these capabilities and to be able to mimic them, robotic systems also
need to be able to cooperatively control two arms in order to perform tasks in human
environments.

Apart from dual-arm systems being more human-like in terms of form factor, they
also have some technical advantages. One can have the sti ness and strength of parallel
manipulators combined with the exibility and dexterity of serial manipulators [134].
Furthermore, since they increase the redundancy in the task-space due to their high
number of degrees of freedom, they are better suited for intricate tasks that require a high
manipulability such as screw assembly [142] and dishwashing [171]. Other applications
of bimanual systems are manipulating articulated objects [8] or cables [224]. More
advantages and examples are listed in [199].

Since many problems in robotics boil down to optimization problems that can be
solved e ciently with various state-of-the-art solvers, it is of great interest to facilitate
the modeling and increase the expressiveness of the formulations. Choosing the correct
representation can make a huge di erence in terms of how much prior knowledge we can
embed into the formulation of those optimization problems. These are in robotics often
very geometric, hence it is very bene cial to choose representations that intuitively allow
to incorporate the geometry of the problem. Such cooperative structures for bimanual
manipulation were proposed in [177]. Another formulation, the cooperative dual-task
space (CDTS) [4], uses dual quaternion algebra (DQA), which not only unies the
treatment of position and orientation, it also o ers a singularity-free representation and
e cient computation [185]. Furthermore, it also allows the representation of various
geometric primitives, which can then be used to simplify the modeling of the tasks [158].

Dual quaternions have a strong connection to geometric algebra, especially the vari-
ants known as projective (PGA) and conformal (CGA) geometric algebra [91], since
dual quaternions are isomorphically embedded in their sub-algebras [92]. The geometric
algebras, however, are richer algebras that o er more geometric primitives and, more
importantly, they o er the geometric construction of primitives based on operations
such as intersections [92]. This leads to new possibilities when formulating objectives
and constraints based on the geometric primitives in the CGA-CDTS compared to the
DQ-CDTS, which we will show in the experiments.

Based on the compact representation of the CDTS, various control strategies have
been proposed. In [80], a coupled task-space admittance controller was presented, that
allowed for a geometrically consistent sti ness term. A reactive control strategy was

64



5.2. Method

developed in [129] that leveraged geometric primitives for task relaxations and priorities.
Task priorities for control in the CDTS were also proposed in [63]. In order to exploit
human demonstrations that allow the teaching of cooperative motions, motion primitives
for bimanual systems were presented based on the CDTS [216].

Note that the results of the research that is based on the DQ-CDTS can also be
used with the CGA-CDTS, albeit with mathematical changes due to the di erent al-
gebra. Furthermore, the mentioned advantages of DQA also apply to CGA, since dual
guaternions and the corresponding subalgebra in CGA, i.e. the motors, are isomorphic
[22].

In this chapter, we formulate the CDTS in CGA and show how this formulation nat-
urally extends the DQ-CDTS. The resulting CGA-CDTS retains the same properties of
a compact representation of two arm system as the DQ-CDTS, while adding a useful
geometric primitive, the cooperative pointpair, that represents both end-e ector posi-
tions simultaneously. Furthermore, we demonstrate how the CGA-CDTS can be used
in the optimal control formulation with geometric primitives for manipulators that we
presented in Chapter 4. Hence, this chapter aims to explain the basic mathematical
formulations of various optimization problems using the CGA-CDTS.

5.2. Method

The CDTS was proposed as a compact and singularity-free representation of a two-arm
system [4]. It is de ned using two poses that depend on the end-e ector poses of the two
manipulators, one is the relative and the other one is the absolute pose. All poses are
represented using unit dual quaternions. Here, we present the reformulation of the CDTS
in CGA, which uses motors instead of dual quaternions. We then show its extension by
using the additional geometric primitives available in CGA. Lastly, we present how the
CGA-CDTS can be used within the optimal control framework using geometric algebra
that we presented in Chapter 4. We show the CGA-CDTS in Figure 5.1.

5.2.1. Conformal Geometric Algebra Cooperative Dual-Task
Space

The geometric algebra equivalent of the relative and absolute dual quaternions of the DQ-
CDTS are de ned using motors. Given the joint con gurations of the two manipulators,
g: and g, respectively, we can easily nd their end-e ector motordM 1(q;) and M,(qy)
using the forward kinematics in CGA. From this it is straightforward to formulate the
relative motor as

M (dz; d2) = M2(a2)M1(qy); (5.1)
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Figure 5.1.: Cooperative dual-task space using conformal geometric algebra. The gure
shows the two manipulators as well as their individual, relative and absolute
motors. Additionally, it shows the cooperative pointpair.

while its Jacobian, i.e. the relative analytic Jacobian, can be found as
h A [
I (A1) = Ma(02)d £(ar) 5 (A)Ma(ay) (5.2)

Similarly, the absolute motor can be found as

Ma(d1; 02) = M2(92)M(=2(01; 02)

1 (5.3)
= My(02) exp > log Mi(g;;02)
with its corresponding absolute analytic Jacobian
J 401 92) = M2(02)d 4 _,(01; G2) (5.4)

+ 0 J Q(Q2)Mr:2(Q1JQ2) ;

whereJ Qrzz(ql; g.) is the analytic Jacobian of the motorM=,(q1; g2). It can be found
as

I, 050) = Jem (Br=2)dw 8(M)J/(01:02): (5.5)

Here, B,-, is the logarithm of the motor M,-,. The matricesJgy andJy g are the
Jacobians of the exponential and logarithmic mapping respectively. We already showed
the derivation of the Jacobian of the logarithmic mapping in the appendix of [148]. The
Jacobian of the exponential mapping can be found in Appendix A.

Both the relative and the absolute analytic Jacobians aré 2N multivector matrices
that contain motors as their elements. Hence, when expanding it to normal matrix
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algebra they becomé& 2N matrices.

Since motors in CGA can be used to transform any geometric primitive that is part of
the algebra in a uniform way, it is easy to nd cooperative geometric primitives. Their
de nition can be trivially found using Equation (2.17), whereM is either the relative
M (ds1; g2) or absolute M(qy; g2) motor and X can be any geometric primitive. The
corresponding Jacobians are then found using the respective Jacobidn®(q;; gz) and

J 2(01; ).

5.2.2. Cooperative Pointpair

In extension to the CDTS that was de ned using dual quaternion algebra, the CDTS
presented here using CGA also allows a geometric primitive that corresponds to both
end-e ector positions simultaneously. This cooperative pointpair is de ned as the outer
product of the two end-e ector points, i.e.

Peats = M1(g1)€oM1(q1) * Ma(g2)eof () (5.6)

The Jacobian of the cooperative pointpair can be found as

J P = I Poycil I Poge 2 3 (5.7)
where
J b i1 =J 2(an)eoM1(ar) * Ma(02)eof2(q2)
+ Ml(Ql)eoJe/;(%) A Ma(dz)eof»(ap); 9
and
J prge 2 =Ma(ar)eoM (1) A I 5 (a2)eolo(ap) 5.9)

+ My(q)eof1(q0) » M(02) €0 (0):

Note that the cooperative pointpair is a direct representation of both points and is
not the same as stacking the two points. Therefore the Jacobian matrix is also di erent,
which will lead to di erent solutions of optimization problems. An example of this
is shown in Figure 5.2, where two Franka Emika robots are tasked to reach a plane,
once individually (i.e. by stacking their end-e ector points) and once cooperatively
(i.e. by using the cooperative pointpair that is presented here). It can be seen that the
corresponding solution con gurations are not the same, which shows that the cooperative
pointpair representation lets the two robots in uence each other.

Evidently, this cooperative pointpair Jacobian has a singularity in the case when both
end-e ector positions are equal. This will cause the outer product, by de nition, to be
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Figure 5.2.: Dual-Arm manipulator reaching a plane. The target plane is shown in red.
The white Franka Emika robots show the initial con gurations, the green
ones are the result of individually reaching the plane, and the blue ones
cooperatively.

zero. In practice, this can be avoided by posing a constraint on the distance between
end-e ectors, which usually is required anyways.

5.2.3. Using the CGA-CDTS for Optimal Control

Integrating the CGA-CDTS into the optimal control framework that we presented in
[148] can be achieved by replacing the single end-e ector motor with the relative and
absolute motors, respectively. The objective of reaching a target motor is then formu-
lated as

EM (QI; qZ) = |Og Mtarget M (ql; qZ) ; (5-10)

whereM (qy; d2) can be eitherM(qs; dz2) or Ma(ds; dz).
Alternatively, we can de ne a residual multivector for reaching a geometric primitive
Xgq4 as
Ex,(0;G2) = Xa™ M (a1 )X M (a1; 02); (5.11)

again using either the relative or absolute motor. Deriving the respective Jacobians is
straightforward using the de nitions of the relative and absolute analytic Jacobians in
Equations (5.2) and (5.4). With this, these residual multivectors of the CGA-CDTS can
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then directly be used to de ne objectives or constraints for optimal control problems,
which would mean for example that a relative or absolute geometric primitive should be
reached.

The cooperative pointpair can also be used in order to de ne tasks as optimization
problems. The rst way to do so is using the outer product in a similar way to the above
relative and absolute residual multivectors, i.e.

Ecdts(Ql; CI2) = Ptarget A Pcdts(ql; Q2); (5-12)

with the Jacobian
J Es (015 02) = Prarget N J peye (A1502); (5.13)

This objective means that the two manipulators should cooperatively reach a single
point. The implications and results of this objective are further detailed in the experi-
ment section.

Another common use-case are containment relationships for the cooperative pointpair
with respect to other geometric primitives. These can then be used to de ne tasks where
the dual-arm system should cooperatively reach a target. The mathematical formulation
is using a product called the commutator product , i.e.

Ecats(d1;d2) = Xa  Peats(d1; 02)

1 (5.14)
= é(xdpcdts(ch; 02)  Poats(ds; d2) X a):
The Jacobian of this containment relationship can be found as
J Ege (A1502) = Xa I Ege (O3 02): (5.15)

The interpretation of the residual multivector E.4s(qy1; 92) is that it should be reduced
to zero if the cooperative pointpair is contained within the desired geometric primitive
X4, €.9. if both end-e ector points lie on a circle.

The distance between the two end-e ector can be constrained using the inner product
between the two end-e ector points, i.e.

Ea(di;02) = 2Ma(a)eof(ar) Ma(ap)eoMo(an) o (5.16)

whered is the desired distance.

5.3. Experiments

In this section, we are presenting various cooperative tasks that are de ned in the CGA-
CDTS. For each task we are providing the mathematical de nition of the optimization
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problem. We are then solving those optimization problems using standard solvers such
as Gauss-Newton. For simplicity, the problems in simulation are formulated essentially
as inverse kinematics problems, the same objectives and constraints can, however, be
used in optimal control problems that are for example then used for model predictive
control. We are demonstrating this in the real world experiments, where the problems
are then solved by using a variant of the iterative linear quadratic regulator (iLQR) [207].
Both the simulation and the real-world experiments use the same setup of two table-top
mounted Franka Emika robots. Additional material for the experiments as well as the
videos of the real world experiments can be found on the accompanying web3iteAll
geometric algebra computations are done using our open-source libragfro®.

5.3.1. Cooperatively Reaching a Point

As mentioned before, the cooperative pointpair models both end-e ector positions si-
multaneously. Hence, when formulating a simple optimization problem such as reaching
a single point, the system automatically chooses which manipulator should perform the
task. Since the information of both manipulators is encoded in one geometric primi-
tive, it alleviates the need to construct the problem using conditional formulations. The
problem can be expressed compactly using the outer product, i.e.

2
q = m(i‘n I:)target A Pcdts(ql;QZ) 2: (5-17)

An example of this task is shown in Figure 5.3. Notice how in both cases the manip-
ulator that is closer to the point performs the reaching task while the other remains in
its initial con guration.

We also show this experiment in using the real-world setup and the accompanying
video can be found on our websife

5.3.2. Cooperatively Reaching a Circle

One of the geometric primitives that is available in CGA but not DQA is a circle.
Hence, we can use the CGA-CDTS to de ne a task where a dual arm system should
cooperatively reach a circle. An example application of reaching a circle would be holding
a lled bucket with two manipulators. Mathematically, a circle is obtained by the outer
product of three points.

The problem of cooperatively reaching a circle is formulated as a constrained opti-

Ihttps://geometric-algebra.tobiloew.ch/cdts/
2https://gitlab.com/gafro/gafro
3https://geometric-algebra.tobiloew.ch/cdts/
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5.3. Experiments

(b) Right arm reaching for the point.

Figure 5.3.: Two Franka Emika robots reaching for a single point in the cooperative
dual-task space. The initial con gurations are shown in white and the nal
ones in gray. The target point is shown in red.

mization problem using the cooperative pointpair

min log M. (qo)M: (a)
s.t. C  Peas(d1;02) =0:

(5.18)

This optimization problem formulates the task of reaching a circle, while trying to
maintain the initial relative motor. The result of this problem can be seen in Figure 5.4.
Formulating the task in this manner circumvents the mentioned singularity issue in the
Jacobian of the cooperative pointpair, since the system will reach circle while keeping
as close as possible to their initial relative poses.
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Figure 5.4.: Two Franka Emika robots reaching a circle in the cooperative dual-task
space while trying to maintain the same relative motor.

5.3.3. Aligning Orientation AXxis

When two manipulators are cooperatively manipulating an object, often it is necessary
to partially constrain their relative orientation, which is necessary in nearly all dual-
arm grasping scenarios of rigid objects. One way to do so is enforcing collinear lines
in the desired direction at the end-e ector level. This is again achieved by using the
commutator product, i.e.

mqin Mi(a)L:iMi(gq)  Ma(az)LoMa(ay) : (5.19)

In Figure 5.5, we show the results of minimizing Equation (5.19), whelle; = L, =
e (ep+ e+ %el )~ e; , which corresponds to aligning two lines that pass through
the x-axes of the frames at the end-e ectors of the two manipulators.

There are, of course, other ways to achieve this behavior, e.g. by constraining the
orientation part of the relative motor. We chose to demonstrate this method of aligning
orientation, however, because it provides a lot of exibility, since the two linet; and
L, can be chosen arbitrarily.

A similar instance of this problem can be de ned using the absolute motor of the
CGA-CDTS. By using the absolute translatorT,(q:; g2) we can move a desired line to
the absolute position and require it to be identical to the line moved by the absolute
motor. This de nes a desired orientation with respect to the arbitrary axis that is de ned
by the line. The formulation hence is

min - Te(q; G2)L Fa(dl; o) Ma(t1; Qo)L M a(ar; q2) (5.20)
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Figure 5.5.: Aligning the x-Axis.

5.3.4. Balancing a Plate

In this real-world experiment we are combining several of the previous constraints in
order to implement the task of balancing a plate. First, the robot lifts the plate to
a height of 20cm above the table, then it will try to keep it in that position. This is
formulated as constrained optimization problem, where the objective is to stay close
to the initial con guration and the constraint is to keep the z-axis of absolute motor
perpendicular to thexy-plane.

We formulate this task as an optimal control problem

X 1 2
u =min Eyn(Xn) ,t Ew(X) T ku k3
u
k=0

S.t. X1 = (X5 Uk)

(5.21)

wherex = 0;;0;;0;;q; andu = @;;e; . As the state dependent cost we choose
the residual multivectors of Equations (5.19) and (5.20), where the linke is chosen to
be thez-axis, i.e.L = ;" (eg+ €3+ %el )™ e; . This means that the two manipulators
should simultaneously keep their relative grasping positions on the plate and to keep the
plate horizontal.

This formulation is given to a model predictive controller that uses second order system
dynamics to compute desired accelerations. Using inverse dynamics we then compute
torque commands for the control of the two manipulators. We chose a short horizon of 10
timesteps with t = 0:01, in order to achieve a very reactive behavior of the controller.
The model predictive controller is then run at 100Hz and the inverse dynamics controller
at 1000Hz.

Since there are only relative constraints in this task, the robots have a compliant
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Figure 5.6.: Results of balancing a plate in di erent con gurations.

behavior when one of them or the plate is moved by hand. The other one then adapts
its con guration accordingly. We show several di erent con gurations in Figure 5.6.

If no external forces are applied, the robots stay in their current con guration. This
experiment can also be seen in the accompanying video on our website.

5.4. Conclusion

In this chapter we presented an extension of the cooperative dual-task space in conformal
geometric algebra, namely the CGA-CDTS. This extension keeps all the bene ts of the
original formulation that is based on dual quaternions, but adds more tools for geometric
modeling of the dual-arm tasks. After reformulating the CDTS, we showed how the
cooperative pointpair can be used to simultaneously represent both end-e ector positions
and how that can be exploited for cooperative reaching tasks and how the additional
geometric primitives facilitate the modeling of dual-arm tasks. We then demonstrated
the integration of the CGA-CDTS into an existing framework for optimal control using
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geometric algebra.
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Cooperative Manipulation Control

. Cooperative Manipulation
Control

Many tasks in human environments require collaborative behavior between mul-
tiple kinematic chains, either to provide additional support for carrying big and

bulky objects or to enable the dexterity that is required for in-hand manipulation.

Since these complex systems often have a very high number of degrees of freedpm
coordinating their movements is notoriously di cult to model. In this chapter, we
present the derivation of the theoretical foundations for cooperative task spaces of
multi-arm robotic systems based on geometric primitives de ned using conformal
geometric algebra. Based on the similarity transformations of these cooperativg
geometric primitives, we derive an abstraction of complex robotic systems that en
ables representing these systems in a way that directly corresponds to single-arin
systems. By deriving the associated analytic and geometric Jacobian matriceq,
we then show the straightforward integration of our approach into classical con-
trol techniques rooted in operational space control. We demonstrate this using
bimanual manipulators, humanoids and multi- ngered hands in optimal control
experiments for reaching desired geometric primitives and in teleoperation expert
iments using di erential kinematics control. We then discuss how the geometric
primitives naturally embed nullspace structures into the controllers that can be
exploited for introducing secondary control objectives. This work, represents the
theoretical foundations of this cooperative manipulation control framework, and
thus the experiments are presented in an abstract way, while giving pointers to-
wards potential future applications.

Publication Note
The material presented in this chapter is currently under review:

Tobias Léw, Cem Bilaloglu, and Sylvain Calinon. Cooperative Geomet-
ric Primitives for Multi-Arm Manipulation Control. In: under review
(2025)

Website

Videos and supplemental material are available at:
https://geometric-algebra.tobiloew.ch/cooperative_/geometr ic_
primitives

78


https://geometric-algebra.tobiloew.ch/cooperative_/geometric_primitives
https://geometric-algebra.tobiloew.ch/cooperative_/geometric_primitives

6.1. Introduction

6.1. Introduction

Humans excel at dexterous manipulation using the redundancy of their arms and hands
to achieve complex tasks where cooperative behaviors between the di erent kinematic
chains is required. Many environments are built around these advanced manipulation
capabilities, and robots that are increasingly operating within them. Yet, it still remains
challenging for robots to achieve dexterous manipulation that is on par with humans
[116]. Nevertheless, robots are now expected to handle various tasks that require them
to interact with objects in a way that goes beyond traditional parallel jaw grippers
or suction cups that are often featured on single arm manipulators. These types of
end-e ectors are limiting the robot manipulation capabilities, since many objects are
often more complex and require di erent strategies. For instance, big and bulky objects
may call for dual-arm manipulators for picking and placing. This kind of coordination
between two arms is vital when grasping, lifting, and transferring objects of varying
shape, weight, and fragility. This is similarly true for intricate tasks such as in-hand
manipulating and multi- ngered grasping using robotics hands. The common ground
here is coordinating the movements of two or more parallel kinematic chains to interact
with the environment during manipulation tasks.

However, many manipulation tasks do not require exploiting the full redundancy of
the system. This is because the kinematic chains are not acting independently but in-
stead are coordinated to achieve a shared objective. As a result, the e ective behavior
of the system often lies on a lower-dimensional manifold embedded within the full con-
guration space. We refer to these manifolds exhibiting speci ¢ geometric structures as
cooperative task spaces. Recognizing and leveraging this structure not only reduces the
dimensionality of the control or planning problems but also improves interpretability.
Moreover, these geometric structures naturally give rise to geometric nullspaces, which
can be exploited for secondary objectives, such as regulating contact forces, without
interfering with the primary task objective, as we previously demonstrated in [31].

Existing work using dual quaternions [4] and geometric algebra [147] has begun to
explore cooperative task spaces, particularly in the context of dual-arm manipulation.
However, the notion of cooperation extends well beyond dual-arm settings. Many real-
world scenarios involving multiple kinematic chains, such as torso-arm-hand coordination
or multi- ngered in-hand manipulation, can bene t from a uni ed geometric framework
that generalizes cooperative control. To illustrate this, we provide a non-exhaustive
collection of robotic systems and manipulation challenges that can be abstracted through
cooperative subspaces corresponding to geometric primitives, as shown in Figures 6.1-
6.5. The geometric primitives only depend on the number of kinematic chains that
are involved in the task. Hence, they model the cooperative behavior, and are not
chosen based on an approximation of the object. Our overarching goal is to generalize
operational space control [123], which was originally formulated for single manipulators,
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to systems with multiple kinematic chains by representing cooperative task spaces as
geometric primitives within the control architecture.

Figure 6.1.: Clothes folding task represented by a cooperative line using two reference
points.

Figure 6.2.: Task of carrying a big box represented by a cooperative circle using three
reference points.

In this chapter, we address the challenge of cooperative manipulation control for
robotic systems involving multiple parallel kinematic chains. We do so by combining the
various ideas around cooperative control, grasping nullspaces and geometric primitives,
into a single, mathematically coherent framework by introducing cooperative geometric
primitives and integrating them into geometrically consistent control schemes. For this,
we leverage conformal geometric algebra (CGA) to nd algebraic objects that represent
geometric primitives that go beyond keypoints. In prior work, we have shown how these
primitives de ne geometric nullspaces and how they can be used in optimal control [148].
In the same optimal control framework, we have then extended the cooperative dual-task
space using CGA for bimanual robots [147]. Here, we further extend this idea, by ex-
ploring how cooperative geometric primitives enable decentralized control strategies that
harmonize task execution, disturbance rejection, and inter-agent coordination. We show
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i\l

Figure 6.3.: Task of carrying a plate represented by a cooperative plane using three
reference points.

Figure 6.4.: Task of grasping a glass represented by a cooperative sphere using four
reference points.

Figure 6.5.: Task of handing over big box represented by a cooperative sphere using four
reference points.

that by exploiting CGA, di erent systems can be modelled in a uniform manner that al-
lows informed collaboration strategies based on the geometric primitives and conformal
transformations that can be expressed in this algebra. Our contributions therefore are

A geometric representation for cooperative behaviors of multiple parallel kinematic
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chains using geometric primitives, enabling intuitive modeling of coordinated manip-
ulation tasks;

Introduction of similarity transformations of geometric primitives, extending classical
rigid body transformations from single end-e ector control to multi-chain cooperative
manipulation;

A uni ed mathematical framework for cooperative control based on similarity trans-
formations, that can be used with optimal control or di erential kinematics formula-
tions;

Exploitation of geometric nullspaces inherent in the cooperative task space for achiev-
ing secondary control objectives, such as contact force regulation or redundancy res-
olution, without a ecting primary task execution;

Demonstration of the versatility and scalability of the proposed approach on complex
robotic systems, including humanoid platforms and multi- ngered hands, through
tasks involving cooperative reaching and teleoperation.

