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Abstract
Contact-rich manipulation lies at the core of human dexterity, yet remains a fundamen-
tal challenge in robotics. Such tasks can be naturally formulated as decision-making
problems comprising two stages: task objective approximation and subsequent opti-
mization. Classical optimal control approximates system dynamics to enable compu-
tational tractability, while learning-based methods, including reinforcement learning
and imitation learning, have shifted toward approximating objective functions. How-
ever, both paradigms face significant challenges in achieving efficient decision-making
due to the interplay of nonlinear dynamics, hybrid contact modes, and physical uncer-
tainty inherent in contact-rich interactions.
This dissertation addresses these challenges by proposing a paradigm termed struc-
tured approximation. We show that the key to advancing contact-rich manipulation
lies in approximating objective functions that are inherently amenable to subsequent
optimization. Specifically, tensor networks, originally developed in quantum many-
body physics, are leveraged to approximate objective functions in a structured manner,
enabling efficient optimization in non-convex landscapes. In parallel, velocity fields
are leveraged to geometrically represent action trajectories for imitation learning,
enabling fast and reactive control under high-frequency tactile feedback.
Building on this perspective, the dissertation makes three main contributions. First,
Tensor Train (TT), a specific class of tensor networks, is introduced as a general compu-
tational tool for planning and control under non-smooth contact dynamics, enabling
scalable optimization across diverse manipulation tasks. Second, to address the combi-
natorial complexity arising from hybrid contact modes, TT is combined with symbolic
reasoning and optimal control, enabling structured sequential skill planning for multi-
stage contact-rich manipulation. Third, in the presence of contact uncertainty, TT
is incorporated into robust policy learning, enabling rapid motor adaptation given
probabilistic parameter distributions. Beyond TT, a tube-bounded action velocity
field is leveraged as a geometric approximation of conventional action chunking, en-
suring highly reactive visual–tactile control under contact variations and external
disturbances.
The proposed methods are validated across a range of contact-rich manipulation
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tasks, including planar pushing with face switching, whole-body bimanual manipula-
tion, multi-stage sequential manipulation, and visual–tactile dexterous manipulation.
Collectively, these results demonstrate that structured approximation provides a princi-
pled and scalable foundation for efficient optimization, long-horizon planning, robust
control, and reactive policy learning in contact-rich robotic systems.

keywords: Contact-rich manipulation, Tensor Networks, Optimal Control, Task and
Motion Planning, Robust Policy Learning, Visual-tactile Imitation Learning
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Résumé
La manipulation riche en contacts est au cœur de la dextérité humaine, mais demeure
un défi fondamental en robotique. Ces tâches peuvent être naturellement envisagées
comme des problèmes de prise de décision reposant sur deux composantes étroite-
ment liées : la représentation de la fonction objectif et son optimisation. Le contrôle
optimal classique repose sur des fonctions de coût conçues manuellement afin de
rendre les calculs tractables, tandis que les approches d’apprentissage, telles que l’ap-
prentissage par renforcement et l’apprentissage par imitation, visent à apprendre ces
objectifs à partir de données. Cependant, ces deux paradigmes rencontrent des diffi-
cultés majeures pour réaliser une prise de décision efficace, en raison de l’interaction
entre dynamiques non linéaires, modes de contact hybrides et incertitudes physiques
inhérentes aux interactions avec contact.
Cette thèse aborde ces défis à travers un paradigme d’approximation structurée, fondé
sur l’idée que les fonctions objectif doivent être représentées sous des formes in-
trinsèquement propices à l’optimisation. En particulier, les réseaux de tenseurs —
initialement développés en physique quantique des systèmes à nombreux corps —
sont exploités pour construire des représentations structurées de fonctions de haute
dimension, permettant un calcul et une optimisation efficaces dans des paysages for-
tement non convexes. De manière complémentaire, un champ de vitesse des actions
est introduit comme représentation géométrique des trajectoires d’action pour l’ap-
prentissage par imitation, permettant un contrôle rapide et réactif à partir de retours
tactiles à haute fréquence.
S’appuyant sur cette perspective, la thèse apporte trois contributions principales.
Premièrement, le format Tensor Train (TT), une classe particulière de réseaux de ten-
seurs, est introduit comme un cadre computationnel général pour la planification et
le contrôle sous dynamiques de contact non linéaires, permettant une optimisation
efficace à grande échelle dans divers scénarios de manipulation. Deuxièmement, afin
de traiter la complexité combinatoire induite par les modes de contact hybrides, le TT
est combiné au raisonnement symbolique et au contrôle optimal, permettant une pla-
nification structurée de séquences de compétences pour des tâches de manipulation
multi-étapes. Troisièmement, en présence d’incertitudes de contact, le TT est intégré à
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l’apprentissage de politiques robustes, permettant une adaptation motrice rapide sous
des distributions probabilistes des paramètres. Par ailleurs, la Tube Diffusion Policy est
proposée pour l’apprentissage de politiques visuo-tactiles réactives, où un champ de
vitesse des actions contraint par un tube constitue une alternative géométrique aux
segments d’action conventionnels, permettant un contrôle réactif face aux variations
de contact et aux perturbations externes.
Les méthodes proposées sont validées sur un ensemble de tâches de manipulation
riche en contacts, incluant la poussée plane avec changement de face, la manipulation
bimanuelle à l’échelle du corps entier, la manipulation séquentielle multi-étapes, ainsi
que la manipulation dextrère visuo-tactile. Dans l’ensemble, ces résultats montrent
que l’approximation structurée des fonctions objectif constitue une base principielle et
extensible pour une optimisation efficace, une planification à long horizon, ainsi qu’un
apprentissage de politiques robuste et réactif dans les systèmes robotiques à contacts
riches, ouvrant ainsi une voie prometteuse pour concilier complexité physique et
efficacité computationnelle.

Mots-clés : Manipulation riche en contacts, réseaux de tenseurs, contrôle optimal,
planification de tâches et de mouvements, apprentissage de politiques robustes, ap-
prentissage par imitation visuo-tactile
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1 Introduction

1.1 Motivation

Manipulation underlies many of the most demanding capabilities expected of robotic
systems, from dexterous tool use and in-hand object reorientation to non-prehensile
pushing and bimanual assembly. Unlike collision-free motion planning, which treats
contact as a constraint to be avoided, manipulation fundamentally relies on contact
as a resource for generating and regulating motion (Mason, 2001b). Within this broad
class, we focus on tasks that demand sustained and sequential contact interactions,
which motivate the notion of contact-rich manipulation.

Definition 1 (Contact-Rich Manipulation). Contact-rich manipulation refers to a se-
quential decision-making process that involves strategic contact selection among multi-
ple alternatives.

This formulation aligns with the definition discussed in Suh (2025), while placing addi-
tional emphasis on the sequential nature of contact selection. The key criterion is the
richness of contact options: at each step, the robot faces many possible contact config-
urations, modes, and transition strategies, and this option space expands exponentially
when considered over a sequence of decisions. This distinguishes contact-rich manip-
ulation from simple contact-involving actions, such as instantaneous grasping, where
contact is brief or largely predetermined.

A simple yet illustrative example of contact-rich manipulation is the task of retrieving
a book from a shelf, as shown in Fig. 1.1. When the clearance around the book is
limited, direct grasping is not feasible. Instead, the hand must select, at each stage,
from multiple possible ways of interacting with the book: whether to establish sticking
contact to pull it outward, slide the fingers to reconfigure the grip, or transition to a
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secure grasp. The success of the task depends on making the right contact choices
in the right order, which is precisely the sequential decision-making over multiple
contact possibilities that defines contact-rich manipulation.

Figure 1.1: A contact-rich manipulation example of retrieving a book from a shelf
with limited grasping clearance. The motion involves sequential transitions between
sticking, sliding, and grasping, illustrating the challenges of nonlinear and non-smooth
dynamics, hybrid contact modes, and sensitivity to physical parameters such as friction.
Adapted from (Hogan and Rodriguez, 2020a).

This example reveals some fundamental challenges inherent in contact-rich manipula-
tion. As a sequential decision-making process over multiple possible contact choices,
contact-rich manipulation necessarily involves reasoning about nonlinear dynamics,
hybrid contact modes, and model uncertainty. In the book-retrieval task, transitions
between sticking and sliding give rise to nonlinear and non-smooth dynamics; the
successive interaction phases correspond to hybrid contact modes; and the success
of the motion depends sensitively on uncertain physical parameters such as friction
coefficients. These challenges are pervasive across contact-rich manipulation tasks
and fundamentally limit the scalability and robustness of existing approaches. Achiev-
ing this level of physical intelligence is essential for deploying robotic systems beyond
traditional industrial environments into human-centered settings.

1.1.1 Challenges

Despite decades of advances in motion planning, optimal control, and recent devel-
opments in robot learning, contact-rich manipulation nevertheless remains one of
the most challenging problems in robotics. The difficulty arises from the three tightly
coupled structural properties of contact dynamics, as illustrated in the example above:
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Nonlinear and Non-Smooth Contact Dynamics. Contact dynamics are inherently
nonlinear and non-smooth due to rigid-body interactions under frictional constraints
and complementarity conditions. These characteristics give rise to complex and highly
non-convex objective landscapes, making the resulting optimization problems chal-
lenging to solve. Consequently, gradient-based trajectory optimization and optimal
control methods are highly sensitive to initialization and often converge to poor local
optima (Lembono et al., 2020; Moura et al., 2022). While sampling-based methods
(Pang et al., 2022) can partially alleviate this issue by exploring the solution space
more broadly, they do not scale well as the problem becomes more complex and
higher-dimensional.

Hybrid Contact Modes and Combinatorial Structure. Contact-rich tasks exhibit in-
trinsically hybrid structures. At the dynamics level, systems switch between discrete
contact modes (e.g., sticking, sliding, separation) while evolving continuously within
each mode. At the task level, complex manipulation requires sequencing multiple
primitives or skills, such as the pull–regrasp–grasp sequence in the book retrieval ex-
ample, each associated with distinct contact configurations. Planning in such settings
requires joint reasoning over continuous trajectories and discrete mode transitions
(Toussaint, 2015). This hybrid structure induces a combinatorial growth in the num-
ber of feasible mode sequences as the task horizon increases. Existing approaches,
including sampling-based planners (LaValle, 2006; Kavraki et al., 1996), search-based
methods (Hart et al., 1968), and mixed-integer formulations (Burer and Letchford,
2012), struggle to scale due to this combinatorial structure and its tight coupling with
nonlinear system dynamics.

Uncertainty in Physical Parameters. Real-world contact interactions are highly sensi-
tive to physical parameters such as friction, compliance, and mass distribution, which
are often uncertain, time-varying, or difficult to estimate accurately (Qi et al., 2023).
As in the book retrieval task, even small variations in the friction coefficient between
the hand and the book can determine whether the object can be successfully pulled
or slips. Such sensitivity can lead to significant performance degradation or failure
under model mismatch. Learning-based approaches, including imitation learning (Chi
et al., 2024; Zhang and Gienger, 2024) and reinforcement learning (Sutton and Barto,
2018), offer a promising way to handle complex contact dynamics. However, they typi-
cally require large amounts of data and generalize poorly under physical uncertainty.
Furthermore, contact uncertainty demands fast responses to local events, which are
often only observable through high-frequency tactile feedback. However, most existing
generative policies rely on computationally intensive multi-step denoising (Ho et al.,
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2020) or iterative velocity integration (Lipman et al., 2023b), limiting their ability to
effectively leverage such feedback.

1.1.2 Structured Approximation for Efficient Optimization

Contact-rich manipulation can be fundamentally viewed as a decision-making process
comprising two tightly coupled stages: objective approximation (e.g., formulating a
tractable surrogate objective by approximating system dynamics or objective functions)
and objective optimization (e.g., action retrieval or trajectory generation over the
approximated objective). In this context, optimization is conceptualized in a broad
sense, encompassing gradient-based and derivative-free methods in optimal control,
multi-step Langevin sampling in energy-based and diffusion models, and iterative
velocity integration in flow-matching frameworks. However, the intrinsic properties of
contact, such as non-smoothness, hybridity, and physical uncertainty, pose significant
challenges to both accurately formulating these objectives and efficiently solving the
resulting optimization problems.