6.1.1. Related Work

A common example for highlighting the challenges of cooperative manipulation is the col-
lective transport of big and bulky objects that cannot be handled by a single robot. This
task is very challenging, since multiple robots interact with the same object via local con-
trol actions [71], which requires them to cooperate in order to achieve a common, global
goal. Traditional approaches often use a leader-follower strategy, where the di erent
roles are prede ned, and the agents communicate explicitly. However, these strategies
often fail due to uncertainties stemming from the task parameters, environmental dy-
namics, or the team composition [72]. Solving these issues requires strategies that do not
rely on centralized coordination, but instead use the manipulated object as a physical
channel for implicit coordination. By sensing the exerted forces on the shared payload,
the robots can decompose the motion into an allowed task space motion and a nullspace
motion that is used rejecting perturbations [48]. This strategy minimizes force con icts,
and enables cooperative manipulation even under strict communication constraints. Re-
cent advances in cooperative control favor frameworks that further emphasize distributed
optimization and adaptability. They optimize the individual performance of the robots

in the system that su ers reduced operation capabilities due to the physical connection
through grasping [96]. Furthermore, the optimization can include objectives for enhanc-
ing the manipulability, avoiding obstacles, and reducing internal forces caused by robot
motion errors due to coupling [97]. Hence, there is an inherent trade-o between physical
coupling (e.g. rigid grasps) and operational exibility, which makes it important to deal
with disturbances to avoid unexpected behaviors [7]. Learning-based approaches try
to simplify the problem of coordinating multiple agents by introducing actions through
shared latent spaces, which reduces the sample complexity of high-dimensional tasks like
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dual-arm manipulation [aljalboutCLASCoordinatingMultiRobot ]. Alternatively,
bi-manual end-e ector poses are learned from demonstrations using task-parameterized
dynamical systems [198].

Some approaches are inspired by the formation control that is often used in the area of
autonomous ground vehicles [203], and are extended to manipulation, where the agents
are treated as part of a cohesive geometric formation [196]. In this setting, one of the
agents can be a human that is guiding the robots, which in turn try to maintain desired
geometry w.r.t. each other, while reducing internal stresses [197]. It can then be shown
that, the internal interactions forces in cooperative manipulation that arise from a for-
mation of robots, lie in the null space of the grasp matrix, i.e. the dynamics of the object
are not a ected by them [64]. This insight also bridges the connection to literature on
grasping and in-hand manipulation, where the problem setting is similar, in the sense
that multiple parallel kinematic chains are tasks to cooperatively manipulate a shared
object. Both scenarios have a high kinematic redundancy can be exploited [219]. We
can therefore also mirror control strategies for robotic grip adjustment, to enable adap-
tive force modulation for cooperative robotic manipulation in response to environmental
feedback. Here, compliant control behaviors are achieved through impedance control
schemes on the object level [181]. Dexterity in contact-rich manipulation is often lim-
ited, because in contrast to humans, typically grasping models for robotic hands only
use single contact points at the ngertips, instead of the whole surface [33]. Smart grip-
per design can alleviate this issue to a certain extent, where the geometry is optimized
to achieve more dexterous manipulation capabilities, such as xing the movement of
the object's pose along sphere [178]. This highlights the importance of geometric con-
siderations for encoding spatial relationships and constraints and the role of geometric
primitives.

Geometric primitives also play an important role in recent advances on general ma-
nipulation control, currently mainly in the form of object-centric keypoints. The goal
here is to reduce complex tasks across a category of objects, where shape variations are
allowed, to geometric constraints on keypoints [87]. When used in closed-loop manipu-
lation control for achieving contact-rich tasks, this keypoint-based representation leads
to automatic generalization to a category of objects by incorporating an object-centric
action representation [153]. The simplicity of the representation via keypoints has also
been proven to have advantages for visual imitation learning. Here, task representations
are extracted from demonstrations and decomposed into keypoint-based geometric con-
straints [86]. This approach has been extended to bimanual manipulation and was shown
to generalize to novel scenes in-category objects, due to the object-centric, embodiment-
independent, and viewpoint-invariant representation [85]. Expressing task constraints
via geometric constraints on keypoints also facilitates the connection to vision-language
models, such that tasks can be de ned using language instructions [105].
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6.2. Method

Geometric algebra enables the direct representation of geometric primitives within the
algebra. Here, we show how to include these geometric primitives in the control objective
by deriving control strategies based on similarity transformations.

6.2.1. Cooperative Geometric Primitives

In this chapter, we focus on modeling di erent control objectives for establishing coordi-
nation strategies between multiple parallel kinematic chains using geometric primitives.
Hence, in the following, we assume that the task-space modeling of the robotic system
is done via one of the geometric primitives of CGA. We call this primitive the coop-
erative geometric primitive and denote it asX.(q), whereq is the joint con guration

of the robotic system. In order to formulize the cooperative geometric primitives, we
extend the ideas around the cooperative pointpair that was shown in Equation (5.6) to
n parallel kinematic chains. We use the properties of the outer product of points to nd
the cooperative geometric primitiveX .(q) formed by the end points of those kinematic

chains
At M

Xe(@)= Pia)=  Mi(a)eoMi(a); (6.1)
i=1 i=1

where the conformal pointd; correspond to the end points of the kinematic chains. The
trivial case of one kinematic chain is a point. Two kinematic chains give a pointpair, three
a circle, and four a sphere. Examples of the cooperative geometric primitives for varying
numbers of kinematic chains can be seen in Figure 6.6. Here, we use three manipulators
as a proxy for a three- ngered hand to highlight the mathematical equivalence between
multiple robot manipulators and robotic hands with multiple ngers. Note that, instead
of a pointpair, we could also use a line and instead of a circle, a plane. Both would
only require multiplication with the point at in nity and would lead to a relaxed control
law that allowed more degrees of freedom. In general, this construction of cooperative
geometric primitives holds for geometric algebras of di erent dimensions, i.e. for any
number of n. In our case, usingG,.;, which is a 5-dimensional algebra, the highest
dimensional geometric primitive is a sphere. A sphere is constructed fram= 4 points,
i.e. we limit our view in this section on a maximum of four parallel kinematic chains.
In theory, however, using higher dimensional geometric algebras, the derived formulas
could be extended to4 + n parallel kinematic chains. We will go into more detail on
this point in the discussion in Section 6.4.6.

The objective is then to reach a desired geometric primitive of the same type, which is
denoted asX 4. We base the formulation of the control objective for cooperative manip-
ulation control on similarity transformations. Suppose that, for any pair of geometric
primitives X.(q) and X4, there is at least one similarity transformationZ that trans-
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(a) End-e ector point of a Ufactory Lite6 (b) The cooperative dual task space for two
robot. Franka robots.

(c) The cooperative circle for a humanoid(d) The cooperative sphere of the four ngers
formed by its two wrists and a point on of the Leap Hand.
the torso.

Figure 6.6.: Cooperative geometric primitives for multiple kinematic chains. The red
points indicate the reference points on the robots that are considered for
the cooperative geometric primitive, which is then shown in green.

forms X.(q) into X4. Mathematically, the control objective can then be expressed as an

optimization problem
min log(Z(Xc(a); Xq)) ; (6.2)

where we use the logarithmic map of the versor representation, as explained in Sec-
tion 2.3.2.

Here, we do not propose any particular solver for this optimization problem, but fo-
cus on the general modeling. In practice, this optimization problem can be solved using
state-of-the-art methods from the literature around optimal control, impedance/admit-
tance control or simply using di erential kinematics. To account for this generality of
the problem formulation, we give all the mathematical details that are necessary for
these di erent control paradigms. In particular, we derive the gradients, Hessians and
Jacobians. In the following, we explain each of these aspects more concretely.
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The analytic Jacobian for the cooperative geometric primitived 2 (q) can be found as
the derivative of X.(q) w.r.t. the joint angles, i.e.

3q) = gxc(q) = 38 IR 6.3)
where
JA@) =P pi N i Py (6.4)
and
Jpi = J Peoli + Migod 2 (6.5)

We could then use this Jacobian to de ne a control law similar to di erential kinematics,
where we take into account the di erence between the current and the target geometric
primitive

u= 35 " Xg Xe@); (6.6)
however, this control law does not take into account the manifold of the motion between
the geometric primitives and is also hard to tune, since the parameters would lie in the
subspace of the geometric primitives, which can be hard to interpret. Instead, we now
present the control formulation that is based on the similarity transformations between
the geometric primitives.

6.2.2. Similarity Transformations

Similarity transformations form a Lie groupZ that is a seven dimensional manifold. We
de ne the canonical decomposition of a general similarity transform versor to be

Z = TRD: (6.7)
Elements of the associated Lie algebi; can be found via the logarithmic map

Bz =1log(Z)

(6.8)
=log(T) +log(R) +log(D):

More details on the transformation groups and their logarithmic maps can be found in
Section 2.3.2. In the same way the Lie algebra of quaternions has been used for inter-
polation between group elements in applications such as spherical linear interpolation,
we can use elementB; 2 B for interpolating a similarity transformation between two
geometric primitives. We show this interpolation in Figure 6.7.

Given the two geometric primitives,X; and X,, we now derive the similarity trans-
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(b) Plane.

(c) Circle. (d) Sphere.

Figure 6.7.: Interpolation of di erent geometric primitives using similarity transforma-
tions.

formation Z (X 1; X ) that ful lls
Xy = Z(Xl,XZ)Xlz(Xl,Xz) (69)

Its bivector Bz (X 1; X,) found from the logarithmic map can then be used in the opti-
mization problem given in Equation (6.2). A general formula to nd a versoWc (X 1; X32)
that transforms X; to X, was derived in [130]

Ve(X1;X2) = ¢ 11+ X,X4); (6.10)

wherec is a normalization constant that depends on the geometric primitives. However,
using this general formulaVc (X 1; X2) 2 C, i.e. the resulting versor will be an element of
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the conformal transformation groupC, not of the similarity transformation group Z. In
order to restrict the versor toZ, we present the necessary derivations that give a simi-
larity transformation between pairs of geometric primitives according to Equation (6.9).
Note that this clearly shows that the transformation between primitives is not unique,
as was already stated in [130].

Point to Point

The simplest case is transforming one point to another. Since points neither have an
orientation nor a size, the rotorR and dilator D simplify to the identity transformation,

l.e. R = D = 1. Regarding the translation versor, given the two point$; and P,, it is
found as

Z(P1;P2) =T(Py; P2)

(6.11)
=exp (P>, Pi)" e

Line to Line

Lines have a at geometry, i.e. they are part of Euclidean geometry, which means a
transformation between two lines can be described purely by rotations and translations.
Hence, the versor resulting from Equation (6.10) will only contain a translation and a
rotation, i.e. Z(Ly;Ly) 2 M .

Plane to Plane

Using the same argumentation as for the case of line to line transformations, the trans-
formation from one plane to another can be found using Equation (6.10). The resulting
versor will only contain a translation and a rotation, i.e.Z(E1;E;) 2 M .

Circle to Circle

Circles require all three versors in the similarity transformation: translations, rotations
and dilations. The dilation versor we can directly compute based on the radii andr,
of X1 and X

D(X1;X2) =exp log(rar, Heo ; (6.12)

where the radius of a circle can be computed as
r= (X e )X 1: (6.13)

Note that the inner expression takes the form of the general subspace projection that
we showed in Equation (2.28). It can thus be interpreted as projecting in nity to the
subspace of the circle and then evaluating the resulting norm.
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Next, we compute the rotation versor between the circles by using the normd,
and N, of the planes that the circles lie. These planes can be found \Ea= C " e;
and the normal of planeE is computed as

1
N=E E(E €o)er : (6.14)

We then insert the normals in Equation (6.10), which yields

R(X1;X2) = ¢ Y(1+ NiNy)

ct 1+(Np Np) (N2~ Nyp) : (6.19)

Note that this is the geometric algebra variant of the standard expression for computing
a unit quaternion between unit vectors.

Lastly, we compute the translation versor via the center points of the circles. The
center point of circles can be found as

P(X)= Xe1 X; (6.16)

which in this case amounts to re ecting in nity in the circle or sphere. Given the center
points, the translation versor can then be computed as was indicated for points in
Equation (6.11). Note that, for computing the center of the cooperative circle, we rst
apply the transformation given by R(X1; X,)D(X1; X5), because this transformation
changes the center point of the circle.

Sphere to Sphere

For spheres, the rotation versor is the identity, because spheres do not have an intrinsic
orientation. The dilation and translation versors can then be calculated using the same
strategy as for the circles. The computation of the dilation versor follows Equation
(6.12), where the radius of a sphere is also computed in the same way as for the circle,
i.e. using Equation (6.13). We then use Equation (6.16) to compute their center points
and afterwards Equation (6.11) to obtain the translation versor.

6.2.3. Cooperative Similarity Control

In Equation (6.2), we formulated the problem of cooperative manipulation control as
minimizing the similarity transformation between the cooperative and desired geometric
primitives, X.(q) and Xy, via its logarithmic map. After having derived the similarity
transformations between geometric primitives in Section 6.2.2, we can now formulate
the control strategies based on them.
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First, we de ne the cooperative similarity transformationVz..(q). Similarly to how an
end-e ector pose represents the transformation of the coordinate system at the origin to
the end-e ector, it is expressed as the similarity transformation w.r.t. a unit geometric
primitive at the origin. We denote this primitive as X,. In section 6.2.2, we have
already presented how to similarity transformations between two geometric primitives
of the same kind. Accordingly, the verso¥z..(q) can be found following the explanations
around Equation (6.7) as

Vz,e(A) = Z (Xu; X(a)) (6.17)

This versor will then fulll X.(q) = Vz.(q)X,¥z¢(q). It is a direct equivalent to the
end-e ector motor found by the forward kinematics in Equation (3.4), albeit it represents
a cooperation between multiple kinematic chains and not just a single one. Using the
unit geometric primitive, we also de ne a desired similarity transformation

Vzq = Z (Xy;Xa): (6.18)
Thus, the versor from Equation (6.2) can be written as

Z(Xc(a); Xa) = Vziea(q) = ¥s,c(Q) Vsa; (6.19)

which is equivalent to the formulation of inverse kinematics for a single kinematic chain
based on the end-e ector motor. Note that, instead of using Equation (6.19), the versor
Z(X<(q); X4) can also directly be found following the explanations in Section 6.2.2. From
Equation (6.19), we can then nd the bivectorB;..q(q) via the logarithmic map that
represents the task-space control signal, similar to a twist,

Bzca(a) =109 (Vza(Q)) : (6.20)

Note that, in general, this bivector can be seven-dimensional, since the similarity trans-
formation group is a seven-dimensional manifold.

Most commonly, optimization solvers and control algorithms make use of one of var-
ious Jacobians that can be found for the cooperative similarity versdrfz..(q) and its
bivector Bz..(q). Hence, we now present the bivector similarity Jacobiah 3 (g), the an-
alytic similarity Jacobian J %(q), and the geometric similarity JacobianJ $(q). These
Jacobians can then be used to nd the gradient, approximate the Hessian, or compute
a control signal, depending on the chosen control approach.

As per the usual de nition, the analytic similarity Jacobian can be found from the
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partial derivatives of the cooperative similarity versor w.r.t.q, i.e.

34.(a) = gvz;c(q)

=J 1A;C(Q)VR;C(q)VD;c(Q) (6.21)
+ VT;C(q)‘] é;c(q)VD;C(q)
+ VT;c(q)VR;C(q)J g;c(q);

whereJ £..(q);J &.(q); and J 5..(q) are the Jacobians of the translation, rotation and
dilation versors, respectively. We omit the full derivation here for conciseness, which can
be found in Appendix A.

In the same way that the usual kinematic modeling of robots makes a distinction
between the analytic and the geometric Jacobian, via the group constraint and from the
relationship between the end-e ector Jacobians shown in Equation (3.15), it is easy to
see that the following relationship holds:

JS@)= 2%.(q)d 2.(): (6.22)

The geometric similarity Jacobian can be used to formulate control laws such as dif-
ferential kinematics or impedance/admittance control. The traditional control methods
then require a twist as a task-space control command. Here, the cooperative similarity
bivector Bz..4(q) from Equation (6.20) can be used to de ne a corresponding similarity
twist V.

Lastly, the bivector similarity JacobianJ 5 (q) is found as the partial derivates of the
cooperative similarity bivector Bz..q(q) w.r.t. q

Jee(@)=J 2 8, () 5.(q); (6.23)

whereJ z g, (q) is the Jacobian of the logarithmic map of the similarity transforma-
tion group. The bivector similarity Jacobian can then be used in applications such as
optimization-based inverse kinematics.

6.2.4. Manipulability Analysis

For a more fundamental understanding of the proposed cooperative similarity control of
these complex robotic systems, we de ne the manipulability of the system. The cooper-
ative similarity transformation ful lls the same role as the rigid body transformation at
the end-e ector, represented as a motor, for robotic arms. For traditional manipulability
analysis, the geometric Jacobian related to this end-e ector motor is used. Accordingly,
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we de ne the similarity manipulability ellipsoid as

Mz(a)=J3(q) J S(a) ; (6.24)

which further highlights the parallels of the system modeling between single kinematic
chains using motors and multiple kinematic chains using the cooperative similarity trans-
formation.

The similarity manipulability ellipsoid M z(g) 2 R’ 7 can be understood as a direct
equivalent to the traditional velocity manipulability ellipsoid. Hence, it informs about
the system's capability to move the cooperative geometric primitive, which is the same
as the traditional manipulability's information about the robot's ability to move its end-

e ector. In addition, the cooperative similarity manipulability also contains a dimension
that expresses the ability to dilate the cooperative geometric primitive. This dimension
becomes of particular interest, when we look at the inverse manipulabilitl 7 (q). This
inverse represents the force manipulability and thus expresses the system's ability to
enact forces in di erent directions. For the dilation, this expresses the ability to apply
force that increase or decrease the size the of the cooperative geometric primitive. For
example, in the case of three manipulators, this would give a measure of the radial force
for changing the radius of the cooperative circle. This is important information for tasks
such as carrying big and bulky objects, where the three manipulators are required to
apply force to an object while carrying it. The cooperative force manipulability can
then be used to optimize for the ideal con guration to enable the maximum force on the
dilation. Similarly, this manipulability ellipsoid could then also be used to implement
standard techniques for avoiding the singularities discussed in Section 6.4.3.

6.3. Results

We have presented a purely geometric framework for the cooperative control of multiple
kinematic chains. Accordingly, the experiments are designed to illustrate the underly-
ing mathematical concepts developed in this work through kinematic simulations. We
show the cooperative geometric primitives both in optimal control and in teleopera-
tion scenarios. To maintain generality, the examples are intentionally presented in an
abstract form, without speci ¢ applications. Instead, we only refer to potential applica-
tions. The presented results are implemented using our open-source software framework
gafro’. Additional material and videos of the teleoperation experiments can be found
on our websité.

Ihttps://gitlab.com/gafro
2https://geometric-algebra.tobiloew.ch/cooperative_geometric_primitives/
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6.3. Results

6.3.1. Optimal Control Experiments

In this section, we show reaching cooperative geometric primitives using multiple kine-
matic chains formulated as optimal control problems. Apart from a control cost for
regularization, we only use a nal cost to reach a desired geometric primitive. Hence, we
minimize the transformation between the current cooperative geometric primitive and a
desired one, which amounts to minimizing the parameters of the corresponding bivector,
i.e. as shown in Equation (6.2). A bivector of zero corresponds to the identity trans-
formation. The experiments only show the simplest case of reaching a single geometric
primitive. For real applications, however, a combination of various di erent primitive
constraints can be employed.

Line Reaching

In our rst experiment, we examine the simplest case: two points representing the co-
operative task space of two independent kinematic chains, such as a bi-manual platform
or the arms of a humanoid. Within CGA, we can introduce a third point at in nity to

de ne an in nite line passing through the two original points. By using a line instead of

a point pair to model the cooperative behavior of the two arms, we remove constraints
on the motion and allow for the arms to move freely along the line, which essentially

de nes a geometric nullspace. Here, we illustrate a reaching motion from one line prim-
itive to another in Figure 6.8 with a humanoid model. In Figure 10.1, we have shown

the example of cloth folding as a potential application for a dual arm system modeled

by a cooperative line.

Circle Reaching

In the second experiment, we consider three points that de ne the cooperative task space
of three independent kinematic chains. In CGA, three non-collinear points uniquely
de ne a circle primitive. Like a line, a circle introduces a null space, allowing the
three points to move freely along it. We demonstrate transitions from one circle to
another using three di erent setups: a trio of manipulators, the torso and arms of a
humanoid robot, and a collaborative reaching scenario involving both a manipulator
and a humanoid.

The rst scenario of three manipulators, which is shown in Figure 6.9, is the most
generic one. It can be seen as a general proxy for tasks involving the lifting and manip-
ulation of big and bulky objects.

We show the second scenatrio in Figure 6.10. Here, we use a single humanoid and choose
a point on the torso and its two arms as the three points that de ne the circle. This
example illustrates how a cooperative circle can be used to model a single humanoid
carrying a big and bulky object in arms, while pressing the object against its torso
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Figure 6.8.: Humanoid reaching for a desired cooperative line. The points used for mod-
eling the cooperative line are located at the wrists. Including the joints at
the waist, this system has 17 degrees of freedom. The initial con guration
is shown in white and the nal one in gray. The green line is the initial co-
operative line, the turquoise one the nal, and in red we show its trajectory
in between.

to provide additional support. We show an illustration of this task for a human in
Figure 10.1.

The last scenario for the cooperative circle features a manipulator and a humanoid
that are collaborating for the reaching of the desired circle, as shown in Figure 6.11.
Although, we use a humanoid in this example, it could be easily replaced by a human
in order to model a human-robot collaboration scenario. Since this extension provides
an interesting opportunity for future work, we discuss it further in Section 6.4.5.

Plane Reaching

Similar to the line, an in nite plane in CGA can be constructed by combining three
points with a point at in nity. As with other primitives in CGA, a plane represents a
geometric null space. Therefore, moving the three points within the same plane results
in an equivalent control objective. We demonstrate this behavior using a three- ngered
robotic hand, as shown in Figure 6.12. In Figure 10.1, we have used the example of a
human carrying a plate as a potential application for this scenario.
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Figure 6.9.: Three Franka robots reaching for a cooperative circle. Since each robot has
seven degrees of freedom, the complete system has 21 degrees of freedom.
The initial con guration is shown in white and the nal one in gray. The
green circle is the initial cooperative circle, the turquoise one the nal, and
in red we show its trajectory in between.

Figure 6.10.: Humanoid reaching for a cooperative circle by using a point on its torso.
The initial con guration is shown in white and the nal one in gray. The
green circle is the initial cooperative circle, the turquoise one the nal, and
in red we show its trajectory in between.
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Figure 6.11.: Collaboration between a manipulator and a humanoid modeled by a coop-
erative circle. The initial con guration is shown in white and the nal one
in gray. The green circle is the initial cooperative circle, the turquoise one
the nal, and in red we show its trajectory in between.

Sphere Reaching

As the last experiment, we considered the sphere primitive constructed using four points,
which is the limit that we can reach with CGA. We demonstrate reaching from one
sphere to another using a four- ngered hand in Figure 6.13, and a collaborative scenario
involving two humanoids in Figure 6.14. The cooperative sphere of the four- ngered
hand is a general example for grasping using a robotic hand and can thus be applied to
a wide range of applications. We also show an example of this in Figure 10.1. Similarly,
in the scenario with the humanoids, one of the humanoids could be replaced by the
user in order to model human-robot collaboration. Generally, this example illustrates
the collective transport of big and bulky objects using two independent humanoids, as
depicted in Figure 10.1.

6.3.2. Teleoperation Experiment

In this section, we present teleoperation for controlling complex robotic systems with a
high number of degrees of freedom. In particular, we consider

three manipulators: 21 DoF,
two humanoids: 34 DoF,
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Figure 6.12.: Three- ngered hand reaching for a cooperative plane. The initial con gu-
ration is shown in white and the nal one in gray. The green plane is the
initial cooperative plane, the turquoise one the nal, and in red we show
its trajectory in between.

robotic hand: 16 DoF.

The purpose of the experiment is to demonstrate the simplicity of the cooperative geo-
metric primitives, and how using the cooperative geometric primitives for modeling the
cooperative task space of multiple parallel kinematic chains constrains the degrees of
freedom and thus greatly facilitates the control of these complex systems.

In all cases, we use a readily available six degree of freedom device that is commonly
used in CAD applications as a single input device to obtain the commands for the
teleoperation. We then map the six axes of the input device to a Lie algebra element
of the similarity transformation group, i.e. a bivector, that then represents a task space
command. The corresponding joint-space command we then obtain by using di erential
kinematics, i.e. we invert the geometric similarity Jacobian

u= J%(q) by (6.25)

wherebz; = Bz, is the parameter vector of the input similarity bivector. The control
scheme is formulated w.r.t. to the cooperative similarity transformation, i.e. the local
frame. Note that this control formulation is identical to the usual way of doing di erential
kinematics. The only di erence is that a cooperative task space of multiple kinematic
chains is modeled, as opposed to a single one.

We show in Figure 6.15 the mapping of the input device's axes to the similarity
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Figure 6.13.: Four- ngered hand reaching for a cooperative sphere. The hand has 16
degrees of freedom. The initial con guration is shown in white and the
nal one in gray. The green sphere is the initial cooperative sphere, the
turquoise one the nal, and in red we show its trajectory in between.

transformations, and the corresponding motion of the robotic hand. We want to point
out that the sphere in that Figure is only visualizing the current cooperative sphere. It
is, however, not used for control, in the sense that the sphere is moved and then tracked
by the ngers. Instead, the controller from Equation (6.25) causes a joint movement
that then results in the sphere changing accordingly.

6.4. Discussion

Our uni ed control framework based on cooperative similarity transformations, gener-
alizes the rigid body transformation of a single robot's end-e ector to the cooperative
control of multiple kinematic chains. The experimental results demonstrated this ap-
proach across a variety of robotic systems, ranging from a bi-manual setup to scenarios
involving collaborating humanoids. Given that, the framework is purely geometric, and
considering the variety of systems explored, the kinematic simulations show both the
strengths and limitations of our method, which are further discussed in the following
subsections.
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Figure 6.14.: Two humanoids reaching for a cooperative sphere. The combined system
has 34 degrees of freedom, including both humanoids' waist joints. The
initial con guration is shown in white and the nal one in gray. The green
sphere is the initial cooperative sphere, the turquoise one the nal, and in
red we show its trajectory in between.

6.4.1. Connection to Traditional Single-Arm Control

Throughout this chapter, we have mentioned several times that the cooperative similar-
ity transformation and its Jacobians ful Il the same role as the rigid body transformation
to the robot end-e ector that is used in single-arm systems. Since similarity transfor-
mations form a seven-dimensional manifold, as opposed to the six-dimensional one of
rigid body transformations, the modeling using the cooperative similarity transforma-
tions only introduces one additional dimension to achieve cooperative control behaviors
of highly complex robotic systems. Although the involved mathematics that we derived
in this chapter might seem unfamiliar, all the ndings in the literature for traditional
control methods of single-arm systems remain valid and are directly applicable to the
scenarios shown in this chapter. As we have shown for example when using di erential
kinematics control for the teleoperation experiments in Section 6.3.2. This further high-
lights how the cooperative modeling greatly facilitates the control of complex robotic
systems.

6.4.2. Geometric Nullspace

The systems considered in our experiments range from a bimanual setup with 14 de-
grees of freedom (DoF) (see Figure 6.16a) to collaborating humanoids with 34 DoF in
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Figure 6.15.: Teleoperation of an anthropomorphic hand. The axes of teleoperation de-
vice on the left, are mapped to the di erent similarity transformations as
shown in the center. The three principal axes map to the corresponding
translations, while the rotation around thez-axis is mapped to the dilation.
Rotations are not required, since a sphere is invariant to rotations around
its center. The resulting motion of the robotic hand is then depicted on
the right.

total. The resulting systems are highly redundant, and thus are inherently challenging
to control. Even when restricted to the task space, the dimensionality remains high,
i.e. ranging from 12 to 24 DoF. Notably, encoding the cooperative task space using
geometric primitives signi cantly reduces the e ective dimensionality of the problem.
The similarity transformations associated with these primitives have at most 7 DoF,
accounting for translation, rotation, and uniform scaling. Depending on the symmetry
of the primitive, the e ective number of DoF can be even lower. For instance, a sphere
(see Figure 6.13) admits only 4 DoF, as rotation does not alter its con guration. As
can be inferred from the teleoperation experiment given in Figure 6.15, this reduction in
dimensionality is critical: no teleoperation device exists for 28-DoF systems, nor can a
human or an existing algorithm feasibly control such a high-dimensional system directly.
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In contrast, using our proposed method for controlling the translation and dilation of a
target sphere is straightforward.

(a) The line nullspace formed by two Franka robots. Each robot's end-e ector is free to move
along the line unrestricted. Secondary control objectives tangential to the line will not
change the line.

(b) The plane nullspace formed by three Franka robots. Each robot's end-e ector is free to
move in the plane unrestricted. Secondary control objectives tangential to the plane will
not change the plane.

Figure 6.16.: Geometric nullspaces that admit the introduction of secondary control ob-
jectives. Perturbations that are orthogonal to the geometric primitives will
be rejected. The de nition of these geometric nullspaces is coordinate-free.

A second key aspect of the redundancy resolution arises from the use of geometric
nullspaces. Geometric primitives naturally de ne subspaces of the underlying algebra,
giving rise to geometric nullspace formulations for control. This structure ensures that
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the controller is inherently sti when the system deviates from the primitive, and compli-
ant when moving along it, as we previously showed in the context of optimal control for
a single robotic arm [148]. This principle extends directly to the cooperative geometric
primitives introduced in this work, as illustrated in Figures 6.16a and 6.16b.

The geometric nullspaces induced by these primitives enable a decoupling of orthogo-
nal control objectives in a coordinate-free manner, while eliminating the need for basis-
speci ¢ representations or manual tuning of o -diagonal matrix terms. For example,
aligning the end-e ector with a target line does not constrain motion along the line,
enabling the controlled application of contact forces in that direction. We previously
demonstrated this feature with a single robot in an impedance control application on
curved surfaces [31]. As shown in Figure 6.16a, this property naturally extends to co-
operative settings, such as coordinated object lifting.

Similarly, in the case of cooperative reaching toward a plane, optimization yields
the closest con guration due to the presence of a geometric nullspace, as shown in
Figure 6.16b. Although not illustrated here for brevity, this principle generalizes to
other geometric primitives such as circles and spheres. For example, when four robotic
arms cooperatively maintain a spherical constraint, they can move compliantly along
the tangent directions of the sphere's surface without violating the constraint, while the
controller remains sti in directions orthogonal to the sphere.

6.4.3. Singularity Resolution

Singularities in kinematic chains typically result in the loss of one or more degrees of
freedom. These con gurations are characterized by a degenerate Jacobian matrix that
loses full rank. Similarly, singularities can arise in cooperative geometric primitives when
the primitive is no longer uniquely de ned. To illustrate this, consider the example of
the circle primitive. If all three end-e ector points lie on a straight line, the de ning
circle degenerates into a line. In the conformal geometric model, lines are interpreted
as circles with in nite radius. As a result, the cooperative primitive becomes ill-de ned,
and its behavior cannot be uniquely determined.

These degeneracies produce e ects akin to conventional singularities: it becomes am-
biguous which end-e ector should move, and the associated geometric Jacobian grows
unbounded as the three points approach co-linearity. While such con gurations are rare
and typically do not disrupt control in practice, we included manipulability matrices
for the geometric primitives in Section 6.2.4 to provide tools for analyzing and avoiding
these cases. Just as manipulability is used to avoid singularities in single-robot systems,
these matrices can be employed alongside standard techniques for singularity-avoiding
cooperative control.
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6.4.4. Extension to Arbitrary Contact Points on the Robot Body

In this chapter, we presented cooperative geometric primitives with respect to end-
e ector points. While this is a reasonable and fairly standard assumption, since the
end-e ector typically has the highest manipulability and can be equipped with a tool or
sensor, there are many scenarios in which it is desirable to de ne cooperative geometric
primitives with respect to arbitrary points on the robot's body.

For example, when carrying a large and bulky object, humans often use additional
contact points such as the torso to help distribute the load and improve stability. We
illustrated a preliminary example of this idea in Figure 6.10, where the torso of a hu-
manoid robot was used to de ne the third point of a cooperative circle.

In the general case, however, this requires to de ne a distance function from the
robot surface to the geometric primitives and use its Jacobian to guide the optimization.
Accordingly, the optimization can select these points dynamically, depending on the task
requirements.

6.4.5. Extension to Human-Robot Collaboration

In Figures 6.11 and 6.14, we presented experiments involving humanoid robots. With a
slight change in perspective, these humanoids can be interpreted as abstractions of hu-
mans in a human-robot collaboration setting. This observation suggests that cooperative
geometric primitives could also be applied to model scenarios involving human-robot col-
laboration.

The primary distinction between a human and a humanoid robot lies in controllability:
the human's motion cannot be directly controlled. As a result, the system must adopt a
leader-follower control paradigm, where the human acts as the leader and the robot as the
follower. The robot then adapts its end-e ector motion in response to the human's hand
movements, in order to maintain a desired cooperative primitive, such as a circle or a
sphere, de ned by the relative positions of the human hand and the robot end-e ector(s).
Due to the bene ts of using the cooperative geometric primitives, the resulting control
scheme would remain geometrically consistent.

6.4.6. Extension to n Kinematic Chains

While we presented control strategies for up to four parallel kinematic chains, this prac-
tical limitation only stems from our choice of algebra, i.e. conformal geometric algebra
G41. Here, CGA is the smallest algebra that allows for the representation of geometric
primitives capturing the collaborative behaviour of up to four parallel kinematic chains.

This choice is justi ed, since three and four- ngered hands are common and able to
secure a grasp by removing all DoFs of a target object. Hence, we want to point out
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that this limitation is only of practical nature, but not of theoretical one. More con-
cretely, using a di erent choice of the underlying quadratic spacéRP?"; g(x;x)), the
corresponding geometric algebr&,., would allow for the representation of more par-
allel kinematic chains, such as in the case of ve- ngered hands. The presented results
based on the derivation of the collaborative geometric primitives would remain valid.

6.5. Conclusion

In this work, we introduced a framework for modeling the cooperative task space of mul-
tiple parallel kinematic chains through the integration of cooperative geometric primi-
tives and similarity transformations. By deriving the mathematical foundations of this
approach, we demonstrated that cooperative geometric primitives o er a powerful ab-
straction for simplifying the representation and analysis of complex robotic systems,
particularly those with a high number of degrees of freedom. This abstraction reduces
the inherent modeling complexity by encapsulating intricate kinematic interactions into
uni ed geometric constructs, enabling intuitive and scalable coordination strategies. In
this chapter, we focused on the mathematical derivation of the cooperative task spaces
based on the geometric primitives and presented their application in abstract experi-
ments in order to preserve generality. Hence, this work o ers various interesting exten-
sion opportunities that could be addressed in future work.

Our formulation of the cooperative similarity transformation presents a direct link
to classical control methods. Based on the cooperative similarity transformation, we
derived an analytic and geometric Jacobian that can be used in standard control tech-
nigues. We demonstrated this using optimal control and teleoperation with di erential
kinematics as examples. Even though the controlled systems have a high number of de-
grees of freedom, the controller based on the similarity transformation is almost identical
to single-arm controllers, and only adds a single dimension for controlling the dilation.
Combined with the concept of geometric nullspaces, which decouple orthogonal control
objectives in a coordinate-free manner, we have derived the theory of a versatile control
framework that leverages the algebraic properties of geometric primitives. Our experi-
ments have shown the general applicability of this control formulation. Actual real-world
tasks, however, will require more complex modeling approaches, where di erent geomet-
ric primitives are combined in a single objective function in order to represent the task
constraints. We will address this in future work by focusing on the applications, while
using the ndings of this chapter as the theoretical foundations. These applications could
include the modeling of human-robot collaboration tasks, where the cooperative geomet-
ric primitives are used to implement geometrically consistent leader-follower paradigms
that exploit the inherent nullspaces.
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Primitives

This chapter introduces a probabilistic view on the geometric primitives. We intro-
duce probabilistic geometric primitives into the optimization framework presented
in the previous chapters.

Publication Note
The material presented in this chapter has not been published yet.
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7.1. Introduction

In previous chapters, we explored various methodologies for modeling robotic manipu-
lation tasks via the formulation as optimization problems. These approaches assumed
idealized scenarios that included a perfectly calibrated perception system, precise geo-
metric models of objects and environments, and deterministic control execution. While
theoretical formulations are simpli ed by these assumptions, they rarely hold in real-
world applications and assuming perfect perception is a critical limitation. The dynamic,
unstructured environments that robots nowadays are expected to operate in, lead to in-
herently noisy perception pipelines. The contact dynamics are hard to model due to
their complexity. The actuation of the robotic system might su er from elasticity. All

of these unknown factors lead to uncertainties in the modeling of the manipulation
tasks. Consequently, the perceived geometric primitives, e.g. points, lines, planes, are
often inaccurate. Subsequent transformations that are required for pose estimation and
trajectory planning also become inaccurate, since the errors propagate. If these uncer-
tainties are not considered, they could impact the performance, safety, and reliability of
the robotic system.

In particular, applications that require physical interaction with the environment have
complex physical dynamics and precise modeling is di cult. Contacts that can occur
along the whole body of robots, will lead to unpredictable contact forces. Predictions
are further complicated by environmental factors like variations in object sti ness or
surface friction. In these scenarios, compliance and delicate force modulation becomes
paramount, since small errors in contact force or geometry can lead to task failure,
mechanical damage, or unsafe interactions. Rather than implementing compliance me-
chanically via passive elastic elements, it can be achieved algorithmically via adaptive
control strategies.

This chapter addresses these challenges by integrating a probabilistic representation of
the geometric primitives into the optimization and control framework. Often, persisting
uncertainties are modeled as probabilistic distributions, such as Gaussian covariances.
Therefore, we use geometric algebra to propagate Gaussian distributions through geo-
metric transformations in order to integrate them into the control objectives. The prob-
abilistic modeling of geometric primitives enables the inclusion of robustness metrics
into the optimization framework by adapting the control strategy based on the covari-
ance. To this end, we extend these optimization objectives from the previous chapters
to account for covariance-shaped cost functions.

This chapter is organized as follows, in Section 7.2 we present the mathematical back-
ground on propagating Gaussian covariances through the products of geometric algebra,
we then present our derivation of covariance-aware constraints for optimization problems
in Section 7.3, and show simulation results in Section 7.4.
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7.2. Background: Probabilistic Geometric Primitives

A general multivector X 2 Gy, can be written as

)@2
X = XK€k, (71)
k=1

whereey are the blades of the algebraic basis @,.; and xi are the components of the
parameter vectorx 2 R*2. We de ne the mapping from G4, to R®? as the bijective
function E: G41 ! R® and its inverse asE ! : R®2 ! Gg1. At this point, we would

like to point out that the geometric primitives, as subspaces of the algebra, are generally
sparse, with known zero values. Therefore, the parameter vectors, covariance matrices
and product tensors can be reduced to the known subspace containing the geometric
primitive, which is generally much smaller thanR?.

Since points are the basic building blocks of CGA, we start by explaining how an
uncertain conformal point can be found from an uncertain Euclidean point that is ex-
pressed by a Gaussian distribution parameterized by its mean, and covariance .
Recall that a Euclidean point can be embedded in the conformal space using Equation
(2.20). Hence, we nd the mean conformal point as

P =P( x): (7.2)

For embedding the covariance matrix into conformal space, we follow the approach
presented in [179] and derive the Jacobi matrix of the embedding function

2 3

0O 0 O

@ 1 0 O
Jp(x) = @P(x): 0 1 0 (7.3)

0 0 1

X1 X2 X3

The covariance matrix in conformal space can then be found as

p=Jp xJp: (7.4)

Due to the quadratic term in the embedding function from Equation (2.20) that corre-
sponds to the basis blade; , the conformal covariance matrix p is only an approxi-
mation of the covariance. This approximation lies in the tangent space of the cone that
is formed by the embedding to conformal points. In general, for geometric primitives
constructed using the point at in nity e; , the covariance matrix becomes exact, since
the squared term vanishes due te? = 0. This is the case for at primitives, such as
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homogeneous points, lines and planes. For the round primitives, i.e. point pairs, circles
and spheres, the covariance matrix remains an approximation that is tangential to the
subspace of those primitives.

(a) Uncertain line resulting in a cylindrical (b) Uncertain circle resulting in a toroidal
shape. shape.

Figure 7.1.: Uncertain geometric primitives. The red ellipsoids show the uncertain points
from which the geometric primitives are constructed. We then show the
resulting mean in blue and covariance in green.

Starting from points as the basic building block for constructing more complex geo-
metric primitives, we show here the covariance propagation as it was derived in [179].
Notably, since geometric algebra is a certain kind of tensor algebra, the products can
be expressed using tensor operations. Here, we denote the bilinear functions for the in-
ner, outer and geometric products ag X ; X5), o(X1; X5), and g(X1; X5), respectively.
The third-order tensors encoding these products are then denoted Bg ; Oy ; Gjx 2
R32 32 32 The derivation is the same for all products. Hence, we show it in terms of the
abstract function (x1;X2) with an associated tensor j that can stand for either the
inner, outer or geometric product. Now, given two arbitrary multivectorsX ;; X, 2 Gy,
and recalling the summation of Equation (7.1), we can write the products as a bilinear
function X

(X1;X2) = X1iX2j ik €k; (7.5)
k
where tensor contraction, i.e. the summation over the indicag , is implied.
From Equation (7.5), we can nd a left and a right Jacobian matrix as

@
(X2) = —— (X1;X2);
L 2 @1 1 2 (76)

r(X1) = @@2 (X1;X2);
such that

X3= L(X2)X1= Rr(X1)X2; (7.7)
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where x 3 is the parameter vector of the resulting multivectorX; = E %(x3). Given
the covariance matrices ; and , for the parameter vectorsx; and x,, we can now
compute the covariance matrix 3 associated with the parameter vectox 3, using the
left and right Jacobian matrices

3= L(X2) 1 [(X2)+ Rr(X1) 2 R(X1): (7.8)

Following this approach, we can construct uncertain geometric primitives from con-
formal points with covariance matrices using the outer product. We show in Figure 7.1
various geometric primitives that are constructed from uncertain points. Note that, de-
spite the complex shapes, the displayed covariances are fully de ned by a single matrix.

7.3. Method

In the previous chapters, we have de ned manipulation tasks using geometric algebra as
optimization problems. In this chapter, we augment these optimization problem by the
precision matrix ! found from the covariance matrix of geometric primitives. Here,

is the chosen metric for calculating the norm. The precision matrix naturally repre-
sents a (cross-)weighting of the di erent components of a vector valued cost function.
Given an arbitrary multivector valued function F (X¢(q); X4) this optimization problem
can then be written as

min F(Xc(q); Xa) (7.9)

The function F (X¢(q); X4) can either represent the objective function using the outer
product as shown in Chapter 4, or the logarithm of the similarity transformation between
the geometric primitives X.(q) and X4. In the following subsections we explain the
derivation of the corresponding covariances.

7.3.1. Outer Product Covariance

In Equation (4.5) we briey showed the formulation of an optimization problem for
reaching geometric primitives using the outer product that we proposed in [148]. The
covariance matrices of geometric primitives can be incorporated into this framework in
the form of precision matrices. Using(q) = E(X * P(q)), we can reformulate it as

d(a) = e (a) '(a)e(a); (7.10)

where the covariance matrix ¢(q) is computed as

e(@= (@ x @D+ r P & (7.11)
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where  is the covariance of the target geometric primitive and p that of the end-

e ector point. The function d(q) is in some sense a distance function to the geometric
primitives. In Figure 7.2 we show corresponding contour plots for di erent geometric
primitives with and without covariance matrices. Here, we assume that the poire (x)

has a zero covariance matrix to simplify the visualization. For real applications, the
point could also have a non-zero covariance matrix. Furthermore, we only showed the
distance function of a conformal point to other geometric primitives for brevity and
expressiveness. Since the covariance propagation works for all bilinear functions, other
combinations of geometric primitives are possible.

To use this distance function for control, we derive the gradient of the distance function
d(g) from Equation (7.10). Note that we present the derivation w.r.t.p(q) = E(P(Qq)),
since using the chain rule we nd

ad@) = DG = I har s (7.12)
whereJ p(q) is the Jacobian of the end-e ector point. We drop the dependence an
from the notation for this paragraph for increased conciseness and readability.

We separate the problem of deriving the gradient , into two parts. First, we want
to recall that the error vector can be expressed using and the right Jacobian matrix
of the outer product, i.e.

e= Rrp: (7.13)

We can therefore rewrite Equation (7.10) as
d=p° g g RrP: (7.14)

Neglecting that ! also depends om, we can nd the rst part of the gradient as

> 1

01=2 g g RP: (7.15)

The second part of deriving the gradient requires nding the derivative of ' w.r.t.
p. We start by deriving the derivative of the covariance matrix g from Equation (7.11).
This derivative is the third-order tensor " e and it is easy to see that the matrices for
the partial derivatives can be found as

@ . .
AE;j = @p E= ik X Lt L x s (7.16)
where i is the partial derivative matrix of the left Jacobian
@
k = == L 7.17
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(a) Certain line metric. (b) Uncertain line metric.

1 — 1

0.5

0

-0.5
1 05 0 0.5 1 05 0 0.5 1
(c) Certain circle metric. (d) Uncertain circle metric. The two green

poles here correspond to local maxima.

Figure 7.2.: Comparison of the distance function for certain and uncertain geometric
primitives. All gures are displayed in the e;e,-plane. The line is passing
through the Euclidean pointsx; =0 andx, = e; + e,. The circle is de ned
by the three pointsx; = 0:5e;, X, = 0:5e; and x3 = 0:5e3. Note that the
third point is out of plane. The covariance matrix of all points is set to be
the identity matrix. The scale between the level sets is logarithmic.

which corresponds to thek matrix slices of the outer product tensor j . With Equation
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(7.16), we then nd the partial derivative of the inverse covariance matrix to be

@
@p F

> > 1/\ 1

PP R £ Ej E RDP: (7.18)

where we used the basic identity for matrix inverses from matrix calculugg( Hx) =
X 1(x)@@))( (X)X 1(x) as it can be found in [225]. Now the second part of the gradient
can be written as X
_X @,

g2 = @p E

By the product rule of di erentiation and plugging the results from Equations (7.15)
and (7.19) in Equation (7.12) we nally nd the gradient r ,d(x) to be

g (7.19)
i

r xd(x)

J5 (01t 92)

Jo 2 ke RP (7.20)
X > > A 1
PP R E Ej e RPg

j
We calculate the gradient eld for the uncertain geometric primitives from Figure 7.2
and display it in Figure 7.3.
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(a) Gradient of the uncertain line metric.  (b) Gradient of the uncertain circle metric.

Figure 7.3.: Gradients towards uncertain geometric primitives. The line and circle were
constructed using the same uncertain points as in Figure 7.2. The resulting
gradients are displayed using normalized vectors for a better visualization.
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7.3.2. Probabilistic Similarity Transformations

In this section, we present how the cooperative control based on similarity transforma-
tions can be extended to include probabilistic versions of both the cooperative and
desired geometric primitives. To this end, we derive the covariance matrix associ-
ated with the similarity transformation between the geometric primitives. We can in-
sert this covariance matrix into Equation (7.9). Then, rewriting this Equation using

bz(q) = E(Bz(q)) and g(q) yields

minb (q) *(a)bz(q): (7.21)

In order to compute the bivector covariance that we require for the controller, we use
the Jacobian of the logarithmic mapJz s Vz.cq(Qq) to evaluate it from the similarity
transformation covariance z(q) as

8(Q) = Jz1 B Vzid(@) z(AQ)Jz g Vzia(Q) : (7.22)

Recalling that X4 = ZX .2, we directly write the expression for 4 in terms of the
covariances . and ; and the left and right Jacobians of the geometric product(
and Gy

d =GL(B)GL(Xc) zGL(X)G(B)
+ GL(E)GRr(Z) Gr(2)GL(®)
+ Gr(ZX) zGR(ZXY) (7.23)
+ GL(B)GL(X) zGRr(ZX)
+ Gr(ZX) z2GLGL(Xc)(E);

where the expressionS | (B)GL(X.) zGr(ZX¢) and Gr(ZX.) zG[G[(X)(B) are
the cross-covariances, since in the geometric product betweg@X ;) and Z both terms
depend on the covariance matrix ; making them statistically not independent. We
can rewrite Equation (7.23) as

Y = AXA “+BXB ~+ AXB ~ + BXA 7; (7.24)

where we substituted recurring expressions using the matricés B, X , and Y that
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are de ned as

A =GL(B)GL(Xy);
)E: _ G:;(ZX°); (7.25)
Y = a4 GL(EBEGRr(Z) Gr(Z)GL(EB):
By further specifying a matrix C as
C=A A+B B+A B+B A; (7.26)

where denotes the Kronecker product, we nd z(q) as the solution of the linear
system
z(q)= X =vec ! C vec(Y) ; (7.27)

where the operatorvec speci es stacking the columns of a matriX 2 R™ " to a vector
X 2 RmM 1,

7.4. Experiments

7.4.1. Simulation Experiments

First, to verify our approach, we present results from simulation experiments. We show
di erent scenarios, with various di erent robots and describe the behavior of the di er-
ent control strategies, both using certain and uncertain geometric primitives, and give
insights about the in uence of the tuning parameters.