To address these challenges, classical optimal control methods have traditionally fo-
cused on approximating non-smooth system dynamics through local linearization or
randomized smoothing (Li and Todorov, 2004; Posa et al., 2014; Suh et al., 2025; Pang
et al., 2022), thereby enabling the use of efficient numerical solvers. However, since
contact dynamics are inherently non-smooth, such approximations only hold locally.
This necessitates iterative optimization within restricted trust regions or the use of
computationally expensive global search to navigate the resulting rugged and highly
non-convex optimization landscapes, leading to significant real-time overhead and
poor scalability in high-dimensional systems. In contrast, learning-based approaches
(Sutton and Barto, 2018; Chi et al., 2024; Zhang and Gienger, 2024) have shifted the
focus toward approximating the objective function (e.g., value functions, energy land-
scapes, or score functions). Because objective functions effectively aggregate discrete
contact events into a continuous scalar field, they are naturally smoother and more
amenable to function approximation than the underlying hybrid dynamics (Song et al.,
2023b). However, in existing literature, these objectives are typically represented using
unstructured, high-capacity models such as standard neural networks. This lack of
explicit structure makes the subsequent optimization process a significant bottleneck,
whether via gradient descent or iterative sampling, resulting in poor local optima and
high inference latency.

In this dissertation, we argue that approximation and optimization should be treated
in a coupled manner. Under this view, objective functions should be approximated
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in a way that is inherently amenable to subsequent optimization. That is, objectives
should be explicitly structured to enable efficient optimization, a paradigm we term
structured approximation. By embedding appropriate mathematical structure dur-
ing the approximation phase, we can transform otherwise intractable problems into
computationally manageable ones. In particular,

• Optimization can be performed in a structured manner without relying on re-
strictive convex approximations;

• Hybrid mode reasoning becomes more compositional, enabling scalable plan-
ning over complex contact sequences;

• Policy learning achieves improved generalization and robustness under physical
parameter uncertainty;

• Generative imitation learning enables fast closed-loop reactivity and supports
the integration of high-frequency tactile feedback.

Motivated by this perspective, this dissertation develops a structure-aware computa-
tional framework centered on tensor networks (also referred to as tensor factorization
or tensor decomposition) (Orús, 2019). Tensor networks, originally developed in quan-
tum many-body physics, provide a principled mathematical tool for representing
high-dimensional functions through structured factorizations. This representation
offers several key advantages for contact-rich manipulation:

• Efficient Optimization: Tensor networks enable complex algebraic operations,
such as contraction, integration, and optimization, to be performed directly on
the factorized components, thereby mitigating the curse of dimensionality.

• Compositional Hybrid Reasoning: The discretized structure naturally captures
the interplay between continuous variables (e.g., motions) and discrete variables
(e.g., contact modes), enabling scalable reasoning over complex sequences.

• Structure-Aware Modeling: Unlike purely data-driven black-box approxima-
tors, tensor networks support efficient construction techniques such as cross-
approximation (Oseledets and Tyrtyshnikov, 2010), which explicitly leverage un-
derlying analytical information (e.g., Bellman equations or physical constraints)
to construct structured approximations.

By treating approximation and optimization in a coupled manner, this work aims
to bridge the gap between high-level objective approximation and low-level action
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generation. To this end, this dissertation leverages Tensor Train (TT) (Oseledets, 2011a),
a specific class of tensor networks, to exploit objective structure for efficient decision-
making. Furthermore, we demonstrate that the principle of structured approximation
naturally extends to imitation learning, where velocity fields can be used to capture
the geometric structure of action trajectories, enabling fast, closed-loop reactivity and
supporting the integration of high-frequency visual–tactile feedback in model-free
settings.

In summary, the challenge of contact-rich manipulation lies not only in approximating
complex objective functions, but also in uncovering and exploiting their underlying
structure to enable efficient optimization. This dissertation shows that tensor networks
provide a principled and scalable framework for achieving this, highlighting the role
of structured approximation in enabling efficient planning, control, and learning in
contact-rich systems. The introduction of velocity fields in generative policy learning
further complements this perspective from a data-driven standpoint, extending it to
model-free settings.

1.2 Thesis Objectives and Outline

The thesis is organized into four main parts. The first part introduces a representative
contact-rich manipulation task that serves as a motivating example throughout the
dissertation, highlighting its inherent physical and computational challenges. The
subsequent parts demonstrate how Tensor Train and velocity fields serve as structured
approximations of objective functions, thereby enabling efficient planning, control,
and learning. The overall structure is illustrated in Figure 1.2.

1.2.1 Part I: A Preliminary Study of Contact-Rich Manipulation

The first part of the thesis introduces a representative contact-rich manipulation
problem that serves as the motivating example throughout the dissertation. Contact-
rich manipulation is characterized by nonlinear dynamics, hybrid contact modes, and
uncertainty in physical parameters, which together lead to highly challenging planning
and control problems. A concrete example is therefore necessary to illustrate these
challenges and to evaluate the methods developed in the later parts of the dissertation.

In Chapter 3, we introduce a planar pushing task with face-switching mechanism. The
corresponding contact dynamics are analyzed, and the resulting optimization problem
is formulated, highlighting the inherent non-convexity, hybrid mode transitions, and
physical uncertainty in contact interactions. To address these challenges, we propose
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Figure 1.2: Outline of the thesis.

a demonstration-guided optimal control framework, which leverages human demon-
strations as warm-start initializations for directly optimizing the task objective. While
this approach enables gradient-based trajectory optimization for long-horizon non-
prehensile manipulation, its performance remains highly dependent on the quality
of the provided demonstrations and the resulting initial guesses. The computational
limitations observed in this study motivate the structure-aware approaches developed
in the subsequent chapters.

1.2.2 Part II: Tensor Networks for Contact-Rich Optimization

The second part of the thesis focuses on addressing the intrinsic non-convexity arising
from contact dynamics. Contact-rich manipulation often leads to highly non-convex
optimization landscapes due to nonlinear dynamics, frictional interactions, and hybrid
contact modes. These properties make conventional gradient-based optimization
highly sensitive to initialization and prone to poor local minima, while gradient-free
optimization methods quickly become computationally intractable.

In Chapter 4, we develop a structure-aware computational framework based on tensor
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networks that exploits the latent structure of objective functions during approximation.
Specifically, we formulate contact-rich optimization as a decision-making process over
a high-dimensional decision tree, utilizing Tensor Train as a structured approximation
of this tree. This enables efficient computation and structured search in combinatorial
spaces without relying on restrictive convex relaxations, which are often difficult to
construct due to complex contact dynamics. By developing this framework, the chap-
ter provides the mathematical foundation for the methods presented in subsequent
chapters.

1.2.3 Part III: Tensor Networks for Sequential Contact-Rich Manipulation
Planning

The third part addresses the hybrid and sequential nature of contact-rich manipulation.
Complex manipulation tasks typically require composing multiple primitives across
different contact modes, leading to combinatorial growth in planning complexity.

In Chapter 5, we formulate sequential contact-rich manipulation as a hierarchical
decision-making problem. We analyze the challenges of long-horizon planning involv-
ing coupled discrete contact transitions and continuous motions, and introduce Tensor
Train for constructing structured skill libraries with fast and global value function ap-
proximations. We further propose Logic-Skill Programming, which integrates symbolic
search with tensor-structured continuous optimization, enabling joint reasoning over
high-level skill skeletons and low-level subgoal sequences for each skill. This approach
enables long-horizon contact-rich manipulation in real-world settings under contact
uncertainty and external disturbances.

1.2.4 Part IV: Structure-aware Robust and Reactive Contact-rich Policy
Learning

The fourth part of the dissertation addresses uncertainty in physical parameters and
the challenge of sim-to-real transfer, while emphasizing reactivity in visual–tactile
contact-rich settings.

In Chapter 6, we introduce a probabilistic domain transfer framework that unifies and
generalizes existing domain randomization and adaptation strategies. Building on this
formulation, we develop a robust policy learning approach that leverages Tensor Train
to exploit the decoupled structure of diverse physical parameters, enabling efficient
parameter-conditioned policy retrieval and rapid motor adaptation across varying
contact conditions.
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Figure 1.3: A selection of contact-rich manipulation tasks conducted in this thesis,
including (a) face-switching planar push, (b) whole-body bimanual manipulation, (c)
sequential contact-rich manipulation, and (d) visual-tactile dexterous manipulation.

In Chapter 7, we introduce Tube Diffusion Policy, which reformulates the policy from
a static sequence (e.g., conventional action chunking) into a continuous dynamical
system for reactive control. Specifically, the policy is represented as a tube-bounded
velocity field that captures the underlying geometric structure of action trajectories.
This structured approximation enables fast, closed-loop behavior, making it particu-
larly well-suited for leveraging high-frequency tactile feedback in complex contact-rich
manipulation tasks.

Together, these four parts establish a unified, structure-aware paradigm for contact-
rich manipulation, spanning non-convex optimization, sequential planning, robust
control, and reactive visual–tactile policy learning. The dissertation demonstrates
that structured approximation provides a principled foundation for efficient decision-
making in complex contact-rich robotic systems, as illustrated in Fig. 1.3.

1.3 Thesis Statement

This thesis aims to advance the frontiers of contact-rich manipulation by developing
computational frameworks that reconcile three fundamental challenges: nonlinear
dynamics, hybrid contact modes, and physical uncertainty. The contributions of this
thesis enable robots to intelligently establish and break contact for manipulation across
diverse hardware morphologies, from parallel-jaw grippers and whole-body surfaces
to multi-fingered dexterous hands. Beyond these specific applications, the proposed
algorithms and theoretical insights are expected to generalize and inspire research in
related domains. In summary, this thesis aims to show that:

Contact-rich manipulation is not merely a problem of black-box objective
approximation followed by brute-force optimization, but requires structured

objective approximations that make downstream optimization efficient.
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This principle reflects a structure-aware view of computation for contact-rich manipu-
lation. Rather than treating objective approximation and objective optimization as two
separate stages, this thesis emphasizes that the form of approximation directly shapes
the efficiency, scalability, and robustness of the subsequent optimization process. In
particular, it shows that task objectives should be approximated in ways that preserve
exploitable structure, such as low-rank, compositional, or contact-induced regular-
ities, so that action retrieval and trajectory generation can be performed efficiently.
Through this perspective, robots can better bridge the gap between high-level task
approximation and the low-level motion dexterity required for real-world physical
interaction.
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2 Background

This chapter reviews the mathematical foundations underlying tensor networks and
presents background on planning, control and learning for contact-rich manipulation.
The objective of this chapter is to provide the theoretical foundation necessary for the
subsequent developments in this thesis, while also reviewing established methodolo-
gies in the field.

2.1 Matrix Factorization and Tensor Networks

2.1.1 Matrix Factorization

Matrix factorization provides the simplest form of function structure exploitation.
Consider a bivariate function

f(x, y),

defined over compact domains Ωx ⊂ Rdx and Ωy ⊂ Rdy . After discretization over grids
{xi}ni=1 and {yj}mj=1, the function can be represented as a matrix

Fij = f(xi, yj).

A rank-r matrix factorization seeks an approximation of the form

F ≈ UV ⊤, U ∈ Rn×r, V ∈ Rm×r,
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which is equivalent to the functional approximation

f(x, y) ≈
r∑

k=1
ϕk(x)ψk(y),

where ϕk(xi) = Uik and ψk(yj) = Vjk.

Computational Advantage.

A dense matrix representation requires storing nm entries. In contrast, a rank-r ap-
proximation stores only the factor matrices, requiring

r(n+m)

parameters. When r ≪ min(n,m), the storage cost is reduced from quadratic to linear
scaling in the problem dimension.

Beyond storage reduction, the factorized representation also enables more structured
computation and search. Instead of operating on the entire n×m grid, algorithms can
exploit the separable form

Fij ≈
r∑

k=1
ϕk(xi)ψk(yj)

and perform optimization over the lower-dimensional factors. As a result, operations
that would otherwise require examining all nm entries can often be carried out with
complexity on the order of O(r(n+m)).

When extended to higher-dimensional tensors, this principle becomes crucial for
avoiding the exponential scaling that arises from enumerating all combinations of
variables.

In summary, matrix factorization embodies the core principles of variable separation
and structured approximation, offering both computational efficiency and physical
interpretability. Tensor networks generalize this idea to high-dimensional functions.

2.1.2 Tensor and Tensor Networks

A multivariate function f(x1, . . . , xd) defined on a Cartesian product domain I1×· · ·×Id

can be discretized into a tensor F ∈ Rn1×···×nd by sampling it on a tensor-product grid:
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F i1,...,id
= f(xi1

1 , . . . , x
id
d ), ik ∈ {1, . . . , nk}.

The storage complexity of F scales as

O
(

d∏
k=1

nk

)
,

which grows exponentially with dimension d. Such scaling becomes prohibitive in
high-dimensional problems arising in robotics, including trajectory optimization and
value function approximation.

Tensor networks (TNs) (Orús, 2019) address this challenge by representing F in a
structured form. Originally developed in quantum physics for modeling many-body
systems, they exploit localized correlations among subsystems, allowing the global
wavefunction to be factorized into a network of low-rank tensors that capture the
dominant local dependencies.