Planar Single-Arm Reaching a Line

The setup for this experiment is a single robot manipulator with three degrees of free-
dom that is restricted to two dimensions for simplifying the visualization. The objective
is to reach an uncertain line in space using another line at the end-e ector as reference.
We show this in Figure 7.4.1. In the more general case, the uncertain line might corre-
spond to an uncertain plane that is estimated from the camera input. The idea of this
experiment is to show the in uence of the sti ness matrix adaption using the bivector
covariance of the transformation as described in Section 7.3.2. To this end, we modify
the sti ness matrix to introduce a mixing coe cient k,, that causes a trade-o between
nominal and adaptive behavior, i.e.

1 1
" max(diag( 57) ° (7.28)

K=k (1 km)l +K
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The resulting likelihood is depicted in Figure 7.5 for di erent values ok,. The plot
clearly shows that increasing the in uence of the covariance matrix changes the conver-
gence behavior.

Figure 7.4.. A planar manipulator reaching a line with uncertainty. The light red lines
are samples from the line distribution to show the variance.

Planar Single-Arm Reaching a Circle

In this experiment, we again use the same planar manipulator with three degrees of
freedom. Here, the objective is to reach an uncertain circle using the gradient that we
derived in Section 7.3.1. This uncertain circle could also correspond to a sphere that was
tted locally to a curved surface, which provides a better approximation than a tangent
plane if the curvature is non-zero. We compare the trajectories of the end-e ector for
reaching a certain and an uncertain circle. We show this experiment in Figure 7.6. It
can be seen that the trajectory for reaching the circle changes depending on whether the
covariance is considered or not.
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Figure 7.5.: Likelihood for of the current end-e ector line for di erent values okp,.

Figure 7.6.: A planar manipulator reaching a circle compared to reaching a circle with
uncertainty. The light red circles are samples from the circle distribution to
show the variance.

7.5. Discussion

7.5.1. Learning from Demonstration

In this work, we provided a probabilistic view on the geometric primitives and integrated
them into the control formulations of the previous Chapters 4 and 6. In general, the
covariance of the geometric primitives can represent the uncertainty coming from mod-
eling or perception errors. However, another view on this covariance could also be the
representation of the variability of the geometric primitives. This variability could come
from task demonstrations, i.e. it could build a bridge to learning from demonstration
techniques. In the simplest case, target geometric primitives could be demonstrated by
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the necessary number of points. Each of these demonstrated points would be captured
by a Gaussian distribution, and propagated to the covariance of the target geometric
primitive.

117






Part IlI.

Practical Applications

119






8. Implementation

This chapter presents the implementation details as well as a tutorial of thgafro
library, an e cient C++ library targeting robotics applications using geometric
algebra, that was developed for this thesiggafro implements geometric algebra for
robotics and provides fundamental algorithms. While there are already e cient
open-source implementations of geometric algebra available, none of them is ta
geted at robotics applications. Thegafro library addresses this shortcoming. The
library focuses on using conformal geometric algebra, which makes various gep-
metric primitives as well as rigid body transformations available for computation.
It implements various algorithms for calculating the kinematics and dynamics of
such systems as well as objectives for optimization problems. The software stadk
is completed by Python bindings inpygafro and a ROS interface ingafro_ros.

Publication Note

The material presented in this chapter is adapted from the following publi-
cation:
Tobias Low, Philip Abbet, and Sylvain Calinon. Gafro: Geometric Al-
gebra for Robotics . In: IEEE Robotics & Automation Magazine(2024).
doi: 10.1109/MRA.2024.3433109

Philip Abbet helped in the implementation of the python bindings.

Website

Videos and supplemental material are available at:
https://geometric-algebra.tobiloew.ch/gafro/

Source Code

Source codes related to this chapter are available at:
https://gitlab.com/gafro/
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8. Implementation

8.1. Introduction

Although geometric algebra has great potential for modeling, learning and control in
robotics, it has not been widely adopted in robotics research. One reason for this is
the lack of easy-to-use libraries for robotics applications, while at the same time tools
based on matrix algebra are very mature and readily available. We aim to change that
by providing a ready-to-use geometric algebra library for robotics that can be used with
the most popular programming frameworks, namely C++, Python and ROS. In our
gafro library we provide an implementation of the GA variant of algorithms to compute
the kinematics and dynamics of robots. These algorithms are well studied and have
been implemented in various software frameworks. It is important to point out that
geometric algebra can be used to compute these important quantities that are classically
computed using matrix algebra, while also o ering a richer toolset, i.e. it also includes
tools for geometric reasoning that matrix algebra does not have. These tools include the
construction of geometric primitives that are covariant under motion. The primitives
can directly be used for projections, re ections and intersections. All operations do
not depend on the choice of an origin, i.e. they are coordinate-free de nitions. We
demonstrate in this chapter how these geometric primitives can be used in robotics to
facilitate and unify the formulation of control laws and optimization problems.

In this chapter, we want to explain the implementation details of our geometric algebra
library gafro and show how to use it for common robotics problems such as inverse
kinematics and optimal control. We compareyafro with existing libraries for geometric
algebra and robot modeling. These libraries can be seen in Table 8.1. Our aim is to make
geometric algebra more accessible for robotics research by providing this ready-to-use
library.

This chapter is organized as follows: in Section 8.2 we explain the implementation
details of the algebra, in Section 8.3 we compagafro to other GA and robot modeling
libraries and nally in Section 8.4 we demonstrate various applications and give a tutorial
on how to use the library. The documentation and the links to all repositories can be
found on our websitehttps://geometric-algebra.tobiloew.ch/gafro

8.2. The gafro Library

In this section we will explain in detail our implementation of Conformal Geometric
Algebra (CGA). The aspects that are highlighted are the implementation of a general
multivector and the expressions that are acting on it. In this section we explain the
programming interfaces thatgafro o ers. The main library is written in C++ for which
we provide Python bindings calledpygafro as well as the ROS packaggafro_ros. All
mentioned repositories can be found dbttps://gitlab.com/gafro . An overview of
the software stack can be found in Table 8.2.
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Table 8.1.: Comparison of di erent libraries.

(a) Overview of other geometric algebra libraries.
Garamon [39] a generator of C++ libraries dedicated to geometric algebra

GATL [78] C++ library for Euclidean, homogeneous/projective, Minkowski/s-
pacetime, conformal, and arbitrary geometric algebras using tem-
plate meta-programming

Versor [57] (fast) generic C++ library for geometric algebras

GAL [173] C++17 expression compiler and engine for computing with geo-
metric algebra

Gaigen [82] code generator for geometric algebra

Gaalet [189] C++ library for evaluation of geometric algebra expressions of-
fering comfortable implementation and reasonable speed by using
expression templates and meta-programming techniques

Gaalop [103] software to optimize geometric algebra les

TbGAL [201] C++/Python library for Euclidean, homogeneous/projective,
Minkowski/spacetime, conformal, and arbitrary geometric algebras
representing blades (and versors) in their decomposed state to scale
to scale high dimensions

(b) Overview of other libraries for robot modeling.
DQ Robotics [5] library for robot modeling and control based on dual quaternion

algebra

Pinocchio [50] state-of-the-art rigid body algorithms for poly-articulated sys-
tems

Raisim [106] multi-body physics engine for robotics and Al

KDL [200] application independent framework for modeling and computa-
tion of kinematic chains

Mujoco [210] physics engine for model-based optimization

RBDL [77] highly e cient code for both forward and inverse dynamics for

kinematic chains and branched models

8.2.1. Design Goals and Implementation Details

We had several design goals in mind when designing the library and additionally wanted
to cover several points that were proposed in [29] as a wishlist for geometric algebra
implementations. Since it is targeted at robotics applications including robot learning,
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Table 8.2.: Overview of thegafro software stack.

gafro core C++20 library

pygafro Python bindings

gafro_ros interface to ROS and URDF
gafro_benchmarks robot kinematics/dynamics benchmarks
gafro_examples various code examples

gafro_robot_descriptions classes de ning di erent robot models

control and optimization, we wanted to ensure fast and e cient computation. To this
end, the core implementation ofjafro is done in C++20 and relies heavily on templates,
which also serve the additional purpose of alleviating the e ect of numerical imprecision
that is known to occur in geometric algebra implementations by only evaluating elements
of the resulting multivectors of expressions that are known to be non-zero. We further
exploit that sparsity of the multivectors by only storing the data blades that are non-zero
by the structure of the objects. We have designed the library in an object-oriented way,
so the classes also re ect the mathematical inheritance relationships. Furthermore, all
classes, i.e. all specialized multivectors, are instantiated as di erent types, which allows
them to be distinguished at compile time for type-safety and to have persistent storage.
These specialized classes also enable the computation with partial multivectors, i.e. the
library exploits the fact that the most commonly-used multivectors are sparse and only
use certain subspaces of the algebra. Mathematical operations are implemented as ex-
pression templates, which lets us determine the type of resulting multivectors at compile
time. The implementation via expression templates allows the allocation of memory only
if the expression is evaluated and also enables partial evaluations. We handle the type
explosion of binary operators by automatically evaluating partial expressions when the
full expressions get too complex. One of our design goals for the library was the seamless
integration with existing tools for robotics such as libraries for optimization and optimal
control. To this end, we used the Eigen library, which is de facto the standard tool in
robotics, to implement the sparse parameter vector of the multivectors.

In terms of using the library, we wanted to provide an accessible interface and en-
sure seamless integration with existing software. Geometric algebra is currently not well
known in robotics, hence it can be daunting having to simultaneously learn about the
algebra and the software implementation. Thereforeyafro provides the computation of
the most important quantities for robot kinematics and dynamics with an interface that
is close to similar robotics libraries. By basing our implementation on thEigen library,
these quantities can be returned in the familiar vector/matrix format. This essentially

Ihttps://eigen.tuxfamily.org
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makesgafro a drop-in replacement for other kinematics and dynamics libraries, without

the need to know about all the details of geometric algebra at rst. Afterwards, how-

ever, the geometric modeling of primitives, the singularity-free incidence computations,
the uniform distance computation, the connections to di erential geometry and the con-

formal group as well as the general structure of the algebra o er distinct advantages
compared to other libraries.

8.2.2. General Multivector

The core element of computation in geometric algebra is the multivector. Hence, it
is very important to think about the design choices when implementing its structure,
as this will determine the memory usage and computational performance. The general
structure of a multivector in CGA can be seen in Figure 2.1. It is composed of 32 basis
blades, divided into grades zero to ve. A general multivector would therefore be quite
heavy in terms of memory and computation. The important structural aspect of CGA
that facilitates the design process here is the sparsity of its representations and the fact
that the structure of multivector expressions is known at compile time. Both of these
properties mean that we can implement the data vector of a multivector by only storing
its known non-zero elements. This is achieved by using a template that takes list of
blade indices as input:

< T, ... blades>
{
size = ...(blades);
{..}
<T, size, 1> data_;
i

The list of indices is then stored internally as a bitset that facilitates the comparison
of the subspaces of two multivectors. A bitset is simply a list of 32 bits that are either
0 or 1, depending on whether the corresponding blade is present in the multivector or
not. The memory that is allocated corresponds to the number of blade indices that is
given to the template. It uses ankigen::Matrix to store the data, which is exposed
via an accessor function calledector() . This makes it possible to directly use the
parameter vector of any multivector, which is useful for e.g. optimization solvers. The
Multivector class and all its derived classes (including the expressions) have a method
called get that is templated on the blade index. This method is fundamental to the
design of the library, since all expressions use it for evaluation. Therefore, we add a
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template constraint using therequires keyword of C++20 to ensure that multivector
expressions only compile if they contain the requested blade index.

The underlying data type T is a template argument, which makes it possible to either
use e.g.float or double, depending on the system architecture. Furthermore, it allows
the usage of general purpose automatic di erentiation libraries such asitodi 2. This
helps when formulating optimization problems in geometric algebra usirgafro since it
facilitates the coding of complex objective functions and thus accelerates prototyping.
Another relevant data type is thetorch::Tensor class of thelibtorch library?, i.e. the
C++ distribution of PyTorch. This e ectively allows parallel computations with geo-
metric algebra, which is important for various methods related to robot learning. While
this combination can already be used, we are currently developing a libraggafro_torch
that facilitates the usage.

8.2.3. Algebraic Computations using Expression Templates

In order to do algebraic computations, there are several required operations on multivec-
tors, which are implemented as expression templates. There are two types of expressions,
unary and binary expressions, which are listed in Tables 8.3 and 8.4, respectively. We
explained their mathematical meaning in Chapter 2 and thus focus here on their imple-
mentations.

Table 8.3.: Unary expressions that are implemented as member functions of the
Multivector class.

member function mathematical symbol

reverse X
inverse X 1
dual X

The challenge in the implementation is the fact that the resulting multivectors only
rarely have the same blades as the input operands. Given the structure of the algebra,
however, the expression templates can determine the result type of the expression at
compile time. Note that the expressions are evaluated in a lazy fashion, which means
that the blades are evaluated on demand. This makes it possible to for example only
evaluate a single blade of the resulting multivector.

< Derived, >

{

2https://autodiff.github.io/
3https://pytorch.org/cppdocs/
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Table 8.4.: Binary expressions. The term operator here refers to the programming opera-
tors that are implemented for multivectors. Symbol means the mathematical
symbol that is used in the equations. Note that usually the geometric prod-
uct is written in equations without a symbol, e.g.AB .

operator symbol

addition + +
subtraction -
outer product A A
inner product ]

geometric product

< blade >
( :has(blade))
:Vtype get()
{
< Derived &>(* ).
get<blade >();
}

%

A rst example of this can be seen in theSumexpression in Figure 8.1. The corre-
sponding type evaluation class constructs the type of the resulting multivector at compile
time. In the case of addition, this amounts to a simple bitwise OR operation comparing
the bitsets of the input multivectors.

The inner and outer products work essentially in the same way and thus the corre-
sponding expression both inherit from a bas@roduct class, i.e. InnerProduct and
OuterProduct . The Product class takes a class structure implementing the correspond-
ing Cayley table as template argument. This Cayley table de nes the resulting blades of
a blade by blade product under the inner and outer product, respectively. Thus, in the
case of CGA, it de nes 1024 operations. In order to determine the type of the resulting
multivector, we employ fold expressions that allow us to iterate over the blades of both
input multivectors at compile time. In this loop, we obtain the resulting blade per pair
of blades using the respective Cayley table and then assemble them into the resulting
multivector again using OR operations. Figure 8.2 shows an example for each the inner
and the outer product.

The geometric product classeometricProduct also inherits from the baseProduct
class and comes with its own Cayley table. So implementation-wise it is the same as
the inner and outer products. The main di erence is that two blades can result from a
blade product, which causes the resulting multivector to potentially have both a lower
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(a) The addition of two multivectors with the same blades results in another multivector with
the same blades.

P, + P, = P;
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(b) The addition of two multivectors with the di erent blades results in a multivector with the
blades of both input multivectors.

Figure 8.1.: Addition operation.

and a higher grade than the inputs, as can be seen in Figure 8.3a. Furthermore, we have
products that are based on the geometric product such as the sandwich product, which
Is also treated as a binary expression and shown in Figure 8.3b.

8.2.4. Geometric Primitives

Since we know the subspaces of all the geometric primitives, we chose to implement
them in an object-oriented way by inheriting from the baséMultivector class. Hence,
the available classes ar€ector, DirectionVector , TangentVector, Point , PointPair ,
Line, Circle , Plane and Sphere. Their corresponding subspaces within the geometric
algebra can be seen in Figure 2.2. Having the geometric primitives as explicit classes
allows the implementation of commonly-used equations as members functions, which
facilitates the usage. For example, the constructors of the geometric primitive classes
implement the various ways they can be de ned. The explicit classes are meant to facili-
tate the use and construction, but of course, using computation with base multivectors is
also possible. This preserves the property of covariant computation within the algebra.
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(a) The inner product is a grade-lowering operation, i.e. the resulting multivector will be of
lower grade than the inputs. The example shows that the inner product of a circleC with
a sphereS results in a point P.

PP A CH = L
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(b) The outer product is a grade-raising operation, i.e. the resulting multivector will be of
higher grade than the inputs. The example shows that the outer product of a point pair
PP and e; results in alinelL

Figure 8.2.: The resulting multivector of the inner and outer product operations has a
di erent grade than the inputs.

8.2.5. Rigid Body Transformations

The rigid body transformations that are currently available are implemented in the
classesRotor, Translator , Motor and Dilator . They all inherit from the base class
Versor. Since all three classes are exponential mappings of bivectors they are accompa-
nied by the expressiond.ogarithm and Exponential , respectively. The main method
of the rigid body transformations isapply, which implements the sandwich product
X %= MX M and ensures type safety. Whil&X can technically be any multivector, the
intended usage is with the geometric primitives that were presented in Section 8.2.4.
Hence, in this context, type safety means thaX ° stays the same geometric primitive as
X, e.g. aPoint stays aPoint. This ensures that the expression only evaluates blades
that are part of the geometric primitive, which not only reduces the number of oating-
point operations, but also deals with numerical imprecision in the computation that is
known to occur in geometric algebra implementations.
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M P = X
[ | ] L]
I | ENEEN EEEEN
AN I =S O |
I I AR
[ I I ]
Ul Ul [ |

(a) Using the geometric product results in both blades of lower and higher grade.
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(b) The sandwich product is a grade-preserving operation. Numerical issues might lead to
residuals in other blades, which we avoid by simply not evaluating them in the expressions.
This is a schematic representation of Equation (2.17), where a motor transforms a circle.

Figure 8.3.: The geometric product is a combination of the inner and outer product.

8.2.6. Robot Modeling

The previous sections introduced the features related to the underlying geometric algebra
implementation of gafro. This section will now introduce the higher level features of the
library related to robot modeling, which distinguish it from other geometric algebra
libraries. The main aspects of robot modeling are the computation of the kinematics
and dynamics of robotic systems, which is implemented in the base class caBygtem

It contains member functions that compute the forward kinematics and forward/inverse
dynamics using recursive algorithms. We also provide classes to model optimization
problems for robotic systems, such as inverse kinematics. We will present more on this
in Section 8.4 with concrete examples.

8.3. Comparison to Other Libraries

In this section, we comparegafro to other geometric algebra and robot kinematics/dy-
namics libraries. We rst provide quantitative benchmark results and then give qualita-
tive comparisons of what we believe to be advantages gufro over other libraries.
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8.3.1. Algebraic Operations Benchmarks

In order to compare the performance of ougafro library to other geometric algebra
libraries we forked thega_benchmark repository in order to integrate gafro. Our fork
can be found athttps://github.com/loewt/ga-benchmark
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(a) Benchmarks of unary algebraic operations.
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(b) Benchmarks of binary algebraic operations.

Figure 8.4.. Benchmarks of di erent geometric algebra libraries. All operations are com-
puted using conformal geometric algebra. Some entries fGralet are miss-
ing due to segmentation faults during the execution.

We omitted TOGAL and Garamon from the plots of the benchmark results, since they
are by far the slowest libraries. The benchmarks show thafafro can compete in terms
of performance withGATL and Versor, which were previously reported to be the fastest
GA libraries.

8.3.2. Robotics Algorithms Benchmarks

Since this library implements robot kinematics and dynamics algorithms, we are compar-
ing and benchmarkinggafro against several libraries that are commonly used in robotics
applications. The current benchmarking results on our system can be found in Figure
8.5. These libraries include Raisim [106], Pinocchio [50] and KDL [200]. As can be seen,
gafro is very competitive when it comes to the computation of the kinematics of a robotic

“https://github.com/ga-developers/ga-benchmark
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system. These advantages come from the fact that motors in geometric algebra are a
more compact representation and require fewer arithmetic operations than transforma-
tion matrices. Note that previous publications have already shown the advantages that
dual quaternions have over homogeneous transformation matrices [62] in terms of com-
putational complexity. Due to the close relationship that CGA motors have with dual
guaternions, the same advantages apply to them as well. In [62] a 30%-40% improvement
in performance of dual quaternions compared to homogeneous transformation matrices
was reported, which is similar to our ndings for motors. The computation of the dy-
namics, however, especially the forward dynamics, is still slower at this point. This is
because at this stage we were prioritizing the research aspect of the algorithms, since
they needed to rst be derived in CGA. This means that the forward dynamics present

a novelty not only in the implementation, but also in the mathematical derivation. This
lead to a naive implementation, which includes unnecessary copy operations that a ect
the performance negatively. The issue will be addressed and xed in a future release of
gafro, which should make the computation of the dynamics also competitive compared
to the established libraries.

gafro gafro

5 Raisim 3.2 Raisim
_ pinocchio _ pinocchio
2 KDL 2 KDL
1.5 2.4
% MujoCo % MujoCo
g 4  RBDL g 16  RBDL
= DQ Robotics = DQ Robotics
0.5 0.8
0 0
(a) Forward Kinematics. (b) Jacobian.
%3 gafro %g gafro
20 Raisim 64 Raisim
_ pinocchio — 56 pinocchio
2 KDL 2 KDL
% - MujoCo % jg MujoCo
£ 10 RBDL £ 32 RBDL
® S 24
5 16
8
(c) Inverse Dynamics. (d) Forward Dynamics.

Figure 8.5.: Benchmarks of robotics algorithms. The benchmark was run on an AMD
Ryzen 7 4800U CPU. All libraries were compiled usingcc 13.1.1with the
compiler ags -O3 -march=native. The reference system is the Franka
Robot.

8.3.3. Advantages of gafro

There have been various works that published implementations of geometric algebra
[39, 78, 57, 173, 82, 189, 103, 201]. These libraries all have in common that they are
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meant to be generic geometric algebra implementations focusing on the computational
and mathematical aspects of the algebra itself. In contrast to that, our implementation
is targeted speci cally at robotics applications and thus not only implements the low-
level algebraic computations but also features the computation of the kinematics and
dynamics of serial manipulators as well as generic cost functions for modeling optimiza-
tion problems. We will explain these cost functions in detail in Section 8.4.3. Here, we
want to point out that these cost functions simultaneously present an advantage over
other geometric algebra libraries and over other robot modeling libraries, since neither
of them target the geometric modeling robotics problemsgafro can therefore be seen
as bridging the gap between these libraries.

We further believe that the programming interface ofjafro is a lot more approachable
and easy to use than other geometric algebra libraries. One reason for this is that
we provide explicit classes for the geometric primitives and by making use of the C++
constructors, they can be created and used without having to explicitly use the algebraic
operations. These classes also allow us to implement commonly used operations of
multivectors directly as member functions, such as the sandwich product of motors to
transform geometric primitives.

8.4. Applications and Tutorial

In this section we provide some example applications of how the library can be used.
For that purpose, we provide an accompanying repositoryafro_examplesthat contains
coding examples. Note that in the text we are always referencing the C++ les, but the
same examples can also be found in Python in the corresponding folder. These examples
use the same naming scheme.

8.4.1. Geometric Algebra

Since many potential users ofafro are likely to be unfamiliar with the concept of
geometric algebra we are providing some examples on how to do computations using this
algebra. In a rst example, we are showing how to create di erent general multivectors
and use them for algebraic computations. For this purpose we demonstrate how to
compute the intersection of a spher& and a planeE, which in this case results in a
circle C. The construction of a plane requires three points and the one at in nitye; .
The construction of a sphere requires four points. Hence, we rst de ne sevé&y using
their Euclidean coordinates.

gafro::Point< > pl(x, y, z);

From these points we then calculate the plane and the sphere, whéte corresponds to
e .
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gafro::Plane< > plane = pl ~ p2 ~ p3 ~ gafro:Ei<
>(1.0);
gafro::Sphere< > sphere = p4 ~ p5 ~ p6 N p7;

Note that here, we choose to construct the plane and the sphere by the outer product of
points, according to their mathematical de nition, which derives from Equation (2.21).
They could, however, be equivalently created by passing the same points to the respective
constructors, which we show in the coding examples in the online repository.

The circle primitive that is found from the intersection of a plane and a sphere, which
is expressed mathematically as the meet operator in Equation (2.29). This Equation
can directly be translated to code to nd the circle.

gafro::Circle< > circle = (plane.dual() * sphere.dual()
).dual();

Note that, this code will compile and can be executed successfully without runtime
errors whether the plane and the sphere intersect or not. This geometric relationship
can be determined from the resulting circle by inspecting the squared norm, which will
be positive or negative, depending on the incidence relationship.

8.4.2. Robot Di erential Kinematics

One of the targeted use cases of thgafro library is the modeling of robotic systems.
In this section, we will show how to do that in practice by explaining the example of a
di erential kinematics controller that tracks a line in task space using an arbitrary refer-
ence line at the robot end-e ector. We use in this example the clagsankaEmikaRobot
and assume we have instantiated it apanda

First, the forward kinematics, i.e. the pose of the end-e ector of a kinematic chain
given a certain joint con guration, are represented by the motors in geometric algebra.
For a given joint con guration g the end-e ector motor is found

gafro:: < > ee_motor = panda.getEEMotor(q);

We implement the di erential kinematics controller w.r.t to the robot end-e ector
frame. Hence we use the end-e ector motor for transforming an object of tygafro::Line
calledtarget_line to this frame. We skip the creation of this line here, but note that
it is similar to the creation of geometric primitives in the previous section. The trans-
formation of the line usingee_motor is implemented as

gafro::Line< > transformed_line = ee_motor. reverse () *
target_line * ee_motor;

This e ectively corresponds to the equationL® = f1LM | as opposed toL°= ML f1,
which was shown previously in Equation (2.17). The di erence is that here we use the
inverse transform from the base frame to the end-e ector frame.
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Next, we nd the twist, which moves the reference line to the transformed target line.
This twist is found as the logarithmic mapping of the motor that transforms one line to
the other. Mathematically this can be expressed as

V =log %(1+ L:Ly) (8.1)

where V is the resulting twist and c is a normalization constant. L, and L; are the
reference and target line, respectively. We have implemented this as member function
of the Line class, such that it can be called directly as

gafro:: Twist< > twist = transformed_line.getMotor(
reference_line).log();

The last step is the computation of the joint velocitiesg from the twist V. This is
achieved using the inverse of the end-e ector frame Jacobian, which can be obtained
by the member function getEEFrameJacobianof the pandarobot. This function re-
turns a gafro speci ¢ object, which can be transformed to artigen::Matrix using the
embedmethod. The control law according to the equatiorg = J !V can therefore be
implemented as

::Vector< ,7> qdot = inverse(panda.
getEEFrameJacobian(q).embed()) * twist. vector ();

Here we use thaenverse function as shorthand for the pseudoinverse of&@ 7 matrix.
The lines in this example can be chosen arbitrarily, which is a very appealing property,
since it has two important consequences. First, the reference line at the end-e ector
constrains two axes of rotation, while allowing a rotation around the line. This line
does not need to coincide with the axes of the end-e ector frame. The axes are not
even required to be known explicitly, the line is su cient. This essentially avoids having
to deal with coordinate frames when encoding the target. Moreover, the two lines are
invariant under translations along them, i.e. moving a line in the direction it is pointing
to does not change the line. In practice, this e ectively means that the control law is
completely compliant to disturbances along the superposed lines. These two properties
are very hard to achieve using classical methods and require many coordinate frame
changes and non-trivial precision matrices. This example shows that the de nition of a
control law using geometric primitives can be done entirely geometrically and resulting
equations are very simple since they are also algebraic objects.

8.4.3. Optimization Problems with Geometric Primitives

Many problems in important domains of robotics, such as learning and control, can
be cast as optimization problems. Hence, in this section we are providing an example
on how gafro can be used for the uniform modeling of optimization problems using
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geometric algebra. Here, we cast the optimization problem as an inverse kinematics
problem for simplicity, so we are optimizing for the joint angle con guration in which
the end-e ector reaches a certain geometric primitive and we show how GA extends the
cost function to be uniformly applicable across the di erent geometric primitives. The
optimization problem can be formulated as

q =min} E(Qq) 2; (8.2)
q 2

where q is the joint angle con guration and E(q) is a multivector-valued residual. In
gafro this formulation is implemented in the generic template clasSingleManipulatorTarget
and Equation (8.2) can be evaluated using the methogetValue. The below code snip-
pet of this shows that it has the template argument§ ool and Target, which are meant
to be di erent geometric primitives.

< T, dof, < Type >
, < Type> >
Lol

Tool is a geometric primitive at the end-e ector of the robot arm, e.g. a point, and
Target is a desired geometric primitive that should be reached by the end-e ector, e.g.
a line or a circle. The problem of reaching can be expressed as minimizing a distance
measure between the two primitives. Mathematically, this distance measure can be
expressed as a residual multivector stemming from the outer product, i.e.

E(g) = Xa” M (q)X M (q); (8.3)

where X corresponds to theTool and X4 to the Target, the motor M (q) is the end-
e ector motor at the current joint con guration ¢, which transforms any geometric
primitive to the end-e ector, expressed w.r.t. the base frame. By de nition, this outer
product results in zero, ifTool has reached thelarget. Its norm therefore corresponds
to a distance measure that we want to minimize here. In the implementation this residual
multivector from Equation (8.3) is obtained by calling the functiongetResidual , which
can be seen in the code snippet below.

:: <T, .:size, 1> getResidual(
&q)
(target_ ™~ arm_. getEEMotor(q). apply (tool_))

. vector ();

The Jacobian of Equation (8.3) w.r.t. the joint con guration vector g is found by
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applying the chain rule to the geometric product of the motoM (q), i.e.
3@ =Xa® IA@XM(@)+ M(@XI A(a) ; (8.4)
where J #(q) is the analytic Jacobian of the kinematic. The following code snippet

shows the implementation of Equation (8.4). Both implementations closely follow the
mathematical formulation.

<T, ::size, dof> getJacobian (
&X)
{
<T> motor = arm_getEEMotor(x);
MultivectorMatrix < <T>, 1, dof> jacobian_ee = arm_.
getEEAnNalyticJacobian (x);
<T, ::size, dof> jacobian;
( i = 0; I < dof; ++i)
{
jacobian. col (i) = (target_ ™ (jacobian_ee[i] *
tool_ * motor. reverse () + motor * tool_ *
jacobian_eeli]. reverse ())). vector ();
}
jacobian;
}

Note that both getResidual and getJacboian return a matrix of the Eigen library
where the size is determined based on the combination of geometric primitives. More
speci cally the size can vary depending on the primitives, but due to the structure of
the algebra and its implementation using expression templates, the size is determined at
compile time. In practice, the actual sizes of the residual and Jacobian can be neglected,
since for solving an optimization problem, we are actually interested in the gradient
vectorg 2 RN 1 and Hessian matrixH 2 RN N of Equation (8.2) and their size is only
determined by the number of degrees of freedo of the robot and is therefore agnostic
to the choice of geometric primitives.

Given the residual and the Jacobian, the optimization problem can easily be solved
using for example a Gauss-Newton type algorithm. Both of these quantities can be
accessed from the class via the methagetGradientAndHessian which returns them
in the form of matrices from theEigen library. This choice ful lls one of the design
goals of the library, i.e. the seamless integration with existing optimization solvers.
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Option Point 1
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Figure 8.6.: RViz visualizations of the Franka robot reaching various geometric primi-
tives. These visualizations were created using the tools frogafro_ros.

Hence, it is possible to use these geometric algebra computations in existing pipelines,
without having to fundamentally rewrite existing software to accommodate the geometric
algebra, which keeps the integration e ort low. This example is also applicable across a
wider range of applications. In previous work, we have shown the application of CGA
to modeling manipulation tasks in an optimal control framework for model predictive
control [148], which can of course be achieved using the same cost function.

We give several examples of this inverse kinematics problemgafro_examples The
les are following the naming scheméverse_kinematics_ PRIMITIVEL1 PRIMITIVEZ2.cpp
We visualize the results of optimization problems using various geometric primitives in
Figure 8.6. We want to point out that the implementations only di er in the instan-
tiation of the SingleManipulatorTarget template class, which shows the ability of
geometric algebra to unify formulations and simplify their implementations.

8.5. Conclusion

In this chapter we presented the implementation details as well as some examples for
our software stack aroundgafro, which is a C++ library that implements conformal
geometric algebra for robotics. The software stack also includes Python bindings in
pygafro as well as a ROS package igafro_ros. Tutorial material and toy examples can
be found ingafro_examples

While showing comparable performance for the robot modeling, geometric algebra also
0 ers an easy and intuitive way to model various geometric relationships as shown by
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examples of intersecting geometric primitives, di erential kinematics using line objects
and optimization based inverse kinematics with di erent geometric primitives. The
motors are a more general concept of transformations that can be directly applied to all
geometric primitives within the algebra, alleviating the need to compute special adjoint
operations. Combined with the fact that motors are a more compact representation
of rigid body transformations that requires less operations, geometric algebra o ers a
very rich and appealing mathematical framework for robotics, without losing any of the
existing tools that are o ered by standard matrix algebra.

Our library gafro provides the standard algorithms for robot modeling and the com-
putation of the kinematics and dynamics. It then augments them with concepts that are
exclusive to geometric algebra, such as direct representations of geometric primitives and
operations on them which are then used for the implementation of general optimization
problems. In fact, by the design of the library, which exposes the parameter vectors
using Eigen, these standard libraries could directly be replaced byafro without having
to use geometric algebra directly. Providing this library that makes geometric algebra
easily accessible for robotics research should allow for a wider adoption and facilitate
research on using this powerful framework for robotics.
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9. Dual-Arm Admittance Control

We propose a task-space admittance controller for dual-arm robotic systems using
conformal geometric algebra. The controller is a reinterpretation of a previous
work using dual quaternion algebra. By introducing conformal geometric algebra,
we aim to enhance the geometric expressiveness, which simpli es the modeling pf
various tasks and opens doors to more complex applications, such as the modelifg
of multiple points of contact in the robotic arm in a whole-body manipulation task.
We rst show the derivation of the controller for a single-arm robot, which is then
extended to a dual-arm robot. The closed-loop system is therefore composed pf
an outer loop admittance controller that imposes the apparent impedance, and arj
inner loop that transforms the twist acceleration to a control input that is sent to
the robot. Experiments executed on a setup with two LBR KUKA iiwa 14 R820
robots with a force/torque sensor in each end-e ector show good performancs
of the proposed controller, for both single and dual-arm tasks, where the errol
decays in the absence of external wrenches. In the presence of external wrench
the controller is able to adapt the robot's motion to keep the desired impedance.
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Publication Note

The material presented in this chapter has not been published yet. It is
adapted from the planned publication:

Tobias L6w, Mariana de Paula Assis Fonseca, Vitalii Pruks, Graham Dea-
con, Jelizaveta Konstantinova, and Sylvain Calinon. Dual-Arm Admit-
tance Control Using Conformal Geometric Algebra . In:in preparation

0

Mariana de Paula Assis Fonseca and Vitali Pruks integrated the controller
with the robot setup and performed the experiments. My contribution was
the mathematical derivation of the controller and its implementation.
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9.1. Introduction

Nowadays, robots can be found in a variety of environments, from the factory oor
to the home. The various di erent tasks that robots are then expected to execute in
these environments increasingly require the robots to interact with objects in a way that
goes beyond traditional parallel jaw grippers or suction cups that are often featured on
single arm manipulators. For instance, big objects may call for dual-arm manipulators
for picking and placing. For those systems, the coordination between two arms is vital
when grasping, lifting, and transport objects of varying shapes and fragility.

Moreover, when manipulating objects, the robots are subjects to contacts, and thus
contact wrenches may appear. In order to have a safe interaction, it is essential that
the robots interacts with the objects in a compliant manner, which can be imposed by
controlling the apparent impedance of the system [43]. To prevent unnatural behavior,
it is important to de ne a sti ness term that is consistent with the task geometry, for
both position and orientation terms. With that in mind, Caccavale et al. proposed
to use an energy-based impedance equation, and to use the imaginary part of the unit
guaternion to represent the orientation displacement between the desired and current
frames [42]. However, in this work, the authors propose a sti ness that is geometrically
consistent only for in nitesimal displacements. Therefore, they extended the previous
work to have a sti ness that is geometrically consistent for also nite displacements [43].
A reformulation of this controller using dual quaternion algebra showed an exponential
decay of the error norm due to the linearity of the sti ness term, while also not su ering
from the problem of topological obstruction [81].

Coordinating the motion of a dual-arm manipulator requires control strategies that
enable collaborative behavior. To this end, the collaborative dual-task space (CDTS)
was proposed [4]. This approach uni es the end-e ector poses into an absolute and a
relative poses that are expressed using dual quaternions. The CDTS was then used to
formulate an admittance controller for a dual-arm mobile robot [79], which was then
further improved by also introducing an adaptive admittance behavior [168]. Using
conformal geometric algebra, the CDTS was extended by introducing the cooperative
pointpair primitive, and integrated into an optimal control formulation and use inverse
dynamics control to compute desired torque commands [147]. While this approach
enabled a compliant behaviour of the manipulators, it did not take into account actively
controlling desired contact wrenches.

In this work, we are employing conformal geometric algebra to formulate an admit-
tance control strategy and show how it not only enables the integration of geometric
primitives within the control formulation, but also allows for a natural extension to
more than one manipulator.

142



9.2. Method

9.2. Method

Given a desired motorM4 and a current motor M, the desired apparent impedance of
the system can be imposed on the displacement betwedn and M [42]. Therefore, we
propose an admittance control law formulated using bivectd8., which is the logarithm
of the motor error M = M M.

9.2.1. Admittance Control

To impose a desired apparent impedance on the system, we can formulate the dynamics
in bivector space as a mass-spring-damper system where the bivect®ts Be and B,
describe the error dynamics in bivector space
h i h i
| Be +D Be + K[Bg]= Wexr W g: (9.1)

The tensorsl , D and K are inertia, damping and sti ness, respectively. The bivectors
Be, Be, Be describe the error dynamics in bivector space. Assuming that we are tracking
a static target, i.e. the desired velocityBg and accelerationBy4 are zero, and de ning
the bivector velocity error asBe =2 By By , we can use (3.20) to replacB, and B,

using the current twist V and twist acceleration\L

Since admittance is dual to impedance, instead of solving for the wrench, we solve for
the twist acceleration

L= 1[Wext W d D [V] K [Be]]: (9-2)
We can then nd the joint accelerations from the twist acceleration using
- 16G 1 S
q=J> - L J_q ; (9.3)

whereJ € and J_G are the geometric Jacobian and its time derivative. Note that, this
control law is de ned here without an explicit reference frame. In practice, a common
choice is either the end-e ector frame of the manipulator or target frame. For position
or velocity control, the desired joint acceleration®y can be integrated once or twice
from the current robot state (q; q) using an appropriate time step t to either get the
joint velocity g or position g. If the manipulator that is being controlled allows torque
control, the desired torque command 4 can be computed using inverse dynamics

=f Yo;q;@): (9.4)
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9.2.2. Single Arm

In a rst step we demonstrate how the admittance control law from the previous section
can be used with a single arm manipulator. Given a desired target moti 4 and the
current end-e ector motor M, we can nd the error bivector as

Be= log MMy : (9.5)

Here, the error bivectorB. is expressed w.r.t. the current end-e ector framévl,. The
twist that is required for the damping term then becomes the end-e ector twisV,.q and
can be computed either from (3.19) or (3.20).

9.2.3. Dual Arm

The CGA formulation of the cooperative dual task space uses two motors to describe
the relationship of the two end-e ectors, the relative motoM, and the absolute oneév ,.
Based on these two motors, it is straightforward to de ne desired motors and obtain the
respective error bivectorsBe, and Be.5, using (9.5). When controlling both absolute
and relative motors at the same time, (9.2) can be extended such that we have individual
expressions for the absolute components and the relative ones.

Using the admittance control law in the CDTS then requires the derivation of the
geometric Jacobians of the relative and absolute motors. Using the relationship between
the geometric and analytic Jacobians from (3.15), we nd them as

JC= 2,34 (9.6)

and
JC= 2Ma %, (9.7)

a

respectively. Here,J # and J £ are the analytic Jacobians of the CDTS that we derived
in [147]. Consequently, the absolute and relative twists can be found as

V, =J¢q and V,=J Sq; (9.8)
r a

respectively, whereg= q; q, .

Accounting for the two wrenches in the CDTS requires them to be correctly mapped
to the relative and absolute frames. For the relative motor, we can nd the relative
wrench as 1

W, = é»(/lz(vv2 W )My; (9.9)

where M, is the motor of the second arm, w.r.t. the origin frame, andV, and W, are
the external wrenches acting on the end-e ectors of robots 1 and 2, respectively, also
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w.r.t. the origin coordinate system. We useM, here as the relative motorM, in (5.1)
is de ned w.r.t. the second arm. The absolute wrench can be found as

W, = Ma(Wl + W3)Mg; (9.10)

where M, is the absolute motor de ned in (5.3).

9.2.4. Practical Considerations
Dissipative Term

When the robot is redundant with respect to the task, the joint velocities can be di erent
from zero even if the system is in equilibrium. In this case, a dissipative term can be
used to prevent the robot from moving after reaching the equilibrium. We opted to add
a damping term to the joint velocity, in the null space:

qdiss = q_+ I J A lJ A ( kdissq_): (9-11)

where | is the identity matrix, Kgss 2 (0;1 ) and g is the joint velocity obtained by
integrating (9.3).

Unwinding Phenomenon

Since motors are an equivalent representation to dual quaternions and also double cover
SE (3), they also su er from what is known as the unwinding phenomenon. This is a
topological issue that is caused by the fact that the motorM and M represent the
same transformation, and it prevents global asymptotic stability, since there are two
stable equilibria. In practice, this will cause unnecessary motion when the current end-
e ector motor My is topologically closer to My rather than My. There exist, however,
already numerous solutions to address this problem for dual quaternions [81] and they
can be seamlessly adapted for motors in our proposed CGA admittance control scheme.
One possible solution is to check the conditiokM 1k, k M + 1k, and then choose

M or M such that it yields the same result asM. For instance, we use the following
unwinding logic in calculating a bivectorB, from a given motorM, = Mqu:

logMyg; ifkMe 1k, k Mg+ 1ky;
log( Me); otherwise

(9.12)

9.2.5. Geometric Primitives

One advantage that geometric algebra o ers over other frameworks is the direct repre-
sentation of geometric primitives within the algebra. These primitives can therefore be
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used in a uniform manner in order to generate the desired behaviors by deriving error
bivectors based on their di erence. In general, this is achieved by the formula

Be =log(Me) = log (—1:(1+ XoX1) (9.13)

where X, and X, are two geometric primitives andc is a normalization constant that
depends on the geometric primitives. More details can be found in [130]. The resulting
motor M. then represents the transformation that transforms<; to X,. In [31], we have
used this to align the end-e ectorz-axis with the surface normals. Here, we show that
other geometric primitives are possible as well to be included in the admittance control
law. The general idea is thatX ; is a geometric primitive that is attached to the robotic
system. In that case, X, is a desired geometric primitive on the object where we want
to have forceful interactions. By construction, the controller will be sti when moving
away from the geometric primitives and compliant when moving on them.

9.3. Experimental Results

To evaluate our proposed controller, experiments were run on a robotic system with two
KUKA LBR iiwa 14 R820 robot manipulators equipped with an ATI Gamma Force/-
Torque sensor at their wrists, and a plate grippers attached after the sensors. The setup
is connected to a computer running Ubuntu 22.04, with 64GB of RAM and an Nvidia
RTX 2080 TI. The controller is implemented in C++ in the gafro library!, which is an
open source library to use geometric algebra for robotics [145]. Since we use position
control, the control input found in (9.3) is numerically integrated twice, using Newton's
rst-order approximation, to obtain the joint velocity g and position q. To prevent
reaching the joints' maximum velocities, they were saturated at 0.2 rad/s. The experi-
ments were run with a sampling time of 0.001 ms. In order to show the performance of
the controller, we present two sets of experiments: single-arm and dual-arm experiments.

9.3.1. Single Arm Experiments

Two types of experiments were performed with the single arnmhold poseand push ex-
periments. For all results reported in this chapter using single arm robot, the control law
de ned in (9.2) was used with inertia, damping and sti ness tensors chosen empirically
asl =1:5lgg, D =300lgs, K =80lexs, Wherelgyg is a 6x6 identity matrix.

Ihttps://gitlab.com/gafro

146



9.3. Experimental Results

Hold Pose Experiment

Consider a scenario where the current motdvl, at the beginning of the experiment is
equal to the desired onéM4. In the absence of an external wrench acting on the robot
end-e ector, the robot should remain in the desired pose. When an external wrench is
applied, the robot should react to it, makingM, di er from My to impose the desired
apparent impedance. After releasing the contact, the contact wrench vanishes and the
end-e ector should return to its original (and desired) pose. This experiment shows the
performance of the controller in a single-arm scenario for both contact rich and free-
motion tasks. We performed this experiment by setting the robot's end-e ector in a
horizontal con guration and attaching items of di erent weights to its plate grippers.

The experiments are shown in Fig. 9.2 and 9.4, where the rst item weights 0.633kg
and the second one 4.6kg. Since the second item is heavier than the rst one, the
wrench acting on the end-e ector is higher, which leads to a higher di erence between
the desired pose and the actual one. The coe cients of the poses w.r.t. robot base and
the corresponding wrenches acting on the gripper w.r.t. gripper are shown in Fig. 9.1
and 9.3. In both cases, the wrench is close to zero at the beginning of the experiment,
when the robot is in free motion, and the gripper pose is equal to the desired one.
After adding the object, the external wrench acting on the gripper increases due to the
weight of the object, and then the robot starts to move compliantly to ensure the desired
apparent impedance of the system. When the object is removed, the wrench returns to
close to zero and the end-e ector converges back to the desired pose. The moments
when the weight is added and removed from the gripper are shown in the graphs. This
experiment shows that the controller adapts the robot's motion to ensure the desired
apparent impedance according to the wrench acting on it.

Push Experiment

The previous experiment showed that the controller leads to a compliant behavior under
external wrenches, when the system is already at the desired pose. In this experiment,
the robot actively moves to push an item that weighs 2.238kg by applying a wrench, as
shown in Fig. 9.6. The experiment has three phasego downwardspush forward and
retract. Only in the second phase, the robot is in contact with the object and experiences
an external wrench. Figure 9.5 shows the current and desired poses for the experiment
and the corresponding wrenches. The black vertical lines in the graphs indicate the phase
changes. Therefore, the rst part of the graphs represents the movement of the gripper
going down, without any contact with the environment. In this phase, it is possible to
see that the wrench values are close to zero, and the orientation of the gripper remains
the same during the whole movement. The position in z-axis gets close to the desired
one, indicating that the robot is moving as expected. In the second phase, the gripper
is moving forward, in the x-axis, and it is in contact with the object it is pushing.
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Figure 9.1.: Holding an object that weighs 0.633kglop: Pose.Bottom: Wrench. Left:
Position/Force. Right: Orientation/Torque. These images were prepared

by Ocado Technology.