Figure 2.1: Basic diagrammatic notation for tensor networks. Each tensor is represented
as a node, with its indices encoded by the connected edges. The number of such edges
therefore defines the tensor order. Subfigures (a)–(d) illustrate tensors of various orders,
ranging from vectors and matrices to higher-order cases.

Common TNs include Canonical Polyadic (CP) (Kolda and Bader, 2009), Tucker (Tucker,
1966), Tensor Train (TT) (Oseledets, 2011a), and Hierarchical Tucker (HT) decomposi-
tions (Grasedyck, 2010). Tensor diagrams present a convenient way to describe them,
as illustrated in Fig. 2.3, with the associated symbols and contraction operations shown
in Fig. 2.1 and Fig. 2.2. TNs have recently gained significant attention across diverse
disciplines, including machine learning (Rabanser et al., 2017), computer vision (Yang
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Figure 2.2: Tensor contraction operations. (a) Matrix–vector multiplication, resulting
in a vector. (b) Matrix–matrix multiplication, producing a matrix. (c) Contraction
between two third-order tensors, resulting in a fourth-order tensor. In these subfigures,
edges connecting nodes represent shared indices over which summation is performed
during contraction.
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Figure 2.3: Tensor networks. Using tensor diagrams and contraction operations, vari-
ous tensor networks can be represented, such as (a) Tensor Train (TT), (b) Canonical
Polyadic (CP), (c) Tucker, and (d) Hierarchical Tucker (HT) decompositions. Given a
high-dimensional tensor, TT represents it as a sequence of small third-order tensor
cores, while CP expresses it as a sum of rank-1 components. Tucker decomposition
represents it using a core tensor G together with factor matrices along each mode,
and HT organizes it into a tree-structured network. For further background on tensor
networks, we refer to (Orús, 2019; Biamonte and Bergholm, 2017; Cichocki et al., 2016).
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et al., 2017), and control theory (Horowitz et al., 2014; Gorodetsky et al., 2015), owing
to their ability to efficiently represent high-dimensional functions, exploit structured
dependencies, and enable scalable computation. For further details, we refer the
reader to (Biamonte and Bergholm, 2017; Cichocki et al., 2016).

Among the various types of TNs, Tensor Train (TT) is particularly appealing due to its
linear scaling with the problem dimension, strong numerical stability, and its ability to
capture separable structures for efficient optimization. Accordingly, this thesis adopts
TT as the core computational tool. Specifically, TT represents a high-dimensional
tensor F as a sequence of small third-order cores, where each entry is expressed as

F(i1, . . . , id) = F1
:,i1,:F2

:,i2,: · · ·Fd
:,id,:, ik ∈ {1, . . . , nk},

where

Fk
:,ik,: ∈ Rrk−1×rk , r0 = rd = 1,

and {rk}d−1
k=1 are called the TT-ranks. Figure 2.4 presents TT decomposition for 3D and

4D tensors.

2.1.3 Function Approximation in Tensor Train Format

Algorithms such as TT-SVD (Oseledets, 2011b) and TT-Cross (Oseledets and Tyrtysh-
nikov, 2010; Savostyanov and Oseledets, 2011) provide practical frameworks for ap-
proximating multivariate functions in TT format.

TT-SVD constructs the decomposition through successive matricizations and trun-
cated singular value decompositions, yielding quasi-optimal low-rank approximations
but requiring access to the full tensor.

TT-Cross, in contrast, avoids full tensor evaluation by constructing the TT representa-
tion from adaptively selected tensor entries. Based on cross approximation and the
maximum-volume principle, TT-Cross identifies informative rows and columns of un-
folding matrices and interpolates the remaining entries. This approach is particularly
effective when F is defined by known or analytically derived functions.
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2.1 Matrix Factorization and Tensor Networks

Figure 2.4: Tensor Train (TT) decomposition for 3D and 4D tensors. TT extends matrix
decomposition to higher-order tensors, where each tensor entry can be obtained by
multiplying the corresponding slices of the TT cores.

2.1.4 Algebraic Operations over Tensor Train

A central advantage of TT is that many algebraic operations can be performed directly
on tensor cores without reconstructing the full tensor. This property is essential in
high-dimensional optimization and control, where repeated algebraic manipulations
are required.

Let F and G be two tensors in TT format with cores {Fk} and {Gk} and TT-ranks {rk}
and {sk}, respectively.

Addition. The sum
H = F + G

can be represented in TT format by block-diagonal concatenation of cores:

Hk
:,ik,: =

[
Fk

:,ik,: 0
0 Gk

:,ik,:

]
.
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The resulting TT-ranks satisfy
r

(H)
k = rk + sk.

After addition, TT-rounding can be applied to reduce ranks while controlling approxi-
mation error.

Hadamard (Element-wise) Product. The element-wise product

H(i1, . . . , id) = F(i1, . . . , id)G(i1, . . . , id)

admits a TT representation with cores

Hk
:,ik,: = Fk

:,ik,: ⊗ Gk
:,ik,:,

where⊗ denotes the Kronecker product.

The TT-ranks multiply:

r
(H)
k = rksk.

The Hadamard product is particularly important in nonlinear cost construction, likeli-
hood weighting, and pointwise Bellman updates.

Inner Product and Norm. For two tensors F and G defined on the same discrete
domain, the inner product is defined as

⟨F ,G⟩ =
∑

i1,...,id

F(i1, . . . , id)G(i1, . . . , id).

When the tensors are represented in TT format, this inner product can be computed
efficiently by sequentially contracting the corresponding TT cores. Let Fk and Gk

denote the k-th TT cores with ranks rk and sk, respectively. The contraction proceeds
along the dimensions and produces intermediate matrices whose sizes depend on the
TT ranks. The computational complexity is

O
(

d∑
k=1

nkrk−1rksk−1sk

)
,
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2.1 Matrix Factorization and Tensor Networks

which scales linearly with the tensor order d when the TT ranks remain moderate.

The Frobenius norm of a tensor follows directly from the inner product with itself,

∥F∥F =
√
⟨F ,F⟩

=

 ∑
i1,...,id

F(i1, . . . , id)2

1/2

=

 ∑
i1,...,id

(
F1

:,i1,: · · ·Fd
:,id,:

)2
1/2

.

(2.1)

Both the inner product and the Frobenius norm can therefore be evaluated through
successive contractions of the TT cores without explicitly forming the full tensor.

Tensor Contraction and Marginalization. Summation over selected indices can be
performed by contracting the corresponding core:

∑
ik

Fk
:,ik,:.

This operation is fundamental in:

• Marginalization of probability tensors,

• Bellman backup operations,

• Integration over uncertainty.

Linear Operator Application. Let A be a linear operator represented in TT format.
The product

H = AF

can be computed by contracting corresponding cores, leading to TT-ranks that scale
multiplicatively. This enables efficient solution of high-dimensional linear systems
and operator equations entirely within TT format.
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Rank Growth and TT-Rounding. Most algebraic operations increase TT-ranks. TT-
rounding applies successive SVD truncations to ensure

∥F −F rounded∥ ≤ ε,

while restoring compactness.

These algebraic capabilities allow optimization algorithms, dynamic programming
updates, and probabilistic inference to be performed directly in compressed form,
which is crucial for addressing the challenges of contact-rich manipulation.

2.1.5 Continuous Function Approximation in TT Format

Given a TT representation of the discretized tensor F , one can extend it to approximate
the continuous function f through interpolation across tensor cores.

For example, using linear interpolation between adjacent slices,

F k(xk) = xk − xik
k

xik+1
k − xik

k

Fk
:,ik+1,: + xik+1

k − xk

xik+1
k − xik

k

Fk
:,ik,:,

for xik
k ≤ xk ≤ xik+1

k .

The resulting approximation takes the form

f(x1, . . . , xd) ≈ F 1(x1)F 2(x2) · · ·F d(xd),

allowing efficient evaluation of high-dimensional functions defined on mixed dis-
crete–continuous domains.

2.1.6 Tensor Optimization

When a function defined on a discretized domain is represented in TT format, its values
naturally define a probability distribution over the domain, providing a mechanism for
exploring large combinatorial spaces without explicit enumeration. The TT structure
enables probabilistic operations, such as sampling and conditional inference, to be
performed efficiently via tensor contractions.
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In this section, we introduce the concept of TT distribution, describe how to efficiently
generate samples from it, and discuss how conditioning can be performed.

TT Distribution

Consider a tensorFFF represented in TT format that approximates a function f defined
over a discretized domain X ⊂ Ωx. Such a representation allows the function values to
be stored compactly through a sequence of low-rank TT cores.

From this tensor representation, one can naturally define a probability distribution
over the discretized domain. In particular, we introduce the TT distribution defined as

p(x) = F
FF 2

x
Z
, x ∈ X , (2.2)

where the normalization constant

Z =
∑
x∈X
FFF 2

x (2.3)

ensures that p(x) forms a valid probability distribution. The squared form guarantees
non-negativity of the resulting probabilities.

A key benefit of TT is its separable structure. Because the tensor is factorized into a
sequence of TT cores, many operations on the induced probability distribution can
be performed efficiently through tensor contractions. In particular, sampling from
the TT distribution can be carried out without explicitly computing the normalization
constant Z. When required, Z itself can also be evaluated efficiently using TT-based
summation operations, as described in (2.1).

Sampling from TT Distribution

Sampling from a TT distribution can be performed sequentially using the factorization
of the joint distribution into conditional distributions:

p(x1, . . . , xd) = p1(x1) p2(x2 | x1) · · · pd(xd | x1, . . . , xd−1). (2.4)

Each conditional can be expressed in terms of marginals

pk(xk | x1, . . . , xk−1) = mk(x1, . . . , xk)
mk−1(x1, . . . , xk−1) , (2.5)
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where
mk(x1, . . . , xk) =

∑
xk+1

· · ·
∑
xd

p(x1, . . . , xd), m0 = 1. (2.6)

Therefore, samples can be generated recursively as

xk ∼ pk(xk | x1, . . . , xk−1), k = 1, . . . , d. (2.7)

Direct evaluation of the marginals in (2.6) would require summation over exponentially
many tensor entries. However, when p(x) is represented in TT format, the marginal
can be computed efficiently by contracting the TT cores:

mk(x1, . . . , xk) =
∑
xk+1

· · ·
∑
xd

p(x)

≈
∑
xk+1

· · ·
∑
xd

FFFx

= FFF1
:,x1,: · · ·FFFk

:,xk,:

( ∑
xk+1

FFFk+1
:,xk+1,:

)
· · ·
(∑

xd

FFFd
:,xd,:

)
. (2.8)

Thus, the high-dimensional summation reduces to a sequence of low-dimensional
contractions over the TT cores. This structure enables sampling complexity that scales
linearly with the number of dimensions, rather than exponentially. In practice, algo-
rithms such as Tensor-Train Conditional Distribution (TT-CD) sampling (Dolgov et al.,
2020) exploit this property to efficiently generate exact samples from TT distribution.

Conditional TT Distribution

The TT representation also enables efficient conditioning on subsets of variables.
Let the variable vector be partitioned as x = (y1,y2), where y1 contains the first d1
variables and y2 contains the remaining variables. Given a fixed assignment y1 = yt, a
conditioned TT tensorFFFyt can be obtained by selecting the corresponding slices from
the first d1 TT cores while leaving the remaining cores unchanged:

(FFFyt)k =

FFF
k
:,ytk

,:, k = 1, . . . , d1,

FFFk, k = d1 + 1, . . . , d.
(2.9)

This conditioned tensor defines a distribution over y2,

p(y2 | y1 = yt) = |F
FFyt

y2 |
Z1

, (2.10)
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where Z1 is the corresponding normalization constant. Hence, conditioning reduces
to slicing the relevant TT cores, which makes conditional inference and conditional
sampling computationally efficient.

The TT framework introduced here forms the basis for the optimization and sampling
strategies developed in the following chapters.

2.2 Task and Motion Planning

Robot manipulation often require reasoning at multiple levels of abstraction. At the
high level, a robot must determine a sequence of discrete actions such as grasping,
placing, or switching contact modes. At the low level, these actions must be realized
through continuous robot motions that satisfy geometric, kinematic, and dynamic
constraints. The problem of jointly solving these discrete and continuous decisions is
commonly referred to as Task and Motion Planning (TAMP).

TAMP problems are inherently challenging because symbolic task decisions and ge-
ometric feasibility are tightly coupled. A high-level task plan may be logically valid
but geometrically infeasible due to collisions or kinematic limitations. Conversely,
feasible motion plans may depend on specific symbolic decisions such as grasp choices
or contact modes. As a result, solving TAMP problems typically requires integrating
symbolic reasoning with continuous motion planning (Garrett et al., 2021).