Figure 9.2.:

Left: the start con guration of the robot, showing the desired pose of the

plate gripper. Right: the result of the movement after attaching the item
with 0.633kg to the gripper. These images were prepared by Ocado Tech-

m( th
add weigth remove weigth addweigth - remove welg
~ 7‘“ e W _w
08 S 07 2
i 06 [
06 3
X
04 z os
= o <
£ g 04
§
g 02 S 03
-4 S
00 02
01 4
02 Yoy Y 7z
\__J 00 t \
-0.4
0 10 20 30 40 50 0 10 20 30 40 50
Time (s) Time (s)
add weigth remove weigth adtweigh  remove weigh
40
20
z £
S =4
8 g
s
& 4
10 &
0
-10
0 10 20 30 0 50 o 10 20 20 4 50
Time (5) Time (s)

Figure 9.3.: Holding an object that weighs 4.6kg.Top: Pose. Bottom: Wrench. Left:
Position/Force. Right: Orientation/Torque. These images were prepared

by Ocado Technology.
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Figure 9.4.:Left: the start con guration of the robot, showing the desired pose of the
plate gripper. Right: the result of the movement after attaching the item
with 4.6kg to the gripper. These images were prepared by Ocado Technol-

ogy.
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Figure 9.5.: Pushing an object weighing 2.238kgTop: Pose. Bottom: Wrench. Left:
Position/Force. Right: Orientation/Torque. These images were prepared
by Ocado Technology.

Although there is a torque read, the values are still small, and not enough to change the
orientation of the gripper. The force values are higher, especially in the x-axis. In this
phase, the x-axis coe cient of the position changes to try to reach the desired value.
Due to the force due to the contact with the object, the robot is compliant and cannot
fully achieve the desired value, although it gets close to it. It is also possible to see that
the z-axis diverges a couple of centimeters from the desired pose, due to the force in
the z-axis. In the third phase, when the plate releases the contact with the object and
returns to the previous pose, no external force is acting on the plate gripper anymore,
and both position coe cients for x and z-axes reaches to the desired values.

9.3.2. Dual Arm Experiments

Consider the task of cooperative manipulation of an object. The two arms must pick an
object with small to negligible mass, so the movement of the arms are not considerably

149



9. Dual-Arm Admittance Control

Figure 9.6.: Top left image shows the initial state of the experiment. Top right illustrates
the plate gripper pose after going down. Bottom left shows the end of the
pushing movement, where the gripper is in contact with the object. Bottom
right shows the robot after coming back to the previous pose. These images
were prepared by Ocado Technology.

a ected by gravity e ect due to the object. Here, the inertia and damping matrices
were chosen empirically a$ = 1:5lgg, D = 300I4yg, respectively, for both absolute
and relative poses. The relative sti ness was set &6 = 100l¢g, and the absolute as
K =200l4. The object used in this experiment weighs 1.119kg.

The task is broken into di erent phases, as in Fig. 9.9:

Initial phase : The robot goes to an initial state, de ned by an absolute and a relative
pose.

Approach phase : The desired absolute pose is modi ed, such that the grippers go
down, approaching the item. The relative pose remains the same.

Grasping phase : In order to grasp the item, the relative pose is changed, bringing
grippers closer to each other. The absolute pose remains the same.

Lifting phase : The absolute pose is modi ed to lift the item, while the relative one
is kept unchanged.

Transport phase : The robot moves the item sideways, which is achieved by a
modi cation of the absolute pose.

Placing phase : The absolute pose is changed in order for the grippers to go down.
Releasing phase : The relative pose is changed, which increases the distance between
the grippers to release the item. The absolute pose remains unchanged.

Final phase : The robots lift their grippers by changing the absolute pose to re-
initialise the process.

In the grasping phasga desired force of 5N is chosen for each arm in order to ensure a
stable grasp. This desired force is kept until theeleasing phasewhen the desired force
Is set back to ON. The desired absolute and relative wrenches are calculated using (9.10)
and (9.9), respectively. The compensated wrenches acting in both arms are depicted in
Fig. 9.8, and the absolute and relative poses in Fig. 9.7. In both thaitial phase and
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the approach phasehere is no wrench acting on the arms to deviate the poses from
the desired ones. In theygrasping phasewhen the arms approach the object, there is
an internal wrench acting on the object when the plate grippers come into contact with
it. Therefore, the controller imposes the desired apparent impedance to the system that
prevents the arms to completely reach the desired pose. This can be observed in Fig.
9.7, where the x-axis of the relative position does not reach the desired value. This error
is kept during all phases where the arms are grasping the object. In th&ing phase

the z-axis of the absolute pose gets closer to the desired one, but it is not able to reach
it. This is due to the wrench acting on the arms due to gravity. This can be observed
in Fig. 9.8, where the y-axis of the forces has a value close to 5N in each armin

the transport phase the arms move sideways, and the there is no wrench in uencing the
movement in the y-axis. Therefore, the y component reaches the desired value. In the
placing phasethe arms go down to place the object in a table. After releasing the item
in releasing phaseno wrench is acting on the arms anymore, and then all components
of the absolute pose achieve the desired values. The same is observed inrthlephase.

We can observe that there is an error in the x-axis of the relative position in tireleasing
phase This is due to the timeout that we imposed, that was reached before the pose was
fully reached. The error becomes zero in the next phase, when the movement continues.
It is possible to see that the orientation is kept practically the same during the whole
experiment. This is because the torque component observed in both arms were very
small (<0.4N).

9.4. Conclusion

In this work, we presented a dual-arm admittance control framework leveraging CGA
to enhance the manipulation capabilities of robotic systems. By utilizing CGA, we
achieved a compact and intuitive representation of spatial transformations, enabling
e cient computation and improved task modelling.

The proposed approach was validated through experiments, demonstrating its e ec-
tiveness in handling single and dual-arm coordination tasks.

Future work will focus on extending this framework to multi-arms/ ngers and incor-
porating adaptive sti ness term so the controller can automatically adapt to di erent
manipulated objects, with various weights and deformability. Furthermore, we will ex-
pand the controller to account for inaccuracies in both perception and the robot itself,
such as tendon driven robots. Moreover, CGA can also be used to model multiple contact
points, when using tactile sensors [88].

2According to (9.10), the absolute wrench (or external wrench) is the sum of the wrenches in each arm,
transformed to be with respect to the absolute frame. Since the weight of the object is 1.119Kg, the
absolute wrench is around 10.96N, which if divided equally between the arms, results in 5.48N on
each arm.
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Figure 9.7.: Absolute and relative posesLeft: coe cients of the current and desired
absolute (up) and relative (bottom) positions. Right: coe cients of the
guaternion representing the current and desired absolute (up) and relative
(bottom) orientation. These images were prepared by Ocado Technology.
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Figure 9.8.: External wrenches applied at each plate gripper, w.r.t. the gripperseft:
coe cients of the force. Right: coe cients of the torque. These images were

prepared by Ocado Technology.
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Figure 9.9.: Setup of the dual arm experiments. From left to right, the arm approaches
the object, grasp it, lift it, transport it, place it, and then release it. These
images were prepared by Ocado Technology.
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10. Tactile Ergodic Control

In this chapter, we present a feedback control method for tactile coverage taskg,
such as cleaning or surface inspection. Although, these tasks are challenging {o
plan due to the complexity of continuous physical interactions, the coverage targell.I
and progress can be e ectively measured using a camera and encoded in a point
cloud. We propose an ergodic coverage method that operates directly on poirt
clouds, guiding the robot to spend more time on regions requiring more coverage.
For robot control and contact behavior, we use geometric algebra to formulate 3
task-space impedance controller that tracks a line while simultaneously exerting
a desired force along that line. We evaluate the performance of our method in
kinematic simulations and demonstrate its applicability in real-world experiments
on kitchenware.

Publication Note
The material presented in this chapter is adapted from the following publi-
cation:
Cem Bilaloglu, Tobias Léw, and Sylvain Calinon. Tactile Ergodic Cov-
erage on Curved Surfaces . INtEEE Transactions on Robotics(2025)
Cem Bilaloglu formulated the ergodic coverage using di usion on point-

clouds. My part was the formulation of the robot controller using geometric
algebra. We both performed the experiments and the writing.

Website
Videos and supplemental material are available at:
https://sites.google.com/view/tactile-ergodic-contro |/
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10.1. Introduction

The long-term vision of robotics is to assist humans with daily tasks. The success of
robot vacuum cleaners and lawnmowers as consumer products highlights the potential
of robotic assistance for common household chores [44]. These tasks involve covering
a region in a repetitive and exhaustive manner. Currently, these robots are limited to
relatively large, planar surfaces, and even navigating slopes remains challenging [214,
205]. Other daily tasks, such as washing dishes or grocery items, present even greater
challenges due to the complex physical interactions with intricate, curved surfaces. Sim-
ilarly, numerous coverage tasks on curved surfaces arise in industrial and medical ap-
plications. In industrial settings, such tasks include surface operations that remove
material, such as sanding [154], polishing [118, 9] or deburring [174] as well as surface
inspection tasks leveraging contact [180]. In medical settings, similar applications range
from mechanical palpation fyvaliUsingBayesianOptimization2016a , 217] and ul-
trasound imaging [113, 83] to massage [151, 124] and bed bathing [53, 152]. Last but not
least, datasets combining the tactile properties of objects with their shape and visual
appearance remain scarce and expensive to collect, as they rely on teleoperation [140].
Thus, tactile coverage is critical for automating the collection of tactile datasets that
complement visual ones. The problem de nitions of this diverse range of settings and
applications can be distilled into two key requirements: (i) tactile interactions with a
possibly non-planar surface and (ii) a continuous trajectory of contact points covering

a region of interest on the surface. Accordingly, this chapter addresses the overarching
problem of tactile coverage on curved surfaces.

Tactile interaction tasks, by de nition, involve multiple contact interactions with the
environment, making these systems notoriously di cult to control [15]. While humans
solve these tasks e ortlessly, they remain extremely challenging for robots. For in-
stance, when cleaning an object, achieving adequate coverage depends on recognizing
dirt, understanding the object's material, and assessing their interaction to determine
the required contact force for removal. Consequently, the success of coverage depends
on unknown or di cult-to-measure parameters, making it challenging to model all inter-
actions. Without an accurate model, motion planning is prone to failure. By analyzing
previous research [125] and observing how humans address these challenges, we argue
that humans bypass the complexities of planning by solving the simpler closed-loop
control problem. Humans leverage visual and tactile feedback for online adaptation.
Similarly, robots can measure progress in tactile coverage tasks using vision, turning
the task of identifying uncovered regions into an image segmentation problem. This
problem has been addressed using various model-based [115, 163] or learning-based al-
gorithms [46, 152]. However, determining how to control a robot to cover these target
regions on curved surfaces remains an open challenge.

Existing research on coverage has primarily focused on coverage path planning, which
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Figure 10.1.: Overview of our feedback control method for tactile coveragéeft: We
measure the surface and the red target using the camera and encode them
in a point cloud. Bottom-right: We di use the target and use its gradient
eld to guide the coverage. Then, we close the loop by measuring the
actual coverage with the camera and use it as the next targefop-right:

We measure the tactile interaction forces using the force sensor and the
tool orientation using the joint positions. We solve the geometric task-
space impedance control problem using a line target and a force target
along the line.

involves optimizing a path to ensure that a speci ed region of interest is covered within
a set time frame. Traditionally, the underlying assumption is that visiting each point

in the region of interest only once is su cient for full coverage, an assumption that is
reasonable for simple interactions, but not for many tactile tasks. Tactile interactions
are often too complex to model deterministically, making it challenging to ensure full
coverage after a single visit. Instead, for a cleaning task, a relatively dirty region requires
more visits compared to a less dirty region. Similarly, in a surface inspection task, regions
requiring higher precision demand more visits to compensate for sensor uncertainty.
Furthermore, the robot is expected to keep in contact with the surface while moving,
which signi cantly increases the cost of movement. This cost depends on the geodesic
distance on the surface rather than the Euclidean distance. Therefore, naive sampling
strategies that fail to account for the cost or constraints of movement and/or surface
geometry are unsuitable for tactile coverage tasks. In contrast, ergodic coverage [161]
controls the trajectories ofdynamical systemsby correlating the average time spent in
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a region to the target spatial distribution. Therefore, ergodic coverage incorporates the
motion model as the system dynamics and directly controls the coverage trajectories by
using the spatial distribution measured by the vision system.

Considering these challenges, we present a closed-loop tactile ergodic control method
that operates on point clouds for tactile coverage tasks. Using point clouds enables us
to acquire the target object and spatial distribution at runtime using vision, measure
coverage progress, and compensate for unmodeled dynamics in tactile coverage tasks.
Our method then constrains the ergodic control problem to arbitrary surfaces to cover a
target spatial distribution on the surface. We propagate coverage information by solving
the di usion equation on point clouds, which we compute in real-time by exploiting the
surface's intrinsic basis functions called Laplacian eigenfunctions. These eigenfunctions
generalize the Fourier series to manifolds (i.e., curved spaces). In order to exert a de-
sired force on the surface while moving, we formulate a geometric task-space impedance
controller using geometric algebra. This controller uses surface information to track a
line target that is orthogonal to the surface while simultaneously exerting the desired
force in the direction of that line. Notably, the geometric formulation ensures that these
two objectives do not con ict with each other and can therefore be included in the same
control loop without requiring exhaustive parameter tuning. In summary, our proposed
closed-loop tactile ergodic control method o ers the following contributions:

formulating the tactile coverage as closed-loop ergodic control problem on curved
surfaces

closing the coverage loop by solving ergodic control problem on point clouds using
di usion

achieving real-time frequencies by computing the di usion using Laplacian eigenfunc-
tions

contact line and force tracking without con icting objectives

The rest of the chapter is organized as follows. Section 10.2 describes related work.
Section 10.3 provides the mathematical background. Section 10.4 presents our method.
In Section 10.5, we demonstrate the e ectiveness of our method in simulated and real-
world experiments. Finally, we discuss our results in Section 10.6.

10.2. Related Work

The majority of the coverage methods consider the problem from a planning perspec-
tive and are generally known as coverage path planning (CPP) algorithms [131, 55].
Although these methods can handle planar regions with various boundaries [172, 56,
3], their extension to curved surfaces imposes limiting assumptions, such as projec-
tively planar [99] or pseudo-extruded surfaces [14]. Additionally, CPP methods assume
that the coverage target is uniformly distributed in space. Extending CPP methods to
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account for spatial correlations in the information leads to informative path planning
(IPP) [223]. Most IPP and CPP approaches address a variant of the NP-hard traveling
salesman problem [206], which limits their scalability as domain complexity increases.
Consequently, existing methods are either open-loop [66] or impose limiting assumptions,
such as convexity, for online planning updates [223].

Closely related to coverage is the problem of exploration, where the environment is
initially unknown, and robots gather information using onboard sensors [2, 193]. Tactile
exploration is particularly necessary for gathering information on surfaces that can only
be acquired through contact [54]. A notable example is non-invasive probing (palpation)
of tissue sti ness, which aids in disease diagnosis or surgery by providing additional
anatomical information. For this purpose, Gaussian processes (GP) have been used
for discrete [16] and continuous [51] probing to map tissue sti ness. While GP-based
approaches e ectively guide sampling locations, they do not account for the robot's
dynamics. This limitation was later addressed by using trajectory optimization to ac-
tively search for tissue abnormalities [184]. Unlike other sensing modalities that depend
solely on position, tactile interactions also depend on conditions such as relative velocity
and contact pressure [122]. To address this, methods have been developed to model
forces [169] and more complex interactions between robotic tools and surfaces [215].

The complexity of the problem increases further if we consider scenarios with a robot
physically interacting with the environment. For example, in tasks like surface n-
ishing (e.g., polishing, sanding, grinding), the surface itself changes, as material is re-
moved [170]. Similarly, in cleaning tasks, the robot's actions a ect the distribution of
dirt on the surface [159]. To avoid complex modeling, there are approaches either relying
on reinforcement learning [136] or deep learning [183]. In a very similar setting to ours,
a manipulator was used to clean the stains on a curved surface by performing multi-
ple passes [115]. However, this work used a sampling-based planner, which required to
prede ne the maximum number of cleaning passes. In contrast, we relate the target dis-
tribution (e.g., stain) directly to feedback control through ergodicity without requiring
any task-speci c assumptions.

In tactile coverage scenarios, visiting a region once can not guarantee full coverage,
and predicting how many times the robot should revisit a particular spot is challenging.
Consequently, de ning a time horizon for trajectory optimization is dicult, as the
guality of the result would be signi cantly a ected by this hard-to-make choice. Instead,
ergodic control relates how often the robot should revisit a particular spot to the target
density at that spot. In this context, ergodic describes a dynamical system in which the
time averages of functions along its trajectories are equal to their spatial averages [162].
The key advantage of ergodic control is its ability to handle arbitrary spatial target
distributions without requiring a prede ned time horizon. When the spatial target
distribution is measurable, the ergodic controller can use this feedback to direct the
system to visit regions with higher spatial probabilities more frequently. Recent ndings
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have demonstrated that ergodicity is not merely a heuristic [30]; it is the optimal method
for collecting independent and identically distributed data while accounting for system
dynamics.

The concept of ergodic control was introduced in the seminal work by Mathew and
Mezi¢ [161], which presented the spectral multiscale coverage (SMC) algorithm. SMC
is a feedback control law based on the Fourier decomposition of the target distribution
and robot trajectories, wheremultiscale aspect prioritizes low-frequency components
over high-frequency ones, corresponding to starting with large-scale spatial motions be-
fore re ning ner details. Since this behavior is achieved through a myopic feedback
controller rather than an o ine planner, the ergodic controller remains e ective even
when motion is obstructed [192]. Furthermore, various works have adapted SMC's ob-
jective within a trajectory optimization framework to incorporate additional objectives,
such as obstacle avoidance [135], time-optimality [67] and energy-awareness [187]. Er-
godic control has been used for tactile coverage and exploration in applications such as
non-parametric shape estimation [1] and table cleaning through learning from demon-
stration [117]. However, all these formulations, which rely on the Fourier decomposition-
based ergodic metric, are limited to rectangular domains in Euclidean space.

The rst attempt to extend the ergodic control to Riemannian manifolds [110] utilized
Laplacian eigenfunctions, which generalize the Fourier series to curved spaces. However,
this approach was restricted to homogeneous manifolds, such as spheres and tori, where
closed-form expressions for the Laplacian eigenfunctions are available. More recently,
the kernel ergodic metric[204] was introduced as an alternative to SMC's ergodic met-
ric, enabling extensions to Lie groups and o ering improved computational scalability.
Nonetheless, arbitrary curved surfaces collected using sensors, such as point clouds, lack
both the group structure and the homogeneous manifold properties, presenting addi-
tional challenges.

Another alternative to SMC is the heat equation-driven area coverage (HEDAC) algo-
rithm [108], which uses the di usion equation, a second-order partial di erential equation
(PDE), to propagate information about uncovered regions to agents across the domain.
Similar to SMC, the original HEDAC implementation was restricted to rectangular do-
mains and lacked collision avoidance. Subsequent extensions have adapted HEDAC
to planar meshes with obstacles [109], maze exploration [61], and CPP on non-planar
meshes [107]. However, its application on curved surfaces remains limited to meshes
and o ine planning due to the heavy pre-processing required, which is both time and
computation-intensive.

In addition to its use in HEDAC, the di usion equation is widely used in geometry
processing tasks, ranging from geodesic computation [60] to learning on surfaces [190].
Its key advantage lies in its ability to account for surface geometry while remaining
agnostic to the underlying representation and discretization [190]. The di usion equation
is governed by a second-order di erential operator called the Laplacian which can be
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computed for arbitrary surfaces represented as meshes or point clouds using various
discretization schemes [27, 141, 47]. In this work, we use a recent approach proposed
by Sharp et al. which provides a robust and e cient implementation [191], capable of
handling partial and noisy point clouds.

10.3. Background

10.3.1. Ergodic Control using Di usion

The ergodic control objective correlates the time that a coverage agent spends in a region
to the probability density speci ed in that region. The HEDAC method [108] encodes
the coverage objective in the domaix 2 at time t using a virtual source term

s(x;t) =max (p(x)  co(x;t);0)% (10.1)

where p(x) is the probability distribution corresponding to the coverage target and
c(x;t) is the normalized coverage of th&l virtual coverage agents over the domain

g X

oxit) = e(x;t)dx

(10.2)

A single agent's coverage is the convolution of its footprint(r ) with its trajectory x;(t9).
Then, the total coverage becomes the time-averaged sum of these convolutions
1 R 4
e(x;t) = — " (x xi(t9) dt® (10.3)
Nt . o

HEDAC di uses the source term across the domain and computes the potential eld
u(x;t) using the stationary (u(x;t) = 0) di usion (heat) equation

u(x;t) u(x;t)+ s(x;t)=0; (10.4)

with the diusion coecient > 0 and the Laplacian operator . The Laplacian
is a second-order di erential operator which reduces to the sum of the second partial
derivatives in Euclidean spaces

et

f=rr f= -,
- &

8x 2 R": (10.5)

The stationary di usion equation (10.4) governs the potential eld within the interior of
the domain , while the behavior on the boundary@ is dictated by the zero-Neumann
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boundary condition
nrux;t=0; 8 2@; (10.6)

wheren represents the outward unit normal vector to the boundary@ . To guide the
i-th coverage agent, HEDAC utilizes the smooth gradient eld of the di used potential
u(x;t) and simulates rst-order dynamics

Xj = r u(x;;t): (20.7)

10.4. Method

We present our closed-loop tactile ergodic coverage method in three parts: (i) surface
preprocessing; (ii) tactile coverage; and (iii) robot control. The surface preprocessing
computes the quantities that need to be calculated only once when the surface is cap-
tured. Tactile coverage generates the motion commands for the virtual coverage agent
using the precomputed quantities from the surface preprocessing and the robot controller
tracks the generated motion commands with a manipulator using impedance control.

10.4.1. Problem Statement

We formulate a tactile ergodic controller that covers target spatial distributions on ar-
bitrary surfaces. Similar to HEDAC, we propagate the information encoding the cover-
age objective by solving the di usion equation. However, we utilize the non-stationary
(u 6 0) di usion equation

ux; )= wmu(x; ); (10.8)

as it allows control over the desired smoothness [32]. Since the di usion equation depends
on time, we introduce an additional time variable for di usion. The di usion time is
independent of the coverage timé used by the HEDAC algorithm and unlike HEDAC,
we require the initial condition u(x;0). We set the initial condition using the source
term given in Equation (10.1) which encodes the coverage objective at th¢h timestep
of the coverage, i.e.u(x;0) = s(x; ). Additionally, here we use \ , which generalizes
the Laplacian for Euclidean spaces to non-Euclidean manifoldsM . This operator

v IS also known as Laplace-Beltrami operator but for conciseness we will use the term
Laplacian.

Our coverage domains are curved surfaces (i.e. 2-manifolds) and we capture the un-
derlying manifold M as a point cloudP composed ohp points using an RGB-D camera

Pi= (xig) o et ; (10.9)
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whereX; is the position of thei-th surface point in Euclidean space andg; is the vector

of RGB color intensities. We assume there is a processing pipeline (i.e., such as [115,
190, 49]) which maps the point positions and colors to the probability mags of the
spatial distribution encoding the coverage objective. Accordingly, our coverage target
becomes a discrete spatial distributiop(x;) = p; on the point cloud P.

In order to solve (10.8) on irregular and discrete domains, such as point clouds, we
discretize the problem in space and time. Hence, we use to denote the value of the
potential eld at the i-th point at the -th timestep. We omit the subscripti if we refer
to all points.