Existing approaches to TAMP can be broadly categorized into sampling-based methods
and optimization-based methods. These two paradigms differ primarily in how they
explore the combined symbolic and geometric search space.

2.2.1 Sampling-based Task and Motion Planning

Sampling-based approaches address TAMP by interleaving symbolic planning with
geometric sampling. In these methods, a symbolic planner generates candidate action
sequences while geometric feasibility is evaluated through sampling-based procedures.

Early work such as FFRob (Garrett et al., 2018) integrates symbolic planning with
sampling-based motion planning by lazily sampling geometric parameters such as
grasps, placements, and robot configurations. More recent frameworks such as PDDL-
Stream (Garrett et al., 2020) generalize this idea by allowing symbolic planners to
invoke external generators that produce geometric samples on demand.

These methods are attractive because they can leverage powerful symbolic planners
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and probabilistically complete motion planning algorithms. However, they often rely
on extensive sampling and repeated feasibility checks, which may become computa-
tionally expensive in problems with high-dimensional continuous spaces or complex
contact interactions.

2.2.2 Optimization-based Task and Motion Planning

Optimization-based approaches formulate TAMP as a mathematical program that
jointly optimizes continuous trajectories and discrete task decisions. In this paradigm,
the goal is to directly solve for trajectories that satisfy geometric constraints while
achieving task objectives.

One prominent framework in this category is Logic-Geometric Programming (LGP)
(Toussaint, 2015), which integrates first-order logic into a mathematical program for
addressing TAMP problems. The general formulation is as follows: Given a logic L, a
knowledge baseK ∈ L, and an objective function l(x) over geometric configurations
x ∈ X , the logic-geometric program can be expressed as:

min
x,κ

l(x) s.t. κ |= K, g(x, κ) ≤ 0, h(x, κ) = 0, (2.11)

where |= represents logical implication, indicating thatK is satisfied once the logical
statement κ is True. This defines the associated equality and inequality constraints:
g(x, κ) ≤ 0 and h(x, κ) = 0.

Optimization-based methods can exploit gradient information and structured con-
straints to efficiently solve high-dimensional motion planning problems. Moreover,
they naturally support reasoning about contact dynamics, trajectory smoothness, and
task objectives within a unified framework. However, these methods often require care-
ful initialization and may suffer from local minima in highly nonconvex optimization
problems.

2.3 Optimal Control

Optimal control provides a principled framework for computing control inputs that
minimize a cost while satisfying the system dynamics. In robotics, optimal control
methods are widely used for motion planning, trajectory optimization, and feedback
control.
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Consider a discrete-time dynamical system

xk+1 = f(xk,uk), (2.12)

where xk ∈ Rnx denotes the system state and uk ∈ Rnu denotes the control input at
time step k. Given an initial state x0, the goal is to compute a sequence of control
inputs {u0, . . . ,uT −1} that minimizes the cumulative cost

min
{uk}

T −1∑
k=0

ℓ(xk,uk) + ℓT (xT ) (2.13)

subject to the system dynamics.

The approaches can broadly be categorized into gradient-based methods, which ex-
ploit derivative information of the dynamics and cost functions, and gradient-free
methods, which explore the control space through sampling or stochastic search.

2.3.1 Gradient-Based Methods

Gradient-based optimal control methods exploit derivative information of the dy-
namics and cost functions to iteratively improve a candidate trajectory. When the
dynamics are smooth and differentiable, these methods typically achieve fast con-
vergence and high solution accuracy. Depending on how the trajectory optimization
problem is formulated, gradient-based approaches are commonly categorized into
shooting methods and collocation methods.

Shooting Methods

Shooting methods treat the control sequence as the primary optimization variable.
Starting from an initial control sequence u = {u0, . . . ,uT −1}, the state trajectory is
obtained by propagating the system dynamics

xk+1 = f(xk,uk), (2.14)

which produces the corresponding state trajectory x = {x0, . . . ,xT }.

The optimal control problem can therefore be written as an optimization over the
control sequence

min
u

T −1∑
k=0

ℓ(xk,uk) + ℓT (xT ), (2.15)
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where the states are obtained through forward simulation of the dynamics.

Among shooting methods, Differential Dynamic Programming (DDP) (Jacobson and
Mayne, 1970) is one of the most widely used algorithms. DDP iteratively improves a
nominal trajectory by performing a backward pass followed by a forward rollout.

During the backward pass, the value function is approximated locally using a second-
order Taylor expansion around the nominal trajectory

V (xk + δxk) ≈ Vk + V ⊤
x δxk + 1

2δx
⊤
k Vxxδxk. (2.16)

Similarly, the local Q-function is approximated as

Q(δxk, δuk) = Q0 +Q⊤
x δxk +Q⊤

u δuk + 1
2

[
δxk

δuk

]⊤ [
Qxx Qxu

Qux Quu

] [
δxk

δuk

]
. (2.17)

Minimizing this quadratic model yields the control update

δuk = kk + Kkδxk, (2.18)

where kk is the feedforward term and Kk is the feedback gain.

The forward pass then applies the updated control law

uk ← uk + αkk + Kk(xk − x̄k) (2.19)

to generate an improved trajectory.

DDP and its variants, such as the iterative Linear Quadratic Regulator (iLQR) (Li and
Todorov, 2004), have become popular in robotics due to their computational efficiency
and their ability to handle nonlinear dynamics. These methods have been success-
fully applied to a wide range of robotic control problems including locomotion and
manipulation.

However, gradient-based shooting methods rely on smooth system dynamics and accu-
rate gradient information. In contact-rich manipulation tasks, the presence of hybrid
contact modes and nonsmooth dynamics can lead to highly non-convex optimization
landscapes, making these methods sensitive to initialization.
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Collocation Methods

Direct collocation methods (Hargraves and Paris, 1987) discretize both the system
states and control inputs and treat them as optimization variables in a large-scale
nonlinear program. The optimal control problem can be written as

min
{xk,uk}

T −1∑
k=0

ℓ(xk,uk) + ℓT (xT ) (2.20)

s.t. xk+1 = f(xk,uk), (2.21)

xk ∈ X , uk ∈ U . (2.22)

In practice, the dynamics constraints are enforced at a set of collocation points using
numerical integration schemes such as Euler or trapezoidal integration.

Compared with shooting methods, collocation approaches can provide better numeri-
cal stability for long planning horizons because the state trajectory is optimized directly
rather than obtained purely through forward simulation, but they typically lead to
larger nonlinear optimization problems due to the introduction of additional decision
variables and constraints, which can increase computational cost and complicate the
treatment of hybrid or nonsmooth dynamics.

2.3.2 Gradient-Free Methods

Gradient-free optimization methods do not require derivatives of the objective or the
system dynamics. Instead, they explore the control space using sampling or stochastic
search strategies. Such methods are often more robust to non-smooth dynamics and
discontinuous cost functions, which commonly arise in contact-rich manipulation.

Monte Carlo Tree Search

Monte Carlo Tree Search (MCTS) is a sampling-based algorithm for sequential deci-
sion making Browne et al. (2012). It incrementally builds a search tree by balancing
exploration and exploitation during node selection.

At each step, the next node is selected according to the upper confidence bound (UCB)
criterion

i∗ = arg max
i

(
wi

vi
+ c

√
log vp

vi

)
, (2.23)

27



Chapter 2. Background

where wi denotes the accumulated reward of node i, vi is the visit count of node i, vp

is the visit count of its parent node, and c is a constant that balances exploration and
exploitation.

After node selection, the algorithm expands the search tree, performs a rollout sim-
ulation to estimate the outcome of the selected action, and propagates the resulting
reward back through the tree.

MCTS has been successfully applied to problems with large discrete action spaces
and combinatorial decision structures, including planning problems involving hybrid
contact modes.

Cross-Entropy Method

The Cross-Entropy Method (CEM) is a stochastic optimization algorithm that itera-
tively updates a sampling distribution over candidate solutions (Rubinstein, 1999).
At iteration t, a set of candidate solutions {u(i)}Ni=1 is sampled from a parameterized
distribution

u(i) ∼ p(u;θt). (2.24)

After evaluating the objective function, the parameters of the distribution are updated
using the elite samples with the highest rewards. For a Gaussian distribution p(u;θ) =
N (µ,Σ), the update rule becomes

µt+1 = 1
K

∑
i∈E

u(i), (2.25)

Σt+1 = 1
K

∑
i∈E

(
u(i) − µt+1

) (
u(i) − µt+1

)⊤
, (2.26)

where E denotes the set of elite samples.

CEM has been widely used in trajectory optimization and model predictive control
due to its simplicity and robustness to nonsmooth objective landscapes.

Covariance Matrix Adaptation Evolution Strategy

Covariance Matrix Adaptation Evolution Strategy (CMA-ES) is a population-based
evolutionary algorithm that adapts the covariance matrix of a Gaussian sampling
distribution (Hansen et al., 2003). At iteration t, candidate solutions are sampled
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according to
u(i) ∼ N (mt, σ

2
t Ct), (2.27)

where mt is the mean, σt is the step size, and Ct is the covariance matrix.

The distribution parameters are then updated using the best-performing samples

mt+1 =
µ∑

i=1
wiu

(i), (2.28)

while the covariance matrix is adapted to capture correlations between decision vari-
ables.

By adapting the covariance matrix, CMA-ES can efficiently explore high-dimensional
parameter spaces and has been applied to policy optimization and trajectory optimiza-
tion problems where gradient information is unavailable or unreliable.

Although gradient-free methods are typically more robust to discontinuities and nons-
mooth dynamics, they often require a large number of function evaluations and may
become computationally expensive in high-dimensional control problems.

2.4 Robust Policy Learning

Learning-based control has become an increasingly important approach for complex
robotic manipulation tasks. In particular, reinforcement learning (RL) (Sutton and
Barto, 2018) enables robots to acquire control policies through trial-and-error interac-
tions with the environment. However, obtaining large amounts of real-world data for
robot learning is often time-consuming, expensive, and potentially unsafe. As a result,
a common paradigm is to train control policies in simulation and transfer them to real
robotic systems (Peng et al., 2018).

A major challenge in this paradigm is the sim-to-real gap. Simulation models inevitably
differ from real-world dynamics due to modeling inaccuracies, unmodeled contacts,
sensor noise, and unknown physical parameters such as friction coefficients or object
masses. These discrepancies can significantly degrade the performance of policies
trained purely in simulation when deployed on real robots. To address this challenge,
several approaches have been proposed to improve the robustness and transferability
of learned control policies.
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2.4.1 Domain Randomization

Domain randomization is one of the most widely used approaches for sim-to-real
transfer. Instead of training a policy under a single simulation model, domain random-
ization introduces random variations in key environment parameters during training,
such as masses, friction coefficients, sensor noise, and other physical properties (Tobin
et al., 2017). By exposing the policy to a diverse range of simulated conditions, the
learned controller is encouraged to develop behaviors that generalize across variations
in system dynamics.

While domain randomization can improve generalization, it often requires specify-
ing distributions over environment parameters. In practice, these distributions are
typically chosen heuristically, for example using uniform or Gaussian sampling. Such
assumptions may lead to overly conservative policies that must perform reasonably
well across many possible environments, sometimes resulting in suboptimal or high-
variance behaviors.

2.4.2 Domain Adaptation

Domain adaptation seeks to reduce the discrepancy between simulation and the real
world by leveraging data from the target environment. When the target domain is
known and specific, domain adaptation can be an effective approach for improving
transfer performance (Bousmalis et al., 2018; Arndt et al., 2020; Chebotar et al., 2019).
These methods typically use real-world observations to adapt policies or system repre-
sentations learned in simulation, for example through system identification, feature
alignment, or policy fine-tuning.

However, domain adaptation often relies on domain-specific data collected from the
target environment. As a result, the learned policies may become specialized to a
particular environment, limiting their ability to generalize to other scenarios with
different dynamics or physical conditions.

2.4.3 Rapid Motor Adaptation

More recently, rapid motor adaptation (RMA) (Yu et al., 2017), also known as the
teacher–student policy framework (Lee et al., 2020a), has emerged as an effective ap-
proach for learning robust control policies and has demonstrated strong performance
in both locomotion (Kumar et al., 2021) and manipulation (Qi et al., 2023) tasks.

In this paradigm, a teacher policy is first trained in simulation under a diverse set of
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environment parameters, such as variations in mass, friction, or external disturbances.
A student policy is then trained to imitate the teacher’s behavior while receiving a
compact embedding derived from recent proprioceptive observations. This embed-
ding is produced by an adaptation module that processes a short history of sensor
measurements and encodes them into a latent representation. The latent embedding
implicitly captures information about the underlying environment dynamics, such as
unmodeled physical parameters or external perturbations.