10.4.2. Surface Preprocessing

First, we compute the spatial discretization of the Laplacian \ . Note that there are
various approaches for discretizing the Laplacian on point clouds [191, 27, 141, 47]. In
this work, we follow the approach presented in [191] and show a simpli ed version of it
here, but refer the readers to the original work for more details. Using this method, the
discrete Laplacian is represented by the matrik 2 R" "p

L=M !C; (10.10)

where M is the diagonal mass matrix andC is a sparse symmetric matrix called the
weak Laplacian. The entries oM correspond to the Voronoi cell areas in the local
tangent plane around each point oP. Similarly, the entries of C are determined by
the connectivity of the points on the local tangent space and the distance between
the connected points. Note that the local tangent space structure also identi es the
boundary points. For a given point, the lines between the original point and its neighbors
are constructed. If the angle between two consecutive lines is greater thar?, the point
is a boundary and its boundary condition is set as zero-Neumann.

Next, we discretize the di usion equation (10.8) in time and incorporate the discrete
Laplacian L. Using the backward Euler method, we derive the implicit time-stepping
equation, which remains stable for any timestep

1

—(u Ug) = Lu ; (10.11)
whereug and u are column vectors containing the potential eld values at the vertices
of the point cloud at the initial and nal times, respectively. Then, combining Equations
(10.10) and (10.11) and solving fou we obtain the linear system

u =(M™M C) Mu ¢ (10.12)

Note that solving (10.12) requires inverting a large sparse matrix, which might be com-

163



10. Tactile Ergodic Control

putationally expensive depending on the size of the point cloud and requires the timestep
to be set before the inversion. Alternatively, we can solve the problem in the spectral
domain by projecting the original problem and reprojecting the solution back to the
point cloud. This procedure generalizes using the Fourier transform for solving the dif-
fusion equation on a rectangular domain irR" to arbitrary manifolds. Note that the
Fourier series are the eigenfunctions of the Laplacian in R". Therefore, we can use
the eigenvectors of the discrete Laplaciah for solving the di usion equation on point
clouds.

We can write the generalized (i.e.M 6 1) eigenvalue problem for the Laplacian as
Cm= oM (10.13)

wheref ; mg are the eigenvalue/eigenvector pairs. Sincel is diagonal andC is
symmetric positive de nite, by the spectral theorem, we know that the eigenvalues are
real, non-negative, and in ascending order analogous to the frequency. Therefore, we
can use the rst ny eigenvalue/eigenvector pairs as a low-frequency approximation of
the whole spectrum. Furthermore, the eigenvectors are orthonormal with respect to
the inner product de ned by the mass matrixM . Accordingly, we can stack the rst

Ny eigenvectors ., as column vectors to construct the matrix 2 R" " encoding

an orthonormal transformation *M = |. Then, we can transform the coordinates
(shown with superscripts) from the point cloud to the spectral domain

u = “Mu’*: (10.14)

Note that this step is equivalent to computing the Fourier series coe cients of a target
distribution in SMC. Due to the orthonormal transformation, the PDE on the point
cloud becomes a system of decoupled ODEs in the spectral domain. It is well known
that the solution of a rst-order linear ODE x( )= c¢x( ) is given byx( )= e ¢ x(0),
where c is a constant andx(0) is the initial condition. Therefore, the solution of the
system of ODEs in the spectral domain is given in matrix form as

>

u = e?*® . em Ug; (10.15)

where denotes the Hadamard product. We observe from (10.15) that the exponential
terms with larger eigenvalues (i.e., higher frequencies) will decay faster. Therefore,
approximating the diusion using the rst ny components introduces minimal error.
Secondly, similar to the mixed norm used in SMC, the low-frequency spatial features are
prioritized. Next, we transform the solution back to the point cloud to get the di used
potential eld

u*= u: (10.16)
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We can combine (10.14), (10.15) and (10.16) into a uni ed spectral scheme

>

u = et e ™ ( "Mu y): (10.17)

We omit the superscripts when working on the point cloud for brevity. Note that is the
only free parameter in the di usion computation. However, its value should be adapted
according to the mean spacing between the adjacent pointison the point cloud. For
that purpose, we introduce the hyperparameter > 0 and embed it into the timestep
calculation

= h?Z (10.18)

Accordingly, we can control the di usion behavior independently of the point cloud
size. Increasing results in longer diusion times and attenuates the high-frequency
spatial features (see (10.15) for details). This corresponds to a more global coverage [32].
Conversely, decreasing results in shorter di usion times, which leads to preserving the
high-frequency spatial features, hence more local coverage behavior.

Note that the Laplacian is determined completely by the connectivity on the local
tangent space and the distance between these connected points. Therefore, it is invariant
to distance preserving (i.e., isometric) transformations such as rigid body motion or
deformation without stretching. Accordingly, we computeC, M and derived quantities
only once in the preprocessing step for a given surface. Recomputation is not necessary
if the object stays still, moves rigidly, or the target distribution p; changes.

10.4.3. Tactile Ergodic Coverage

We model the actual coverage tool/sensor as a compliant virtual coverage agent shaped
as a disk with radiusr,. Notably, one can represent arbitrary tool/sensor footprints as a
combination of disks [32]. We position our agent at the end-e ector of our manipulator.
Thus, for a given kinematic chain and joint con guration g, we can use the forward
kinematics to compute the position of our agent as a conformal poiifty

Pa = M (q)eof (q): (10.19)

Since the point cloud is discrete and the agent should move continuously on the surface,
we project our agentP, and its footprint to the closest local tangent space on the point
cloud.

Local Tangent Space and Coverage Computation

Given the agent's positionP,, we rst compute the closest tangent space on the point
cloud. For that, we query a K-D tree T (P) for the points x; 2 P that are within
the radius r, of the agent. Then, we compute the conformal embeddind of the
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neighboring Euclidean pointsx; using (2.20). We refer to the set composed of poing
as the local neighborhood. Then, we t a tangent space to the local neighborhood by
minimizing the classical least squares objective
XN
min (P, X )% (10.20)

i=1

whereX is the dual representation of either a plane or a sphere and the inner product

Is a distance measure. In CGA, planes can be seen as limit cases of spheres, i.e. planes are
spheres with in nite radius. This is also easy to observe by looking at Equations (2.24)
and (2.25) which construct these geometric primitives. Note that tting a local tangent
sphere with the radius determined by the local curvature would always result in smaller

or equal residuals than tting a plane.

It has been shown in [102] that the solution to the least squares problem given
in (10.20) is the eigenvector corresponding to the smallest eigenvalue of the 5 matrix

RN
Bk = Wi Wik (10.21)
i=1
where 8
3px ifk2f1,23g
Wik = 5 1ifk=4 (10.22)
zp? if k =5:

Using the ve componentsy; of this eigenvector we can nd the geometric primitive as
X =(Vvoep+ V1€1 + Vher + Vzesz + vgep ) - (10.23)

Note that if X is a plane thenvy = 0, otherwiseX is a sphere. Next, we want to project
P, to X by using the general subspace projection formula of CGA

Poar = (Pa™e;) X X . (10.24)

Here we rst construct the pointpair P, * e; , wheree; corresponds to the point at
innity. P, e; is also called a at point. Note that the projection essentially amounts
to rst constructing the dual line (P, e; ) X that passes through the pointP, and is
orthogonal to X, then intersecting this line with the primitive X .

If X is a sphere, then the intersection of the line and the sphere will result in two
points on the sphere. IfX is a plane, it will result in another at point, i.e. one point
on the plane and one at in nity. In any case, we can retrieve the closer one to the agent
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position P, using the split operation
PO = split [Py] : (10.25)

Here, P2 is the projected agent position on the tangent spack¥. Next, we compute
our agent's footprint (i.e., instantaneous coverage) by projecting its surface to the point
cloud. If the target surface was at, all the points within the radiusr, of our agentP?
would be covered by the footprint. However, in the general case, both the tool and the
surface can be curved and deformable. For simplicity, we assume that the surface is rigid,
and it deforms the tool with a constant bending radius. We use the radius of the local
tangent sphere that we computed using CGA as an approximation for the bending radius.
Accordingly, we can quantify the error of the local tangent space approximation for the
i-th neighbor P; by the normalized residualse of the least squares computation (10.20).
We encode this approximation error into the footprint by weighting thei-th neighbor
by the Gaussian kernel (r) using the normalized residuals; = e =max(e)

"(ri)=exp "rZ; (10.26)
where the hyperparameter’ > 0 controls the coverage fallo. Next, we substitute the
Gaussian kernel weighted footprint into (10.3) to compute the coveragg, which is
then used to calculate the virtual source terns; via (10.1). As mentioned earlier, this
virtual source term serves as the initial condition for the di usion equation (10.8) at

each iteration of the tactile coverage loop, i.eyo = s;.

Gradient of the Di used Potential Field

We guide the coverage agent using the gradient of the diused potential eld as the
acceleration command
PO= ¢ Upo. ; (10.27)

a

wherer upp, denotes the gradient of the di used potential eld at the projected agent
position P2. However, computing the gradient on the point cloud is more involved than a
regular grid or a mesh. Recall that in Section 10.4.3, we already computed the projected
agent positionP2, the local neighborhood and the tangent spacé . As the rst step,

we compute the tangent planeE,. at P2, namely

Ea = Lo, "PINer; (10.28)

using the line L4, which is orthogonal to the surface and passes throud??. It is
found by wedging the dual primitive X with P2 to in nity with

Lar = X APIMeyp: (10.29)
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Then, we project the pointsP; in the local neighborhood to the tangent planee ..
using (10.24) and (10.25), by settinde,. as the primitive X . Next, we use the values of
the potential eld at the neighbor locations as the heighth; = u;; of a second surface
from the tangent plane. Then, we t a 3-rd degree polynomial to this surface as shown
by using the weighted least squares objective

A =arg mintr((Y XA )YW(Y XA)); (10.30)
with the diagonal weight matrix W
W = diag(’ (ra);" (ra);::' (rm)); (10.31)

whose entries are given by the Gaussian kernel (10.26). One can refer to [167] for the
details. Lastly, we calculate the gradient at the projected agent's position using the
analytical gradients of the polynomial. We depict the approach visually in Figure 10.2.
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Figure 10.2.: Blue-red points show the value of the potential eld on the pointcloud P
and the yellow point is the projected agent positio?. We also project the
agent's neighborsP; to the tangent planeE,. , shown in green. Next, we
use the height functionh; = u;. which uses the values of the potential eld
to lift the projected points in the normal direction of the tangent plane.
We show the lifted points with large blue-red points. We t a polynomial
to this lifted surface and compute its analytical gradients at the neighbor
locationsr u;. , as shown with arrows in the detail view.
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10.4.4. Robot Control

There are several aspects that the control of the physical robot needs to achieve. The
rst is to track the virtual coverage agent on the target surface, while keeping the end-
e ector normal to the surface. The second is to exert a desired force on the surface. To
do so, we design a task-space impedance controller while further exploiting geometric
algebra for e ciency and compactness. The control law is of the following form

= J7 W, (10.32)

whereJ 2 B! N Gg," is the Jacobian multivector matrix with elements correspond-
ing to bivectors, W is the desired task-space wrench andare the resulting joint torques.
Before composing the nal control law, we will explain its components individually.

Surface Orientation

From Equation (10.29), we obtained a lind_,., that is orthogonal to the surface that
we wish to track. In [130], it was shown how the motor between conformal objects can
be obtained. We use this formulation to nd the motor between the target orthogonal
line and the line that corresponds to thez-axis of the end-e ector of the robot in its
current con guration, which is found as

Lee= M(q)(€0” 3" €1 )M (q): (10.33)

Then, the motor M., ,, , which transformsL e into L,» can be found as

Mieel,» = = (1+ LapLed); (10.34)

0| -

where C is a normalization constant. Note thatC does not simply correspond to the
norm of 1 + L., Lee, but requires a more involved computation. We therefore omit its
exact computation here for brevity and refer readers to [130].

We can now use the motoM .., in order to nd a control command for the robot
via the logarithmic map of motors, i.e.

VLa;? :log MLeeLa;? . (1035)

Of course, if the lines are equalM_ .. ,, = 1 and consequentlyV,,, = 0. Note that
VL., is still a command in task space (we will explain how to transform it to a joint
torgue command once we have derived all the necessary components).

Another issue is that algebraicallyV, ,, corresponds to a twist, not a wrench. Hence,
we need to transform it accordingly. From physics, we know that twists transform to
wrenches via an inertial map, which we could use here as well. In the context of control,
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this inertia tensor is, however, a tuning parameter and does not actually correspond
to a physical quantity. Thus, in order to simplify the nal expression, we will use a
scalar matrix valued inertia, instead of a geometric algebra inertia tensor and choose to
transform the twist command to wrench command purely algebraically. As it has been
shown before, this can be achieved by the conjugate pseudoscdlar 1e, [100]. It
follows that

Wi, = Vil (10.36)

and W, now algebraically corresponds to a wrench.

Target Surface Force

Since this chapter describes a method for tactile surface coverage, the goal of the robot
control is to not simply stay in contact with the surface, but to actively exert a desired
force on the surface. First of all, we denote the current measured wrench\Ws, (t) and

the desired wrench asVy4. Both are bivectors as de ned by Equation (2.44). We use
Wy w.r.t. end-e ector in order to make it more intuitive to de ne. Hence, we need to
transform W, (t) to the same coordinate frame, i.e.

W2 (1) = M (a)Wm ()M (q): (10.37)

In order to achieve the desired interaction force, we simply apply a standard PID

controller in wrench space, i.e.
z

>

We = KpuWet Kive  We( )d + K g 5 Welt): (10.38)
0

where the wrench error is
We(t) = Wy W 2(t); (10.39)

whereK ,.w;Kiw andK 4\ are the corresponding gain matrices, and/¢ is the result-
ing control wrench.

Since the desired wrench is de ned in end-e ector coordinates, it usually amounts to
a linear force in thez-direction of the end-e ector frame, i.e. Wy = f4eq3. Additionally,
for an improved cleaning behavior one could also set a desired torque around that axis
by adding 4ei;,. The pattern of how to set this torque, however, would be subject to
further investigation.

Task-Space Impedance Control

Recalling the control law from Equation (10.32), we now collect the terms from the
previous subsections into a uni ed task-space impedance control law. We start by looking
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in more detail at the JacobianJ . Previously, we mentioned that we are using the current
end-e ector motor as the reference, hence, we require the Jacobian to be computed
w.r.t. that reference. This is therefore not the geometric Jacobian that was presented in
Equation (3.13), but a variation of it. The end-e ector frame geometric Jacobiad &
can be found as

J&= Bf® 11 BSE (10.40)
where the bivector elements can be found as

B = f1°(q)BiM e (10.41)

with _
Y
M= Mi(g): (10.42)
i=N

Hence, the relationship betweed ¢ and J & can be found as
J €= M(q)d cM(q): (10.43)

The wrench in the control law is composed of the three wrenches that we de ned in
the previous subsections. As commonly done, we add a damping term that corresponds
to the current end-e ector twist and as before, we transform it to an algebraic wrench,
i.e.

Wy = J &qeo; : (10.44)

With this, we now have everything in place to compose our nal control law as
= Jg K La» WL, DvWy+ Wc (10.45)

whereK |, is a stiness andD y a damping gain.

10.5. Experiments

Our experimental setup comprises a BotaSys SensOne 6-axis force torque (F/T) sensor
attached to the wrist of a 7-axis Franka Emika robot manipulator and a custom 3-D
printed part attached to the F/T sensor. The custom part interfaces an Intel Realsense
D415 depth camera and a sponge at its tip. We consider the sponge's center point to be
the coverage agent's positio?,. Before the operation, we perform extrinsic calibration

of the camera to combine the depth and RGB feeds from the camera and to obtain
its transformation with respect to the robot joints. Additionally, we calibrate the F/T
sensor to compensate for the weight of the 3-D printed part and the camera. We show
the experimental setup on the left of Figure 10.1.
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10.5.1. Implementation Details

The pipeline of our tactile ergodic coverage method consists of three modules: (i) surface
acquisition, (ii) surface coverage and (iii) robot control. Figure 10.3 summarizes the
information ow between the components.

JRUFH WY IHW -
2XWHU ORRS

,QQHU ORRS

7DUJHW . ' 7UHH /DSODFLDIQ HLJHQEDVL /LQH REMHFW
EWERQ 6XUIDFH &R YHUB 5RERW &RQWU[R
»,T(P),2,M Lo

$FWXDO FRYHUDJH $FWXDO DJHQW SRVLWLRQ

e N Pa

6XUIDFH $FTH

Figure 10.3.: Information ow between the three components. The pipeline is composed
of an outer loop responsible for controlling the coverage progress with the
feedback from the camera, whereas the inner loop compensates for the
mismatch due to the robot dynamics.

Surface Acquisition

The surface acquisition node is responsible for collecting the point cloud and performing
preprocessing operations described in Section 10.4.2. We ssipy* for the nearest
neighbor queries and for solving the eigenproblem in (10.13). The matricEsand M
composing the discrete Laplacian in (10.10) are computed with th®bust_laplacian
packagé [191].

Surface Coverage

The surface coverage node performs the computations based on the procedure given in
Section 10.4.3. It uses the information provided by the surface acquisition node and
produces the targetline for the robot control node.

Robot control

On a high level, the robot control can be seen as a state machine with three discrete
states. The rst two states are essentially two pre-recorded joint positions in which
the robot is waiting for other parts of the pipeline to be completed. One of these
positions corresponds to the picture-taking position, i.e., a joint position where the
camera has the full object in its frame and the point cloud can be obtained. The robot
is waiting in this position until the point cloud has been obtained, afterwards it changes

Ihttps://scipy.org
2https://github.com/nmwsharp/robust-laplacians-py
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its position to hover shortly over the object. In this second position, it is waiting for the
computation of the Laplacian eigenfunctions to be completed, such that the coverage
can start. The switching between those two positions is achieved using a simple joint
impedance controller.

The third, and most important, state is when robot is actually controlled to be in
contact with the surface and to follow the target corresponding to the coverage agent.
This behaviour is achieved using the controller that we described in Section 10.4.4. The
relevant parameters, that were chosen empirically for the real-world experiments, are the
sti ness and damping of the line tracking controller, i.e.K,, = diag(30; 30, 3G, 75Q 75Q 300)
and Dy = diag(10; 1G; 10, 150 150 50), as well as the gains of the wrench PID controller,
l.e. Kpw = 0:5, Kiw =5 and Kgw = 0:5. The controller has been implemented us-
ing our open-source geometric algebra for robotics libragafro® that we rst presented
in [148]. Note that in some cases, matrix-vector products of geometric algebra quan-
tities have been used for the implementation, where the mathematical structure of the
geometric product actually simpli es to this, which can be exploited for more e cient
computation.

10.5.2. Simulated Experiments
Computation Performance

In order to assess the computational performance, we investigated the two main op-
erations of our method: (i) preprocessing by solving either the eigenproblem (10.13)
or matrix inversion in (10.12) (ii) integrating the di usion at runtime using either the
spectral (10.17) or implicit (10.12) formulations. In this experiment, we used the Stan-
ford Bunny as the reference point cloud and performed voxel lItering to set the point
cloud resolution. We present the results for the preprocessing in Figure 10.4 and for the
runtime in Figure 10.5.

Coverage Performance

We tested the coverage performance in a series of kinematic simulations. As the coverage
metric, we used the normalized ergodicity over the target distribution, which compares
the time-averaged statistics of agent trajectories to the target distribution

t np

(10.46)

We ran the experiments for three di erent objects: a partial point cloud of the Stanford
Bunny and two point clouds of a cup and a plate and their target distributions that we

3https://gitlab.com/gafro
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10. Tactile Ergodic Control

Figure 10.4.: Computational complexity of the preprocessing step for di eremp and
nv . Legend showsy, values. The time axis is logarithmic and the legend
showsny, values.

collected using the RGB-D camera. For the Stanford bunny, we projected an X' shape
as the target distribution. For each object, we sampled ten di erent initial positions for
the coverage agent and kinematically simulated the coverage using di erent numbers of
eigencomponentsy = 25;50; 100 200and di usion timestep scalar =1;5; 10,50, 100
Since the plate is larger compared to the Bunny and the cup, we used a larger agent
radius r, = 15 [mm] for the plate and a smaller valuer, = 7:5 [mm] for the cup and
the Bunny. The other parameters that we kept constant in all of the experiments are
Xmax = 3 [MM=5?], Xmax = 3 [MmM=s]. We selected six representative experiment runs to
show the coverage performance qualitatively, and present them in Figure 10.6.

We show the quantitative results with respect tony, and in Figures 10.7 and 10.8,
respectively. Note that, in order to better show performance trend in these plots, we
have excluded parameter combinations leading to failure cases. We will discuss those in
Section 3.7.

As the last experiment, we chose the best-performing pdiny ; ) and show the time
evolution of the coverage performance for di erent objects in Figure 10.9.

10.5.3. Real-world Experiment

In the real-world experiments, we tested the whole pipeline presented in Section 8.2.1.
We used three di erent kitchen utensils (plate, bowl, and cup) with di erent target
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10.5. Experiments

Figure 10.5.: Computational complexity of integrating the di usion equation at runtime
for di erent np andny . The time axis is logarithmic and the legend shows
ny values.

distributions (shapes, RLI, X). For these experiments, we xed the objects to the table
so that they could not move when the robot was in contact. At the beginning of the
experiments, we moved the robot to a prede ned joint con guration that fully captured
the target distribution. Since we collected the point cloud data from a single image
frame, our method only had access to a partial and noisy point cloud. We summarize
the results of the real-world experiments in Figure 10.10 and share all the recorded
experiment data and the videos on the accompanying website.

10.5.4. Comparisons

We present the rst tactile ergodic coverage method in the literature that works on
curved surfaces. Therefore, there are no methods that we can directly compare to
guantitatively. For this reason, we selected three related state-of-the-art methods and
compared them to our method qualitatively. As the rst method, we selected the nite
element based HEDAC planner [107], since it is the only other ergodic control approach
working on curved surfaces. For the tactile interaction aspect, we selected two meth-
ods, the uni ed force-impedance control [119] and the sampling-based informative path
planner [115]. We speci ed six criteria for comparison and summarized the results in
Table 10.1.

175



10. Tactile Ergodic Control

Figure 10.6.: Qualitative results of the coverage experiments showcasing the e ect of dif-
ferent parameters. The red points designate the spatial target distribution
pi > 0. The agent starts at the green point, the trajectory is shown in
black, and the nal position after 1000 timesteps is shown with the purple
point. The tuples given on top of the gures show the parametersyx, ,
and r, of the experiments. We provide the interactive point clouds and the
experiment data on our website.

10.6. Discussion

10.6.1. Computational Performance

We investigated the computational performance of our method for the preprocessing and
for the runtime.

The preprocessing step is only required, when the robot sees an object for the rst
time or when the object undergoes a non-isometric transformation. First thing to note
from Figure 10.4 is that computing the eigenbasis is signi cantly faster than inverting
the large sparse matrix. Secondly, the advantage of the spectral approach becomes more
signi cant as the number of points increases. This is because the computational com-
plexity of the spectral approach is lineatO(npny ) with the number of points, whereas
the matrix inversion of the implicit solution has quadratic complexityO(n3).

If we compare our method with the state-of-the-art in ergodic coverage on curved
surfaces [107], our preprocessing step is signi cantly faster. They reported a computation
time of 19.7s for a mesh with 2315 points using a nite-element-based method. In
contrast, our method takes278 msfor a point cloud with ~ 3000points with ny = 100.
Therefore, in comparison, our method promises an increase in computation speed of more
than 90times. Note that, as the number of points increases, our gains in computation
time become even more signi cant due to the di erence in the computational complexity
of the spectral and implicit formulations as mentioned above.

As Figure 10.5 shows the spectral approach also results in a signi cant performance
increase at runtime. The implicit solution is also e cient in runtime, since it reduces
to matrix-vector multiplication after inverting the sparse matrix at the preprocessing
step. Nevertheless, the spectral formulation is still signi cantly faster than the implicit
formulation, especially for large point clouds.
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Figure 10.7.: Coverage performance measured by the ergodic metriq10.46) with re-
spect tony used in the spectral formulation (10.15).