During execution, the adaptation module continuously updates this latent represen-
tation from incoming observations, allowing the policy to adjust its actions online
as the environment changes. As a result, the learned controller can rapidly adapt to
variations in physical parameters without requiring explicit system identification.

Despite its empirical success, rapid motor adaptation typically requires an additional
training stage for the student policy, resulting in a more complex training pipeline and
potential performance degradation due to imperfect teacher imitation.

2.5 Generative Models for Imitation Learning

Imitation learning aims to learn a policy directly from demonstration data without re-
quiring explicit reward engineering. In this setting, generative models provide a flexible
way to represent multimodal action distributions conditioned on observations, which
is particularly useful in contact-rich manipulation where multiple action sequences
can yield successful outcomes.

2.5.1 Diffusion Models for Policy Learning

Diffusion models learn data distributions through a gradual noising and denoising pro-
cess (Ho et al., 2020; Song et al., 2021b). Let u0 ∈ RH×du denote a clean action trajectory
sampled from expert demonstrations or an offline dataset, where H is the prediction
horizon and du is the action dimension. A forward diffusion process progressively
perturbs u0 by adding Gaussian noise:

q(uk | uk−1) = N
(√

1− βk uk−1, βkI
)
, k = 1, . . . ,K, (2.29)

where uk denotes the noisy action trajectory at diffusion step k, K is the total number
of diffusion steps, and {βk}Kk=1 is a predefined variance schedule. Equivalently, uk can
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be written in closed form as

uk = αku0 + σkϵ, ϵ ∼ N (0, I), (2.30)

where

αk =
√
ᾱk, σk =

√
1− ᾱk, ᾱk =

k∏
j=1

(1− βj).

A neural network parameterized by θ is then trained to approximate the reverse-time
denoising process and recover samples from the data distribution.

For conditional policy generation, the denoising model is conditioned on the observa-
tion history h and predicts either the injected noise or the clean action trajectory. A
common training objective is

Ldiff = Ek,u0,ϵ,h

[
∥ϵ− ϵθ(αku0 + σkϵ, k|h)∥22

]
, (2.31)

where ϵθ denotes the neural denoising model with parameters θ. At inference time,
action trajectories are generated by initializing from Gaussian noise and iteratively
applying the learned denoising model conditioned on h.

Diffusion-based imitation policies have shown strong empirical performance in vi-
suomotor imitation learning due to their ability to represent multimodal action dis-
tributions and capture complex contact-rich behaviors (Chi et al., 2024; Wang et al.,
2022).

2.5.2 Flow Matching for Policy Learning

Flow matching provides an alternative continuous-time formulation for training gener-
ative models (Lipman et al., 2023b; Liu et al., 2023). Instead of simulating a stochastic
reverse diffusion process, it learns a time-dependent velocity field that transports a
simple prior distribution to the target action distribution. Let ut be a trajectory state at
time t ∈ [0, 1]. The generation process is described by an ordinary differential equation
(ODE)

dut

dt
= vθ(ut, t|h). (2.32)

Using a prescribed probability path, such as linear interpolation between noise u0 and
data sample u1,

ut = (1− t)u0 + tu1, u̇t = u1 − u0, (2.33)
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the model is trained by regressing the target velocity field:

LFM = Et,u0,u1,h

[
∥vθ(ut, t|h)− (u1 − u0)∥22

]
. (2.34)

Compared with diffusion sampling, flow matching often enables faster generation
because trajectories can be produced with a small number of ODE solver steps while
maintaining high sample quality. This advantage is attractive for receding-horizon con-
trol, where action generation must run in real time. Recent work has begun applying
flow-matching policies to robot manipulation, demonstrating promising performance
for contact-rich tasks (Zhang and Gienger, 2024; Black et al., 2024).
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3 A Preliminary Study of Contact-
rich Manipulation

This chapter presents planar pushing with face-
switching as a representative task for studying contact-
rich manipulation. The resulting dynamics are highly
nonlinear, involving multiple contact modes and un-
certain physical parameters, making the task a com-
pact yet expressive testbed for investigating the funda-
mental complexities of contact-rich interactions.
To address these challenges, we develop a demonstration-guided optimal control
framework that leverages human demonstrations to guide trajectory optimiza-
tion and mitigate local minima. The proposed approach is validated through
both simulation and real-world experiments on a pusher–slider system using a
Franka Emika robot. Beyond demonstrating effective manipulation behaviors,
this study highlights inherent computational challenges, thereby motivating the
methodologies developed in the subsequent chapters of this dissertation.

Publication Note

The material presented in this chapter is adapted from the following publication.
• Xue, T., Girgin, H., Lembono, T. S., and Calinon, S. (2023b). Demonstration-guided

optimal control for long-term non-prehensile planar manipulation. In Proc. IEEE
Intl Conf. on Robotics and Automation (ICRA), pages 4999–5005.

Supplementary materials related to this chapter are available at: https://sites.google.
com/view/dg-oc/.
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Chapter 3. A Preliminary Study of Contact-rich Manipulation

3.1 Introduction

Contact-rich manipulation, which refers to manipulating objects through rich contact
interactions with the robot or environment, has attracted significant attention. Such
tasks require robots to continuously identify and adapt to contact conditions during
interaction. Given the challenges of contact-rich manipulation as described in Chapter
1, it is important to first study a representative contact-rich manipulation task that
captures the essential properties of hybrid contact interactions while remaining suffi-
ciently structured for systematic analysis. Non-prehensile manipulation, especially
planar pushing, has long been regarded as a canonical benchmark for studying contact-
rich manipulation (Mason, 1986, 2001a), as it exhibits underactuated dynamics, hybrid
contact modes, and uncertainty of frictional parameters. In this chapter, we introduce
a planar pushing task with face-switching mechanism, which allows separation be-
tween the pusher and the slider as well as transitions between different contact faces,
thereby extending prior settings (Hogan and Rodriguez, 2020a; De Moura et al., 2022)
to more complex hybrid dynamics, characterized by the following key properties:

• Underactuated dynamics. Due to the unilateral nature of contact and the friction
cone constraint, the pusher can only exert a limited range of forces on the slider.
This restriction makes it impossible to command arbitrary accelerations, leading
to underactuated motion.

• Hybrid contact modes. The face-switching pusher–slider system involves mul-
tiple interaction modes, including separation, sticking, sliding up, and sliding
down, as well as transitions between different contact faces (left, bottom, right,
and top). As a result, solving the task requires reasoning over both discrete vari-
ables (contact modes and faces) and continuous variables (contact locations).

• Contact uncertainty. Frictional interactions between the pusher, the object,
and the supporting surface are difficult to model accurately, making it neces-
sary to incorporate feedback mechanisms that enable online adaptation during
execution.

The existence of both continuous and discrete variables characterizes the hybrid
nature of contact, making it challenging for gradient-based optimization algorithms
(De Moura et al., 2022). On the other hand, gradient-free methods like tree search
(Doshi et al., 2020) have the ability to perform long-term global planning, but can
struggle with the vast number of potential contact modes. Human decision-making,
conversely, excels at discrete decisions. Integrating human demonstration into the
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Figure 3.1: System setup where the robot pushes an object with changes of contact
points.

hybrid optimization framework could greatly enhance its convergence towards near-
optimal solutions.

In this chapter, we propose a hybrid framework that integrates optimization with
learning from demonstrations to mitigate the issue of poor local optima, a common
challenge in many state-of-the-art solvers. Specifically, we first develop an interface 1

that enables a human to guide the robot in pushing a cube toward the target, where
discrete decision variables are implicitly encoded through the continuous motion of the
robot end-effector. We then use the collected demonstrations to guide optimization,
facilitating efficient exploration of the solution space. In addition, we introduce a
real-time feedback controller to account for model mismatch and contact uncertainty
during physical interaction.

1https://sites.google.com/view/dg-oc/

37

https://sites.google.com/view/dg-oc/


Chapter 3. A Preliminary Study of Contact-rich Manipulation

3.2 Related Work

In this section, we discuss some related work on dynamics modeling, multi-stage
motion planning, and robot learning from demonstration.

Non-prehensile manipulation has long been studied as a challenging benchmark for
planning and control (Mason, 1999), with the pusher–slider system being a represen-
tative example. Under the quasi-static assumption (Goyal et al., 1989) and the limit
surface model (Lee and Cutkosky, 1991), early research predominantly focused on
offline open-loop planning. Building on friction-cone analysis for sticking and sliding
behaviors (Mason, 1986), Lynch et al. (Lynch et al., 1992) derived analytical methods
for computing object velocities via the motion cone, which was later extended into a
geometric path planner to sequence discrete transitions between contact faces (Lynch
and Mason, 1996). This framework successfully enables the synthesis of open-loop
stable pushing paths with face switching. More recently, Hogan et al. shifted the focus
to online reactive control within the quasi-static regime, leveraging piecewise affine
dynamics to actively control both sticking and sliding behaviors (Hogan and Rodriguez,
2020a; Hogan et al., 2018). While robust, their framework restricts the pusher to a
single pre-designated face, losing the multi-face mobility explored in earlier geometric
planners. In this chapter, we bridge this gap by extending Hogan et al.’s framework
into a unified quasi-static optimal control formulation. We model face-switching and
intermittent contact as an integrated hybrid system, allowing the robot to reason about
sliding control and multi-face transitions simultaneously.

Deploying such a hybrid formulation for long-horizon planar pushing requires simul-
taneously reasoning over discrete interaction modes and geometric variables, while
seamlessly integrating planning with feedback control. For example, Hogan et al.
(Hogan and Rodriguez, 2020a) incorporated interaction mode selection into a model
predictive control (MPC) framework using mixed-integer programming (MIP). While
this formulation jointly optimizes discrete and continuous variables, the non-convexity
introduced by integer variables leads to high computational cost, making it difficult
to deploy in high-frequency feedback control. To mitigate this issue, an offline clas-
sifier has been proposed to predict mode sequences (Hogan et al., 2018), though the
required training data grows rapidly as the number of interaction modes and contact
faces increases. Moreover, these approaches rely on short-horizon MPC, limiting their
ability to reason over long-horizon manipulation tasks involving separation modes
or face switching. Alternatively, the problem can be formulated as a mathematical
program with complementarity constraints (MPCC) (De Moura et al., 2022), which
improves convergence for planning and disturbance recovery but remains susceptible
to poor local optima due to smoothing and relaxation.
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Another line of work addresses the combinatorial structure of hybrid manipulation
through search-based planning, in which symbolic action sequences are explored while
geometric variables are optimized (Simeonov et al., 2021; Toussaint, 2015; Migimatsu
and Bohg, 2020). In the context of non-prehensile manipulation, a fixed-depth search
tree has been used to determine hybrid switches, together with a hybrid Differential
Dynamic Programming (DDP) solver for continuous optimization (Doshi et al., 2020).
Similarly, Cheng et al. (2023) used Monte Carlo Tree Search to construct a hierarchical
contact exploration framework that decomposes planning into multiple abstraction
levels, enabling more global reasoning over the contact space without enumerating
all mode sequences upfront. However, such search-based approaches are vulnerable
to the exponential growth of contact modes, leading to substantial computational
complexity and limiting their applicability to real-time feedback control.

In contrast to purely optimization-based approaches, humans often rely on experience
to efficiently select promising strategies, particularly for discrete decisions. Learning
from Demonstration (LfD) has therefore been widely studied as a way to leverage
human expertise for robot motion generation (Billard et al., 2016; Calinon and Lee,
2019). LfD methods aim to extract motion patterns from demonstrations and gen-
eralize them to new situations. Various techniques have been proposed to encode
demonstrations, including Dynamic Movement Primitives (DMP) (Ijspeert et al., 2013),
Gaussian Mixture Regression (GMR) (Calinon and Lee, 2019), and task-parameterized
probabilistic models (Calinon, 2018). Among these methods, the K-nearest neighbor
(k-NN) algorithm (Peterson, 2009) provides a simple yet effective approach for discrete
decision classification (Cunningham and Delany, 2021).

3.3 Dynamical System

In this section, we describe the hybrid dynamics of the pusher–slider system. We
first introduce the kinematic model (Sec. 3.3.1), and then extend the motion cone
(Sec. 3.3.2) and motion equations (Sec. 3.3.3) to incorporate separation mode and
face-switching mechanism.

3.3.1 Kinematics

Fig. 3.2 illustrates the kinematics of the pusher–slider system. The red and blue circles
denote the pusher at the initial contact face and after face switching, respectively. The
pose of the slider is defined as qs = [x y θ]⊤ with respect to the global frame Fg, where
x and y represent the location of the center of mass, and θ denotes the rotation about
the vertical axis. The contact position between the pusher and the slider is represented
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Figure 3.2: Kinematics of pusher-slider system allowing face switching.

as qpf
= [px py]⊤ in the current slider frame Ff after face switching. Its expression

in the initial slider frame Fs is given by qps = Rθf
qpf

, where θf denotes the rotation
from Fs to Ff . The system input is the pusher velocity u = [vn vt]⊤ defined in Fs. The
corresponding velocity in frame Ff is given by uf = R⊤

θf
u = [vnf vtf ]⊤.

3.3.2 Generalized Motion Cone

Based on the quasi-static approximation and ellipsoidal limit surface assumption
(Hogan and Rodriguez, 2020a; Goyal et al., 1989; Lee and Cutkosky, 1991; Mason, 1986),
a motion cone is introduced to determine the contact mode given by the current
pusher velocity and contact position. The two boundaries of the motion cone are given
as vMC

up = 1fx + γupfy and vMC
dn = 1fx + γdnfy, resolved in the current slider frame Ff ,

with

γup = µpc
2 − pxpy + µppx

2

c2 + py
2 − µppxpy

, (3.1)

γdn = −µpc
2 − pxpy − µppx

2

c2 + py
2 + µppxpy

, (3.2)

whereµp is the friction coefficient between the pusher and the slider, and c is the param-
eter connecting applied force and the resulting velocity. More details are introduced in
(Hogan and Rodriguez, 2020a).

In the previous work (Hogan and Rodriguez, 2020a; Lynch et al., 1992), the pusher is
assumed to remain on one fixed contact face during the execution. We would like
to enable more complex pushing strategies by involving face switching. For that, we
introduce another interaction mode, which we call separation mode. Table 3.1 lists the
relationship between state constraints and interaction modes, where Ω is the set within
the boundaries of the motion cone, ϕ is the space where the pusher goes towards the
slider, and ψ is the set where the pusher keeps touching with the slider. rs and rp are the
half length of the slider and the radius of the pusher, respectively. Figure 3.3 illustrates
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Table 3.1: Constraints of different interaction modes.

Sticking Sliding Up Sliding Down Separation

uf ∈Ω, qpf ∈ψ uf ∈ϕ \ Ω, qpf ∈ψ uf ∈ϕ \ Ω, qpf ∈ψ uf /∈ϕ ∨ qpf /∈ψ

γdn ≤ vtf

vnf
≤ γup,

vnf > 0,
|px| = rs + rp,

|py| ≤ rs

vtf

vnf
> γup,

vnf > 0,
|px| = rs + rp,

|py| ≤ rs

vtf

vnf
< γdn,

vnf > 0,
|px| = rs + rp,

|py| ≤ rs

vnf < 0 ∨
|px| > rs + rp ∨
|py| > rs

Figure 3.3: Hybrid contact modes in planar pushing. The task involves multiple contact
modes (sticking, sliding, and separation) and transitions between different contact
faces.

the multiple contact modes involved in the planar pushing task with face switching.

3.3.3 Hybrid Contact Dynamics

We build the generalized motion equation on the basis of (Lynch et al., 1992) and
(Hogan and Rodriguez, 2020a), by including separation mode and contact face switch-
ing, namely

ẋ =



g1(x,u), if Sticking,

g2(x,u), if Sliding Up,

g3(x,u), if Sliding Down,

g4(x,u), if Separation,

(3.3)

where x = [q⊤
s q⊤

ps
]⊤, and

gj(x,u) =

 Rθf
RθQPj

bj

Rθf
[dj cj ]⊤

R⊤
θf
u, Rθ =

[
cos θ − sin θ
sin θ cos θ

]
,

Q = 1
c2 + p2

x + p2
y

[
c2 + px

2 pxpy

pxpy c2 + p2
y

]
,
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b1 =
[

−py

c2 + p2
x + p2

y

px

c2 + p2
x + p2

y

]
, b2 =

[
−py + γuppx

c2 + p2
x + p2

y

0
]
,

b3 =
[
−py + γdnpx

c2 + p2
x + p2

y

0
]
, b4 = [0 0],

c1 = [0 0], c2 = [−γup 1], c3 = [−γdn 1], c4 = [0 1],

d1 = [0 0], d2 = [0 0], d3 = [0 0], d4 = [1 0],

P1 = I2×2, P2 =
[

1 0
γup 0

]
,P3 =

[
1 0
γdn 0

]
, P4 = 02×2,

where j = 1, 2, 3, 4 corresponds to sticking, sliding up, sliding down, and separation
mode, respectively.

3.4 Methodology

3.4.1 Problem Formulation

The planar pushing task can be formulated as an optimal control problem (OCP),
namely

min
ut

cT (xT ) +
T −1∑
t=0

ct(xt,ut)

s.t. xt+1 = f(xt,ut),
(3.4)

where f denotes the discrete-time dynamics derived from Eq. (3.3), and xt,ut denote
the state and control input at time step t, respectively.

We employ Differential Dynamic Programming (DDP) (Mayne, 1966) to solve this
problem, resulting in a local stabilizing controller of the form

ut = ût + Kt (xt − x̂t), (3.5)

where Kt is the feedback gain, and ût is the feedforward term.

Due to the non-convex nature of Eq. (3.4), DDP employs an iterative optimization
scheme centered around the current candidate solution. However, its convergence
is highly sensitive to the initial guess, making the algorithm susceptible to poor local
optima when initialized far from the global minimum.
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3.4 Methodology

3.4.2 Demonstration-guided DDP

To avoid falling into poor local optima, we use human demonstrations to warm-start
the solver. The demonstrations are represented as continuous variables, which implic-
itly encode discrete decisions, rather than explicitly specifying mode sequences as in
prior work (Hogan and Rodriguez, 2020a; De Moura et al., 2022; Hogan et al., 2018). In
this way, the joint logical and geometric optimization problem can be reformulated as
a continuous optimization problem that can be solved more efficiently.

The collected human demonstrations are denoted as [q̃s, q̃ps , ṽ, ũ], with q̃s = [q̃s0 , q̃s1 ,

· · · , q̃sT ], q̃ps = [q̃ps0
, q̃ps1

, · · · , q̃psT
], where q̃st ∈ R3 and q̃pst

∈ R2 represent the state
of the slider and the pusher at timestep t, respectively. ũ = [ũ0, ũ1, · · · , ũT −1] ∈ R2

denotes the velocity at each timestep.

Given a target q∗
s , we use k-NN to select the index of j∗ with the closest demonstration

q̃sT to the target in the task space by evaluating

j∗ = arg min
j∈S

dist(q̃j
sT
, q∗

s), (3.6)

where S = {j : j ∈ {0, 1, · · · , nd − 1}}, nd is the number of demonstrations, and

dist(x,y) =

 d∑
r=1
|xr − yr|2

1/2

, (3.7)

where d is the dimension of slider state.

The cost function is defined as

c1 = cre + crg + cbd, (3.8)

with

cre = (µT − xT )⊤QT (µT − xT ), crg =
T −1∑
t=0

u⊤
t Rut,

cbd =
T −1∑
t=0

f cut(ut,ul)⊤Qff
cut(ut,ul),

where cre is the reaching cost, and crg, cbd are the regularizer and boundary penalizer of
control commands. ul is the predefined bounding box of u. f cut is a soft-thresholding
function. The initial guess u0 = ũ is drawn from human demonstrations directly.

We name this method Demonstration-started DDP (DS-DDP). Although it appears to
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be an effective warm-starting approach, its performance is limited by the number of
available demonstrations. To alleviate this limitation, we propose to use demonstra-
tions as soft constraints, achieved by designing the cost function as

c2 = cre + crg + cbd + csw + cve, (3.9)

with

csw =
tN−1∑
n=t0

(µn − xn)⊤Qn(µn − xn),

cve =
T −1∑
t=0

(ũt − ut)⊤Rdv(ũt − ut),

where csw and cve are designed to follow the demonstrated face switching strategy
and pusher velocity. n = [t0, . . . , tN−1] is the timestep when the contact face switches,
µ = [q̃⊤

s q̃⊤
ps

]⊤ is the state of the selected demonstration, and ũt is the demonstrated
velocity at timestep t.

We refer to this approach as Demonstration-penalized DDP (DP-DDP), which shows
good performance and can avoid poor local optima, but in order to further improve
its convergence properties, we propose a hierarchical optimization framework, where
the solution of DP-DDP is used to initialize another DDP problem that we call Warm-
starting DDP (WS-DDP).

The cost function of WS-DDP is the same as that of DS-DDP (3.8), allowing it to explore
more freely toward the final target. The initial guess u0 is given by the solution of the
previous DP-DDP, namely u0 = u∗

DP .

3.4.3 Adaptation to Disturbance

Solving the demonstration-guided DDP yields a feedback controller (3.5), which gen-
erates control commands at each time step based on the current state to stabilize
the motion along the nominal trajectory. However, the friction and other unmodeled
nonlinearities might cause undesired behaviors, especially when the error between
the current state and the planned solution ∥xt − x̂t∥2 is too big. To alleviate this issue,
inspired by (Girgin et al., 2022), we propose to use an error filtering method based
on a trust region defined as a ball of radius r as Bt(r) = {x ∈ Rn|∥x− x̂t∥ < r}. By
denoting the actual robot state as x0

t , we filter the xt in (3.5) as follows: if x0
t ∈ Bt(r),

then we take xt = x̂t, else we take xt = x0
t . This means that if the error between the

actual robot state and the planned state is small, we can use the feedforward terms
of the controller directly, and if it is big, then we regenerate the trajectory using the
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feedback controller gains. This allows us to fully exploit the feedback and feedforward
gains computed offline during the online execution of the task avoiding expensive
recomputations at each timestep.

3.5 Experiments

We evaluate in this section the proposed offline programming method (Sec. 3.5.1) and
the online tracking controller (Sec. 3.5.2).

3.5.1 Offline Planning

In this work, the task space is the horizontal plane on the table, defined as

{(x, y, θ) | x ∈ [−25 cm, 25 cm], y ∈ [−25 cm, 25 cm], θ ∈ [−π, π]}.

We collected three representative demonstrations

[15 cm,−10 cm,−π/2], [0,−20 cm, π/2], [15 cm,−15 cm, π/2],

corresponding to Ns = 0, Ns = 1, and Ns = 2, respectively, where Ns denotes the
number of face switches during the demonstration.

The initial state is defined as [0, 0, 0, αpx, 0, 0, 0]⊤, where α = 1.3, corresponding to
the separation mode in Sec. 3.3.2, allowing the pusher to select the contact point at the
beginning. The cost function gains are set toQT = 106×diag{1, 1, 1, 106p−5, 101−6p, 10−3,

10−3}, Qn = 106 × diag{10−3, 10−3, 10−3, p, (1 − p), 0, 0}, where p = 1 when θf = 0 or
θf = π, otherwise p = 0. R = K = diag{1, 1}, Rdu = Rdv = diag{100, 100}.

We first randomly selected 100 targets from the task space to test our proposed frame-
work, along with two benchmarks: Zero-started DDP (ZS-DDP), and Demonstration-
started DDP (DS-DDP). Successful offline programming is defined as achieving {xerr <

1cm, yerr < 1cm, θerr < 5◦}, where xerr, yerr, and θerr are the differences between the
final and target states. We list the statistical results in Table 3.2. The success rate of
ZS-DDP is about 40%, indicating many poor local minima that trap ZS-DDP in bad
regions. Initializing with demonstrations increases the success rate by nearly 20%,
showing the benefits of using human demonstrations to avoid poor local minima. Our
proposed demonstration-guided hierarchical framework, composed of DP-DDP and
WS-DDP, achieves a significantly higher success rate (85%) by using demonstrations as
soft constraints and warm-starting a new DDP. We consider using demonstration as
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Table 3.2: Performance of ZS-DDP, DS-DDP, DP-DDP, and WS-DDP for offline program-
ming.

Method xerr (cm) yerr (cm) θerr (rad) succ_rate

ZS-DDP 3.18± 8.30 4.78± 8.60 0.04± 0.39 40%
DS-DDP 1.70± 9.07 1.62± 9.66 0.21± 1.82 58%
DP-DDP 0.14± 1.54 0.57± 2.77 0.22± 0.12 77%
WS-DDP 0.07± 1.31 0.19± 2.90 0.01± 0.08 85%

soft constraints, rather than initialization, as the key feature of our proposed method.
This provides the nonlinear optimization process with a few but valuable human guid-
ance, leading to a more efficient exploration process. WS-DDP is then warm-started by
DP-DDP, yielding a much smoother and more precise optimal solution.