Obviously, an unnecessarily large eigenbasis for small point clouds, i®y ! np,
would cause the spectral approach to be slower than the implicit one.

10.6.2. Coverage Performance

A close investigation of the failure scenarios in Figure 10.6 revealed that they stem from
the bad coupling of the parameters and from an initialization of the agent far away
from the source. If the agent is not far away from the source, setting low values for
might actually lead to desirable properties such as prioritizing local coverage which
would in turn minimize the distance traveled during coverage. Hence, for getting the
best behavior, can be set adaptively or sequentially. For instance, it is better to use
high values at the start for robustness to bad initializations and to decrease it as the
coverage advances to prioritize local coverage and to increase the performance.

We measured the e ect of our method parameters on the coverage performance in
Figures 10.7 and 10.8. Interestingly, the parameters in uencing the agent's speed, i.e.
Xmax, Nm and , have a coupled e ect on the coverage performance in some of the
scenarios. The rst thing to note here is that the value of the is lower-bounded by the
speed of the coverage agent,.x. Otherwise, the method cannot guide the agent since
it moves faster than the di usion. For instance, we observe from Figure 10.6 a) and f)
that with a di usion coe cient = 1, the source information does not propagate fast
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Figure 10.8.: Coverage performance measured by the normalized ergodic metric
(10.46) with respect to the parameter .

enough to the agent if it is too far from the source. Even for a small eigenbasig 50
and moderate di usion coe cient values 1 < 10, it still results in a low coverage
performance”; > 0.5. On the contrary, if the eigenbasis is chosen to be su ciently large
ny 100 we have more freedom in choosing.

With this in mind, we removed the infeasible parameter combinationgy =50; =
f5;10g) from the experiment results in Figures 10.7 and 10.8 to better observe the
performance trend fomy and . Itis easy to see that increasing, results in increased
performance and higher freedom in choosing However, this bene t becomes marginal
after ny 100 Therefore, choosingny, = 100 becomes a good trade-o between
coverage performance and computational complexity. This observation is in line with
the value ofny = 128 reported in [190].

In Figure 10.8, however, we observed minor di erences in performance for di erent
Considering the spread and the mean, choosing = 10 would be a good t for
most scenarios. Nevertheless, we must admit that the ergodic metric falls short in

distinguishing the most signi cant di erences between values. Hence, the qualitative
performance shown in Figure 10.6 becomes much more explanatory. The rst thing to
note here is that the lower values of result in more local coverage, whereas higher
values lead to prioritizing global coverage. Accordingly, the tuning of this parameter
depends on the task itself. For example, suppose the goal is to collect measurements
from di erent modes of a target distribution as quickly as possible, in which case we
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Figure 10.9.: Time evolution of the ergodic metric (10.46) for three di erent objects
with ny, =200 and = 10. The semi-transparent lines show ten di erent
experiment runs, the center line shows the mean, and the shaded regions
correspond to the standard deviation.

would recommend using > 50. On the other hand, if the surface motion is costly,
because for example, the surface is prone to damage, moving less frequently between the
modes can be achieved by setting< < 50.

In scenarios where the physical interactions are complex, stopping the coverage pre-
maturely and observing the actual coverage might be preferable instead of continuing the
coverage. To decide when to actually pause and measure the current coverage, we inves-
tigated the time evolution of the coverage performance in Figure 10.9. For the cup and
the bunny, we see that the coverage reaches a steady state around 208-th timestep,
while for the plate, this occurs around the500th timestep. Still, we can identify the
steepest increase in the coverage occurring until tH&Gth timestep. Accordingly, we
recommend the strategy to pause the coverage at rough®0 timesteps, measure the
actual coverage, and continue the coverage. This would potentially help in the cases
where we have unconnected regions (various modes), because discontinuous jumps be-
tween the disjoint regions might be quicker and easier than following the surface. All
that said, these claims require further testing and experimentation, which are left to be
investigated in future work.
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Figure 10.10.: Real-world experiment of the robot cleaning a plate, a bowl, and a cup.
For the rst three columns we give snapshots from the initial, interme-
diate, and nal states from top to the bottom. In the last column, we
show the target distribution p, the simulated potential eld u; and the
coveragec; from top to the bottom.

10.6.3. Force Control

We demonstrated that the proposed method can perform closed-loop tactile ergodic
control in the real world with unknown objects and target distributions, as depicted

in Figure 10.10. The primary challenge, however, is to be keeping in contact with
the surface without applying excessive force. This is mainly due to the insu cient
depth accuracy of the camera, and uncertain dimensions of the mechanical system. A
suboptimal solution is to use a compliant controller and adjust the penetration depth of
the impedance target. A too compliant controller would, however, reduce the tracking
precision and the uncertainty in the penetration depth could lead to unnecessarily high
contact forces that might damage the object. More importantly, high contact forces
result in high friction that further reduces the reference tracking performance.

Our solution to this problem was to introduce tactile feedback from the wrist-mounted
force and torque sensor and closed-loop tracking of a reference contact force. In general,
the commands generated by the force controllers con ict with the position controllers

180



10.6. Discussion

Table 10.1.: Comparison of the proposed method with state-of-the-art
methods: Finite element-based HEDAC [107], Sampling-based
Planner [115], Unied Force-Impedance Control [119], and
Tactile Ergodic Control (Ours). Acronyms: VI (Visual In-
spection), TC (Tactile Coverage), SE (Surface Exploration).

Method [107] [115] [119] Ours
Domain Mesh Mesh None Point Cloud
Approach Planning Planning Control Control
Online No Yes Yes Yes
Purpose VI TC SE TC
Multiscale Yes No No Yes
Multisetup ® No Yes No No

aSince point clouds are the most general representation, our methoud can seamlessly
be used on grids/meshes with only minor changes to the computation of the discrete
Laplacian.

PMultisetup used by [115] refers to planning the con guration of the target object to
reach otherwise unreachable regions.

and result in competing objectives. We overcome this problem by posing the objective as
line tracking instead of position tracking. This forces the agent to be on the line but free

to move along the line. Accordingly, the force and the line controller can simultaneously
be active without con icting objectives or rigorous parameter tuning.

10.6.4. Comparisons

We compared our method with state-of-the-art approaches in Table 10.1. Since the
methods are not comparable in all aspects, we discuss the advantages and disadvantages
of our method in three parts: (i) ergodic coverage; (ii) tactile interactions; and (iii)
tactile coverage.

Ergodic Coverage

In the literature, the only other ergodic coverage method on curved surfaces is the
nite element-based HEDAC [107]. This work presents an o ine planning method on
meshes for visual inspection using multiple aerial vehicles. Accordingly, our method
extends the state of the art in ergodic coverage on curved surfaces by being the rst
formulation (i) working on point clouds, (ii) providing closed-loop coverage using vision,
and (iii) performing tactile coverage. Furthermore, as we showed in the experiments in
Section 10.5.2, our approach vastly outscales the nite element-based HEDAC in terms
of computation time for the preprocessing step. It is also important to note that, due
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to the generality of the underlying ergodic control formulation that we are using, our
method could be applied to their use-case as well.

Tactile Interactions

To ensure contact during tactile exploration, the usage of a uni ed force-impedance
control scheme was proposed [119]. The general idea is similar to ours, in the sense that
the controller is required to track a given reference while exerting a force on the surface.
The main di erence stems from the formulation of the reference for the impedance
behavior. While their method tracks a full Cartesian pose, our impedance controller
tracks a line. The main di erence here is that our method imposes fewer constraints on
the reference tracking, which leaves more degrees of freedom for secondary tasks, such as
tracking the force objective. Hence, we require no additional tuning to integrate these
objectives, whereas their method uses a passivity-based design to ensure the stability of
the combined controller.

Tactile Coverage

Concerning the problem of using a manipulator for tactile coverage on curved surfaces,
we compare our method to the online sampling-based planner presented in [115]. Unlike
the more general point cloud representation that we are using, this method operates
on meshes. However, it includes the planning of the con guration of the target object.
This is currently a limitation of our approach, since we assume the object to be xed
and consider only a single viewpoint. Although this con guration planner is considered
to be independent of the coverage at a given con guration, it could be easily combined
with our method. In contrast to our myopic feedback controller, they use trajectory
planning, which requires a prede ned planning horizon using a number of passes for
covering discrete patches. For tactile coverage tasks, this can be extremely challenging
to estimate beforehand. Our method does not su er from this limitation, since ergodicity
guarantees revisiting continuous areas according to the target distribution over an in nite
time horizon. In addition, their approach is based on generating splines that connect
the waypoints. This has two issues: if the points are not densely sampled, there is
no guarantee that the resulting spline would be on the surface; and conversely, if the
points are densely sampled, then the spline would be very complex and not smooth.
Accordingly, this approach would not scale to complex surfaces and target distributions.
Our approach, on the other hand, uses a feedback controller to stay in contact with
the surface, where the local references are coming from the surface-constrained ergodic
controller. Hence, our approach is mainly limited by the robot's geometry with respect to
the complexity of the object, which could also be mitigated by changing its con guration
online.
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10.7. Conclusion

In this chapter, we presented the rst closed-loop ergodic coverage method on point
clouds to address the tactile coverage tasks on curved surfaces. Tactile coverage tasks
are challenging to model due to complex physical interactions. We use vision to jointly
capture the surface geometry and the target distribution as a point cloud and directly
use this representation as input. Then, we propagate the information regarding the
coverage target to our robot using a di usion process on the point cloud. Here, we
use ergodicity to relate the spatial distribution to the number of visits required for
coverage in an in nite-horizon formulation. We leverage a spectral formulation to trade-

o the accuracy of the di usion computation with its computational complexity. To

nd a favorable compromise between the two, we tested the dependency of the coverage
performance to the hyperparameters in kinematic simulation experiments. Next, we
demonstrated the method in a real-world setting by cleaning previously unknown curved
surfaces with arbitrary human-drawn distributions. We observed that our method can
indeed adapt and generalize to di erent object shapes and distributions on the .

Our method assumes that it is possible to

Additionally, in some tactile coverage scenarios it is not straightforward to measure
the actual coverage using an RGB-D camera such as surface inspection, sanding, or
mechanical palpation. Still, we can use cleaning as a proxy task such that a human expert
can mark the regions that need to be inspected with an easy-to-remove marker. Then,
the robot's progress would be detectable by a camera. Accordingly, our method provides
an interesting human-robot interaction modality using annotations and markings of an
expert for tactile robotics tasks.

As discussed in Section 10.6.4, a practical limitation of our setup is xing the object
pose during the operation. Therefore, we plan to extend our method to scenarios where
the object is grasped by a second manipulator and can be recon gured for covering
regions that otherwise would be unreachable due to either collisions or joint limits. Al-
though this problem is easy to address by sampling discrete con gurations, as previously
done in [115], our goal is to extend our method to handle this problem in a continuous
manner using a control approach.

Another promising extension of our method is automating the collection of visuotactile
datasets. In this setting, one can combine our method with a vision-based active learning
module such as [122], which estimate high tactile-information regions on the surface.
Then, our controller could be used to collect data from these regions with a multi-modal
tactile sensor.
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11. Conclusion

This thesis proposed using geometric algebra as a uni ed geometric framework for con-
trol and optimization in robot manipulation. We demonstrated the potential of GA

in robotics through three interconnected parts: mathematical modeling, optimization,
and practical control. In the rst part, we provided the mathematical foundations. We
showed how GA provides a uni ed framework to represent geometric primitives (points,
lines, spheres) and transformations (rotations, translations, dilations) in robotics. We
then showed how these can be applied to the modeling of robot kinematics and dynam-
ics, and proposed a recursive forward dynamics algorithm in GA. Part two then tackled
the geometrically coherent formulation of optimization problems for manipulation tasks.
Here, we demonstrated how GA simpli es the symbolic complexity and ensures coordi-
nate invariance. We proposed formulations based on the outer product and on similarity
transformations. Both have inherent nullspace structures that allow the integration of
secondary control objectives. We the extended these formulations to include probabilis-
tic geometric primitives for robust uncertainty-aware manipulation. In the last part, we
tackled the practical integration of our propositions. To this end, we provided the gafro
library that facilitates the integration of GA into real robotic control systems. We used
our theoretical ndings in conjunction with this implementation to solve tasks around
dual-arm admittance control and tactile ergodic surface coverage. While we drew con-
clusions for each chapter, this nal chapter aims at connecting them and putting them
into a broader context by mentioning limitations and possible future research directions.

11.1. Limitations

This thesis presented contributions towards capturing the intrinsic geometric structure

of robotic tasks by utilizing the unifying representation of geometric algebra.- Although

we demonstrated in this thesis how the modeling of robotic manipulation tasks is sim-
pli ed by geometric algebra, there remain still unsolved challenges stemming from the
assumptions we made. We discuss these limitations in this section.

11.1.1. End-E ector Reference

As we already brie y mentioned in the discussion in Section 6.4.4, we mainly consider the
end-e ector points of the robot arms as reference for modeling manipulation tasks. Using
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the robot end-e ector as the reference point for control is standard practice in robot
manipulation. Therefore, this is not only a limitation of this thesis, but we regard it as
one of the most fundamental limitations in robotics research. From a mechanical design
point of view, end-e ectors are made for interaction and o er attachments for tools or
sensors for speci c tasks. While these are valid practical considerations motivating the
choice, it restricts the robot's ability to leverage its full physical structure for complex
manipulation challenges. For instance, tasks like carrying big and bulky objects, where
contact distribution and load-sharing across the robot's body are required. In this
case, the geometric primitives should be extended to not only consider the end-e ector,
but to encompass the entire surface geometry of the robot arm to enable dexterous
manipulation. Representations of the geometry as continuous distance functions try to
address this issue by [138], and future work therefore tackle the integration of geometric
primitives from GA to enable whole-body constraints for motion optimization.

11.1.2. Integration of Perception

While this thesis has advanced the application of geometric algebra to the mathematical
modeling and optimization of robotic arm movements, a notable limitation lies in its
partial integration of perception within the broader control framework. For example, in
the experiments where vision was used, we either used Aruco markers to de ne the exact
location of geometric primtivers, as in Chapter 4, or assumed static scenarios, where dis-
crete feedback at irregular intervals was su cient, as in Chapter 10. Albeit in Chapters

9 and 10 wrist-mounted force-torque sensors were used, the system's capacity to handle
contact-rich tasks is limited. These sensors excel at measuring interaction forces, but
lack the spatial resolution of tactile sensor or the contextual awareness vision-based per-
ception. Neglecting, perception technologies, such as vision, LIDAR, or tactile sensing,
assumes operation under idealized environment conditions. This limits the applicability
of our proposed control models to controlled laboratories and prevents deployment in
unstructured or dynamically changing settings. Environments where object positions,
shapes, or obstacles are not prede ned require visual feedback to determine the geo-
metric primitives that approximate the task geometry. Furthermore, noisy perception
and environmental variability introduce uncertainties on the task geometries. Chapter 7
provided a rst step towards the integration of uncertainty into the GA-based modeling

of manipulation tasks. Future work should therefore extend this approach for a bet-
ter integration of perception into the proposed control pipelines. This would further
demonstrate GA's potential to unify perceptual and control variables within a single
mathematical language.
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11.2. Future Work

In the previous section, we highlighted the limitations of the work presented and this
thesis. We then proposed future work for addressing these limitations. We want to
discuss possible future research direction more generally. Hence, the topics in this section
contain ideas that build directly on our proposed methods.

11.2.1. Object-Centric Articulation Models

Many objects that humans interact with on a daily basis, such as doors, drawers and
bottles, have articulations that de ne their functionality. While humans are capable
of naturally discovering how to manipulate these objects in order to use them, obtain-
ing these skills poses a challenging problem for robots. Understanding the underlying
kinematics is, however, paramount for robots to be able to manipulate them and not
have unsafe forceful interactions in human environments. Here, geometric algebra could
be used for uniformly modeling the involved geometric primitives that determine the
motion of the articulation. One approach could involve the orbit of twists [69], i.e. the
shape of the surface that a point is moving on given a constant twist. Both the twist
and the orbit are algebraic objects within CGA and can thus be used for mathematical
computations and directly be integrated into our presented control methods.

11.2.2. Robot Learning

This thesis has lain the foundations for the mathematical modeling with geometric al-
gebra for optimization and control in robot manipulation tasks. Future work should
aim at integrating the exibility of learning approaches into this framework. Learning
approaches in general are highly connected to statistics. In Section 7.5.1, we already
hinted at the integration of learning from demonstration methods via representing the
variations through the covariance propagated to the geometric primitives. Here, the de-
sired geometric primitives could be directly learned from variations in task demonstra-
tions. Robust control for compliant manipulation could then be ensured via adapting
impedance parameters based on the covariance. Learning from demonstration is not
the only learning modality that o ers interesting research opportunities for geometric
algebra. Incorporating the presented GA approaches into deep learning could enable
neural networks to inherently respect geometric symmetries. For instance, the similarity
transformations presented in Chapter 6 could be further exploited to generalize skills by
learning equivariant networks, e.g.SIM (3)-equivariant models [218] E (3)-equivariance
using geometric algebra transformers has already been shown to outperform baselines
[36]. Merging these approaches to enable visuomotor control using GA to encode points,
lines, and spheres as algebraic entities, simplifying sensorimotor transformations pro-
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vides a promising research direction. Another promising learning methodology are dif-
fusion models, where GA could naturally incorporate geometric relationships, e.g. screw
motions for dexterous manipulation or latent constraints as geometric primitives, for
e cient manipulation skill synthesis. Connecting this with reinforcement learning could
then provide lifelong adaptation, where skill acquisition is treated as stochastic explo-
ration of multivector spaces.

11.3. Vision

My vision is that robots will infer generalized skills from geometric rst principles, rather
than engineering customized solutions for every task. Geometric structures are the
unifying mathematical foundation for learning, perception, control, and optimization.
They will enable robots to generalize skills seamlessly across tasks, environments, and
physical embodiments. The key lies in recognizing the correct embedding spaces and
non-linear manifolds that properly represent and explain the desired skills. For instance,
three-dimensional objects cannot be explained from two dimensions, since they will
change their shape or even disappear depending on the projection plane. Therefore, |
believe that also in robotics, higher dimensional manifolds allow perspectives that will
reveal hidden connections for generalizing robot skills. Similar to how screws and twists
provide invariant representations for classical robotics, modeling these skill manifolds can
systematize skill transfer, composition, and adaptation. Dimension-agnostic geometry is
essential to understanding these connections and to unlocking their full potential. This
is why | believe that geometric algebra provides the ideal mathematical language for
uncovering this understanding. Its geometric, coordinate-free formulations seamlessly
generalize to arbitrary dimensions.
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A. Derivation of the Jacobians

A.l. Derivation of the Jacobian of the Motor
Logarithmic Map

From Equation (2.41) we know thatB = log(M). We de ne the parameters of the motor
and bivector as follows

M = my+ myer3+ M3z€13+ My€12
+ Mse1; + M€y + M3 + Mglioz ; (Al)

and
B = ey + heiz+ zen+ yen + bsexn + bses (A.2)

Standard results show that the motorM can be split into a rotor R and a translator T,
such thatM = TR

R
T

e Me;; (A.3)
MR: (A.4)

Using the Equations (2.30) and (2.32) it becomes straightforward to derive the bivector
componentsh in function of the motor componentsm;

B 2cos (m,)
b= ?sin (cos L (my))’ (A.5)
B 2cost(m,)
b = %sin (cos I (m,))’ (A.6)
B 2cost(m,)
b = *sin(cos I (my))’ (A7)
b, = 2(mims + myMe + M3Mm; + Momsg); (A.8)
b = 2( mims+ mimeg+ mam;  Mzmg); (A.9)
by = 2( mzms mymg+ Mmim; + Mmymg): (A.10)

The Jacobian of the motor logarithmic map can be found as the partial derivatives of
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A. Derivation of the Jacobians

the bivector componentdy w.r.t the motor componentsm;, i.e.
2 3

@m "' QaQm
Jw sM)=9 ¢ . & (A11)
@m "' Qm

Using the Equations (A.5) the non-trivial partial derivatives can be found to be

@b _ 1 .
am- 2m, | + mycos t(my) ; (A.12)
@p _ 1 1 .
Tl 2ms m 1 + mycos t(my) ; (A.13)
@b _ 1 .
T h 2my 1 + micos t(my) ; (A.14)

@b _ @p_ @p_  2cosi(my)

@m @m @m sin(cos(my)’ —
@_©@b_ @_ , . (A.23)

@m @m @m

which concludes the derivation.
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A.2. Derivation of the Jacobian of the exponential map

A.2. Derivation of the Jacobian of the exponential
map

The exponential map is a mapping from bivectors to motors, i.eB = log(M). The
parameters of the motor and bivector are as follows

M = my+ myey3 + Mae13+ Myern

+ Ms€11 + Mgy + M7€31 + Mg€io3 ;

and
B = e+ peiz+ e+ yey; + bsex + ses; .

Since a motor is a product of a translatofl and a rotor R, we can nd the exponential
map

1
T= 1 i(blell + ey + bses )

os(% ) Sin(:—zL ) (megs + ez + zern)

(@]

where

q__
- BrBerg

In terms of parameters them; and b this becomes

m < gt R

18—
m, = Wbl-l-tg sSin E @ + kg + @ ;
b 19—
ms = m Sin é @ + kg + % ;
bs 1l
myg = m Sin é tﬁ + @ + @ ;
ms = %(mlbﬁ Msbs + M4bs) ;
Me = %(mlbs + mpbs  mMghy);
m; = %(mlbs mabs  maly);

mg = %(mzbzt msbs + myhs) :
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A. Derivation of the Jacobians

The non-trivial partial derivatives can then be found as
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A. Derivation of the Jacobians

A.3. Normalizing a Multivector
Given a multivector X , whereX ¥ 2 R, it can be normalized as

X=X X® °: (A.24)

For a multivector valued function X = F(x), we can then nd its derivative as

—@F(x): X® %3¢
@ ) , (A.25)
éxﬁ XA R+ XER)

A.4. Inverting a Multivector
Given a multivector X , whereX ¥ 2 R, its inverse can be found as
X =% X% 1: (A.26)

For a multivector valued function X = F(x), we can then nd its derivative as

@ 1) :
—_— (X) = XX \pp
& D E (A.27)

2 X® % XE-

0

A.5. Analytic Circle Similarity Jacobian

Here, we derive the analytic similarity Jacobiard Q;C(Q), given the cooperative geometric
primitive X .(q) and the corresponding Jacobiad 2(q) from Equation (6.3). As shown
in Equation (6.21), we can decompose the analytic similarity into the Jacobians for the
translator J 7(q), rotor J 5(q), and dilator J 5(q).

The analytic dilator Jacobian can be found as
D E

1
Jp(a)= Z(Pl B) !t J.PB +P F, 0D; (A.28)

whereP; is the projection of in nity from Equation (6.13)

Pr =(X e )X % (A.29)

218



A.5. Analytic Circle Similarity Jacobian

and J ; its Jacobian
Ji=(er JAC t+(ey CI™A: (A.30)

The analytic rotor Jacobian can be found as

J Q(Q): RR °J R
. . (A.31)
> RR "R(R¥Rr+JrR);

whereR is the rotor R(q) before normalization according to Equation (6.15) and g
the corresponding Jacobian

Jr=6€e3 Jn e J . (A32)

whereJ  is the normalized Jacobian of the plane normal found in Equation (6.14)

N|=

JN:Nﬂ JN

1 s (A.33)
5 NIE “N(NEy+J n8);
where 1
Jn=1J E é(eo J E)el ; (A34)
and
Je=Jd4@ e (A.35)
The analytic translator Jacobian can be found as
1
JA= ZhPdi,td
TT 27 ¢ UF (A.36)
h P, P €1 hpig)”er;
where P is the center point andJ p its Jacobian
J e =3 2(@e1 X(@) + Xo(@)er I A(0): (A.37)
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