To demonstrate the strengths of our method, we compared it with the Mixed-Integer
Programming (MIP) formulation, which was commonly used for planar pushing tasks
previously (Hogan and Rodriguez, 2020a; De Moura et al., 2022; Hogan et al., 2018).
To ensure a fair comparison, we used demonstrations as initialization for MIP as well,
which we refer to as DS-MIP. We used CasADi (Andersson et al., 2019) with Bonmin
solver (Bonami et al., 2012) and Crocoddyl (Mastalli et al., 2020) with FDDP solver
to solve DS-MIP and DS-DDP, respectively. Convergence and computation time of
10 randomly selected target configurations are shown in Fig. 3.4 and Fig. 3.5. The
vertical axis of Fig. 3.4 represents the reaching error, in meters for xe and ye and
in radians for θe, between the final state xT and the target µT . DS-MIP achieves
performance comparable to DS-DDP (Fig. 3.4), but requires approximately ten times
longer computation time (Fig. 3.5). Furthermore, our experiments show that the
proposed DP-DDP and WS-DDP algorithms converge to better solutions than DS-DDP,
albeit with moderately increased computation time that remains within acceptable
limits. In contrast, DS-DDP tends to converge to poor local optima, and increasing
the number of iterations does not improve its performance. These results suggest that
relying solely on demonstrations for initialization is insufficient; instead, incorporating
demonstrations as soft constraints to guide the search can yield improved solutions.

3.5.2 Online Tracking

For online tracking, we conducted both numerical simulations and real-world robot
experiments. In simulation, a constant state disturbance x = x + ϵ was introduced,
where the components of ϵ = [ϵx, ϵy, ϵθ]⊤ were drawn from uniform distributions
ϵx ∼ U(−xM , xM ), ϵy ∼ U(−yM , yM ), and ϵθ ∼ U(−θM , θM ). Fig. 3.6 illustrates the
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Figure 3.4: Optimization convergence Figure 3.5: Computation time

Figure 3.6: Tracking performance under disturbances drawn from uniform distribu-
tions, where xM , yM and θM are the boundaries. The dashed lines present the tolerance.

evolution of the final errors in x, y, and θ as the disturbance magnitudes xM , yM , and
θM increase. The success criteria for online tracking were defined as |xerr| < 3 cm,
|yerr| < 3 cm, and |θerr| < 5◦ (0.087 rad). The controller successfully maintained stability
under perturbations of up to 4 cm in x and y, and 0.117 rad in θ.

Then, we tested the proposed method on the real robot setup (Fig. 3.1), using a 7-axis
Franka Emika robot and a RealSense D435 camera. The prismatic slider, a 12× 12 cm
block made of 3D-printed PLA and weighing 110 g, was positioned on a flat plywood
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(a) Initialization (b) Contact (c) Pushing (d) Face switching

(e) Contact (f) Pushing (g) Reaching

Figure 3.7: Keyframes of real-world planar pushing task with face switching. The
manipulator starts from (a) and selects an optimal face (orange) and contact point (b)
for pushing, until reaching the planned face-switching point (c). Next, the manipulator
changes to another face (d) and touches the object again at the selected point (e),
followed by the next phase of pushing (f), until reaching the final target (g). This
example is for Ns = 1. (d)∼(f) should be repeated if Ns > 1. The colored lines are
used to express the current active faces, and the black arrow in (d) represents the
face-switching process.
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a) Simulation results b) Experimental results

Figure 3.8: Trajectories of the pusher and slider in simulation and real-world experi-
ments. Both successfully reach their targets within tolerance.

surface with an ArUco marker attached to its top face. The friction coefficients between
the pusher and the slider, and between the plywood surface and the slider, are 0.3 and
0.35, respectively. The robot was equipped with a wooden pusher that had a 0.5 cm
radius and was used to move the slider. The camera captured the motion of the slider at
30 Hz, while the feedback controller ran at 100 Hz. The low-level Cartesian impedance
controller, responsible for actuating the robot, ran at 1000 Hz.

As reported in (Doshi et al., 2020), most target configurations can be achieved within
one to two face switches. We therefore validated our approach on an externally dis-
turbed line-tracking task and two face-switching tasks. The trajectories in Fig. 3.8
correspond to a task requiring a single face switch to push the object from [0, 0, 0] to
[20 cm,−20 cm, π/2]. The resulting control strategy is intuitive: the robot pushes the
left face to adjust the pose before transitioning to the top face for the subsequent phase.
Fig. 3.8(a) illustrates the simulation trajectory generated using PyBullet (Coumans
and Bai, 2016), while Fig. 3.8(b) shows the corresponding real-world execution. Al-
though these trajectories differ significantly due to discrepancies in friction parameters
between the simulated and real environments, both successfully overcome these un-
certainties to reach the target. Despite unstructured elements—such as visual system
noise, robot controller latency, modeling assumptions, and unmeasurable friction—the
feedback controller effectively compensates for these model mismatches to track the
reference trajectory. Fig. 3.7 presents keyframes of the task, showing that seven steps
are required under the face-switching strategy. An additional case with a target of
[5 cm,−18 cm, π/5], requiring two face switches, is demonstrated in the accompanying
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video.

3.6 Discussion

In this chapter, we introduced an extended planar pushing task with face-switching
mechanism as a representative example of contact-rich manipulation. This example
highlights the key challenges arising from hybrid interaction modes, underactuated
dynamics, and joint reasoning over discrete and continuous decisions.

To address these challenges, we proposed a demonstration-guided optimal control
framework that incorporates human demonstrations to guide the optimization process.
By leveraging a small number of demonstrations, the originally multi-stage motion
planning problem can be reformulated as a continuous, warm-started optimization
problem, significantly improving computational efficiency. Experimental results in
both simulation and real-robot experiments demonstrate that the proposed framework
can generate feasible manipulation strategies and maintain robust performance under
contact uncertainty.

However, the effectiveness of the demonstration-guided optimization still depends
heavily on the quality of the provided demonstrations and the resulting initial guesses.
When demonstrations are suboptimal or incomplete, the optimizer may still converge
to undesirable solutions. This limitation highlights the inherent difficulty of solving
contact-rich manipulation problems using generic optimization alone and motivates
the development of approaches that exploit the underlying structure of objective
functions for efficient decision making, as explored in the subsequent chapters.
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4 Non-convex Contact-rich Optimiza-
tion using Tensor Train

Many contact-rich manipulation
tasks can be naturally formulated
as optimization problems, but
solving them requires navigating
non-smooth contact dynamics and
hybrid contact modes, resulting in
highly non-convex, multi-modal
objective landscapes. While Monte Carlo Tree Search (MCTS) provides a
powerful gradient-free strategy for exploring such challenging solution spaces,
its scalability to robotics is severely limited by the curse of dimensionality. To
address this issue, this chapter introduces Tensor Train Tree Search (TTTS),
which represents decision trees in Tensor Train format to obtain a compact
approximation with linear complexity. This enables efficient optimization over
non-convex landscapes while substantially reducing storage requirements. We
validate TTTS on diverse robotic tasks, showcasing its effectiveness in solving
highly non-convex optimization problems arising in contact-rich manipulation.

Publication Note

The material presented in this chapter is adapted from:
• Xue, T., Zhang, Y., Razmjoo, A., and Calinon, S. (2025c). Monte carlo tree search

with tensor factorization for robot optimization. under review, available as
arXiv:2507.04949.

Supplementary materials including videos and source code related to this chapter are
available at: https://sites.google.com/view/tt-ts/.
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Chapter 4. Non-convex Contact-rich Optimization using Tensor Train

4.1 Introduction

Optimization plays a critical role in robotics and serves as the foundation for a wide
range of tasks, including inverse kinematics (Goldenberg et al., 2003), obstacle avoid-
ance (Marcucci et al., 2023), multi-stage motion planning (Toussaint, 2015), and
contact-rich manipulation (Mason, 1986, 1999), see Figure 4.1. Among these problems,
contact-rich manipulation represents a particularly challenging and representative
setting, as it simultaneously embodies several core difficulties in robot optimization.
It involves nonlinear dynamics, hybrid contact modes, and uncertainty in physical
parameters, all of which are tightly coupled and must be addressed jointly, making it
significantly more challenging than addressing each aspect in isolation. Specifically,
the nonlinearity renders many of these problems non-convex, making gradient-based
methods prone to getting trapped in poor local optima (Lembono et al., 2020). Similarly,
the need to jointly optimize over discrete modes and continuous motion introduces
significant combinatorial complexity, substantially increasing computational costs and
slowing convergence for both sampling-based and search-based approaches. Another
key challenge is multimodal solution discovery, where multiple distinct feasible solu-
tions may exist due to task redundancies or environmental symmetries. Identifying
and reasoning over such diverse solutions is essential for both robustness and global
optimization.

To cope with these challenges, existing approaches typically adopt a decomposed strat-
egy, in which different aspects of the problem are addressed using specialized methods.
Nonlinear dynamics are often handled through local convexification in trajectory op-
timization (Wang and Grant, 2017; Malyuta et al., 2022), hybrid discrete–continuous
decisions are managed via sampling- or search-based methods for mode exploration
(LaValle, 2006; Kavraki et al., 1996; Hart et al., 1968), and uncertainty in contact interac-
tions is commonly addressed using receding-horizon control schemes such as model
predictive control (MPC) (Morari and Lee, 1999; Jones and Morari, 2010; Zeilinger et al.,
2014), which enable reactive replanning under model mismatch and disturbances.
These approaches have proven effective in addressing their respective challenges.

Efforts have also been made toward more integrated formulations, such as task and
motion planning (TAMP) (Garrett et al., 2021), which aim to couple discrete task plan-
ning with continuous motion generation. However, existing approaches often struggle
to scale to more complex contact-rich scenarios involving intricate interactions. And
they typically lack the ability to perform fast replanning, which is essential for reliable
execution in real-world settings under significant physical uncertainty.

In this chapter, we develop a general computational framework for robot optimization
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4.2 Related Work

that addresses these challenges in a unified manner. Rather than relying on manually
designed, problem-specific simplifications, the proposed framework systematically
exploits the underlying structure of a given task to construct more favorable optimiza-
tion objectives. To realize this idea, we propose Tensor Train Tree Search (TTTS), a
framework that builds upon Monte Carlo Tree Search (MCTS). MCTS provides a flexi-
ble foundation for handling non-convexity, hybrid decision spaces, and multi-modal
solution discovery, as it does not rely on gradient information and instead performs
strategic search over the decision space. However, when applied directly to robot
optimization, it suffers from prohibitively large decision trees due to the discretization
of continuous domains. To address this limitation, TTTS approximates the decision
tree in Tensor Train (TT) format, enabling a compact representation that captures
structured correlations across decision variables. This formulation transforms the
exponential complexity of the original problem into a tractable form with near-linear
scaling. As a result, TTTS enables efficient exploration of large decision spaces while
preserving the strategic search capabilities of MCTS.

Our main contributions are as follows:

1. We propose a general formulation for decision making in robotics that can han-
dle nonlinear dynamical systems, non-convex constraints, hybrid state-action
spaces, and multi-modal solution discovery.

2. We introduce tensor train to exploit the inherent structure of decision trees,
enabling a compact representation with linear complexity and significantly re-
ducing both computational and memory requirements for large-scale search.

3. We evaluate our approach against state-of-the-art baselines and demonstrate
its effectiveness on a diverse set of robotic problems, including inverse kine-
matics, obstacle-aware motion planning, multi-stage motion planning, legged
manipulation, and real-world bimanual whole-body manipulation tasks.

4.2 Related Work

A comprehensive review of optimization methods for contact-rich manipulation has
been presented in Chapter 2. In this section, we focus specifically on positioning the
proposed TTTS framework with respect to the most relevant lines of prior work.

TTTS combines the advantages of existing optimization paradigms while addressing
several of their key limitations in contact-rich manipulation. In particular, it integrates
tensor train (TT) decomposition with strategic tree search to enable efficient global
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Chapter 4. Non-convex Contact-rich Optimization using Tensor Train

Figure 4.1: Overview of diverse applicable domains. We demonstrate that TTTS is
widely applicable in many robot optimization tasks, such as (A) Inverse Kinematics, (B)
Motion Planning, (C) Legged Robot Manipulation, (D) Multi-stage Motion Planning
and (E) Bimanual Whole-body Manipulation.

optimization over nonlinear, non-convex, and mixed-integer decision spaces. The TT
representation provides a compact and separable approximation of the underlying
objective function, thereby reducing the combinatorial complexity of the search space.
Meanwhile, the tree search component maintains strategic exploration and supports
global optimization over the resulting decision tree.

More broadly, TTTS connects to several lines of work that exploit problem structure to
improve the scalability of search and decision making. For example, Kim et al. (Kim
et al., 2020) extend MCTS to continuous action spaces using Voronoi optimistic op-
timization and provide regret bounds for continuous-space search, whereas TTTS
focuses on compressing the full decision tree using tensor train representation. These
two perspectives are complementary: the former improves exploration in continuous
action spaces directly, while the latter exploits low-rank structure in the induced global
objective landscape.

A related motivation also appears in stochastic dynamic programming with factored
representations (Boutilier et al., 2000), where compact factored models are used to
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avoid explicitly enumerating large state spaces. TTTS shares the same general goal
of exploiting problem structure for scalable decision making, but differs in both rep-
resentation and problem setting. Specifically, TTTS factorizes black-box objective
functions using tensor train decomposition and targets deterministic finite-horizon
optimization, rather than stochastic MDP value iteration.

This tensorized representation also makes TTTS particularly suitable for hybrid robot
optimization. Unlike conventional hybrid approaches that separate the problem into
discrete search and continuous optimization stages, TTTS represents discrete choices
and discretized continuous variables within a unified decision tree. Gradient-based or
sampling-based methods, such as CMA-ES, can then be incorporated as refinement
steps, bridging the gap between the discretized tree representation and the original
continuous control space.

4.3 Problem Formulation

We consider a general robot optimization formulation that can address diverse prob-
lems in robotics:

max
x∈Ωx

J(x), s.t. ϕ(x) ≤ 0, ψ(x) = 0, (4.1)

where x is the decision variable, Ωx is the decision domain, J : Ωx → R is the objective
function, and ϕ(x) ≤ 0, ψ(x) = 0 are inequality and equality constraints encoding
system dynamics and other physical limits. We assume that J is evaluable and deter-
ministic: given the same x, J(x) always returns the same value, with no assumption
on gradient, convexity, or closed-form structure. Any black-box function that can be
queried suffices, including those evaluated through black-box physical simulators. The
decision domain Ωx is flexible and may take different forms:

• Discrete: x is drawn from a finite set (e.g., combinatorial sequences, integer
choices), such as hybrid contact modes (i.e., push, pivot) in contact-rich manipu-
lation tasks.

• Continuous: x ∈ Rn represents the continuous decision variables to be op-
timized (e.g., in trajectory optimization). The coarse grid solution can subse-
quently be refined by a local continuous optimizer.

• Hybrid: x = (xd,xc) combines discrete choices and continuous variables, which
corresponds to the multi-stage manipulation problems that require joint reason-
ing over discrete modes and continuous motion trajectories.
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To handle all three cases in a unified manner, we keep the discrete domain unchanged
and discretize the continuous domain onto a finite grid ofNj candidate values, thereby
reducing all domain types to the same discrete structure. The resulting index set
I ⊆ {1, . . . , N1}× · · ·×{1, . . . , Nd} defines a d-layer decision tree with branching factor
Nj at layer j: each root-to-leaf path encodes a candidate solution x with associated
value J(x). The optimization problem thus reduces to finding the maximum-value
branch, a tree search problem overO(Nd) leaves.

MCTS is a natural and powerful approach for solving this problem. It selectively
searches branches in a strategic manner, but suffers from the combinatorial complex-
ity of the underlying tree: both memory and search time scale as O(Nd), becoming
intractable as depth d grows.

4.4 Tensor Train Tree Search

Figure 4.2: Tree-Tensor-TT transformation. (A) A multi-layer decision tree can be
equivalently represented as a high-dimensional tensor, where each tensor element
corresponds to the value at the terminal node of a branch. Every branch, including all
N1×· · ·×Nd leaves, is encoded in the tensor, not only a sampled subset. (B) Tensor
decomposition in TT format. The TT cores provide a compact, global surrogate for this
entire tensor: any leaf value can be approximated by contracting the corresponding
core slices, enabling efficient UCB computation over the full tree without explicitly
storing all Nd entries.
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4.4 Tensor Train Tree Search

Figure 4.3: Node value computation for a tree represented in TT format. This example
illustrates how the value of a first-layer node is computed using TT cores. The value of
node i1 is obtained by fixing the slice Q1

:,i1,: from the first TT core and summing over
all indices of the remaining cores (Q2 through Q3) to aggregate all leaf completions, as
in Eq. (4.3).
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To reduce this combinatorial complexity, our objective is to express the decision tree
with linear complexityO(λNd), where λ is a scaling factor. This is equivalent to repre-
senting a high-dimensional tensor of sizeO(Nd) using a compact, low-rank decom-
position, which is a well-studied problem in numerical mathematics (Cichocki et al.,
2016). Specifically, we employ tensor train (TT) to exploit the separable structure and
reduce inter-layer dependencies. As a result, the original high-dimensional tensor can
be efficiently represented using significantly fewer parameters through a sequence of
third-order TT cores, namely:

T̂ (i1,...,id) ≈ T 1
:,i1,:T 2

:,i2,: · · ·T d
:,id,:, (4.2)

where T̂ denotes the original high-dimensional tensor, and T j is the core correspond-
ing to the j-th dimension (i.e., the j-th layer of the tree). Figure 4.2 (B) presents an
illustrative example of a three-dimensional tensor.

Algorithm 1 presents the pseudocode of the proposed method. As indicated in (2.23),
a key component of MCTS is its ability to perform strategic search by leveraging the
value and visit count information stored at each node in the tree, denoted by Q̂ and V̂ ,
respectively. However, Q̂ and V̂ are high-dimensional tensors, which are impractical to
store due to the combinatorial complexity. In this work, we utilize tensor factorization
to approximate them in TT format, denoted as Q and V . Crucially, the full tensors
never need to be explicitly instantiated or stored. Instead, TT-Cross uses an evaluation
function to query individual elements of Q̂ and V̂ on the fly.

To avoid performing TT approximation repeatedly for every individual scenario within
a task, we augment the decision tree with task variables z (e.g., task parameters or
initial states). We then employ TT-Cross to approximate the objective function J in
TT format, yielding an augmented tensor model Q+. During the online search phase,
given any specific task variable z, the corresponding task-specific tree representation is
instantaneously recovered via partial evaluation, denoted as Q = Q+(z). Owing to the
maximum volume principle of TT-Cross, the resulting model inherently captures the
most informative branches of the decision tree, enabling the immediate identification
of promising solutions even during the first iteration. The visit count tensor V is
initialized to zero.

Due to dependence on the parent nodes, the value and visitation statistics of a node
are path-dependent, introducing non-Markovian behavior. Querying the value of node
ni[j] requires summing over all completions of the branch from layer j + 1 to depth d.
Given the full tree approximated in TT format, the value of a node at level j, denoted
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4.4 Tensor Train Tree Search

as qi[j] , can be efficiently computed via tensor contractions as

qi[j] =
Nj+1∑

ij+1=0
· · ·

Nd∑
id=0

Q̂(i1,...,ij ,ij+1,...,id)

≈Q1
:,i1,: · · ·Q

j
:,ij ,:

Nj+1∑
ij+1=0

· · ·
Nd∑

id=0
Qj+1

:,ij+1,: · · ·Q
d
:,id,:,

(4.3)

where each TT core Ql encodes the factorized structure of the tree at layer l. To
compute the node value at depth j, we extract the corresponding slices from the first j
TT cores (representing the visited layers), and perform summation over indices in the
remaining cores from j + 1 to d. The final node value is obtained by multiplying the
resulting matrices across all layers. Figure 4.3 illustrates how to compute the value of a
node in the first layer of a three-layer tree using TT cores. The multiple arrows between
TT cores indicate the ability to perform parallel selection in the TT-Tree.

Similarly, the visit count vi[j] is computed as:

vi[j] =
Nj+1∑

ij+1=0
· · ·

Nd∑
id=0

V̂(i1,...,ij ,ij+1,...,id)

≈ V1
:,i1,: · · ·V

j
:,ij ,:

Nj+1∑
ij+1=0

· · ·
Nd∑

id=0
Vj+1

:,ij+1,: · · ·V
d
:,id,:.

(4.4)

With qi[j] and vi[j] efficiently available via TT contractions (Eqs. (4.3)–(4.4)), the algo-
rithm follows the standard MCTS pipeline: selection, expansion, simulation, and back-
propagation, with an additional top-τ solutions maintenance step. We now describe
each step in detail.

Selection and Expansion. Given qi[j] , vi[j] , and vi[j−1] , node expansion follows the UCB
rule from (2.23). The TT-based representation enables parallel selection, which is typi-
cally non-trivial in traditional node-based or table-based implementations (Chaslot
et al., 2008). If no further expansion is possible, the current branch terminates. Other-
wise, the branch is extended by one layer and followed by a simulation to the leaf.

Simulation. Rather than performing a random rollout, we leverage the TT value model
Q as a global approximation of the decision tree to guide the simulation strategy via
stochastic sampling, treating TT values as unnormalized probabilities. This enables
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parallel simulation and yields a top-τ set of candidate solutions.

Backpropagation. Following the simulation phase, the TT models associated with the
traversed branches are updated during the MCTS backpropagation phase. Specifically,
the visit count tensor V is updated incrementally via a residual strategy. Let ∆V̂ ℓ

γ de-
note the binary indicator tensor that tracks node visitations at layer γ during iteration
ℓ, where an element is 1 if the corresponding node is visited and 0 otherwise. Lever-
aging the fact that the newly visited indices are precisely known a priori, we tailor the
standard TT-Cross algorithm into an efficient, guided variant. By restricting evaluation
exclusively to the active indices (where the indicator is 1), this guided variant recovers
the TT approximation of ∆V̂ ℓ

γ in a single iteration. The value model Q can also be
updated in a similar manner to enhance approximation accuracy, but we omit this
step in practice to reduce runtime.

Top-τ Update and Refinement. We maintain a candidate set S to dynamically track
the top-τ elite solutions, which is updated iteratively with newly discovered solutions.
For continuous decision variables, the coarse solutions obtained from TT-Tree Search
are subsequently optimized using CMA-ES as a local refiner.

Remark (Parallelism in TTTS). Standard MCTS faces two fundamental challenges
when parallelizing tree search: (1) all threads tend to follow the same UCB-greedy path
from the root, causing redundant exploration; and (2) concurrent updates to shared
per-node statistics require expensive locking mechanisms (Chaslot et al., 2008). TTTS
addresses both challenges through the separable structure of its TT representation,
which decouples the tree across layers and enables global, layer-wise operations. For
challenge (1): in standard MCTS, selection walks down the tree one node at a time
along a single root-to-leaf path, so parallel threads all tend to visit the same nodes. In
TTTS, the separable structure allows UCB scores for all nodes at a given layer to be
computed simultaneously via TT contractions (Eq. (4.3)–(4.4)), and the top-τ nodes are
selected in one shot. This layer-wise parallel selection naturally diversifies exploration
across τ branches at once. For challenge (2): in standard MCTS, both visit counts and
action-value estimates are stored as per-node counters, so threads updating these
counters simultaneously must contend for locks. In TTTS, both statistics are encoded
as TT models (V for visit counts and Q for node values) and updated via TT-Cross
in a single bulk operation, eliminating the need for per-node synchronization. The
simulation phase likewise draws multiple complete trajectories in parallel by treating
Q as an unnormalized probability model, yielding τ candidate solutions per iteration
without thread contention.
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4.4 Tensor Train Tree Search

Algorithm 1 Tensor Train Tree Search (TTTS)
1: function TENSORTRAINTREESEARCH(x0, z, J , Ωx, L, I)
2: Input: Initial state x0, Condition var. z,
3: Maximum iter. L, Objective function J ,
4: Search domain Ωx = {x(i1,...,id) : ij ∈ {1, . . . , Nj}},
5: Index set I ⊆ {1, . . . , N1} × · · · × {1, . . . , Nd},
6: Hyperparameters: Number of solutions τ ,
7: Exploration param. c # default: τ = 10, c = 3
8: Output: top-τ solutions: solution set S
9: // ===== TT-Tree Initialization =====

10: Q+ ← TT-Cross(J,Ωx), Q←Q+(z)
11: // ===== TT-Tree Search =====
12: i0 ← Node(x0), V0 ← 0, S = [ ]
13: for ℓ = 1, 2, . . ., L do
14: for j = 1, . . . , d do
15: qi[j] ← Eq. (4.3), vi[j] , vi[j−1] ← Eq. (4.4)

16: i[j] ← arg maxτ
i[j]∈I[j]

(
qi[j]
vi[j]

+ c ·
√

log vi[j−1]
vi[j]

)
17: if ij is not expanded then break
18: end for
19: for s = j + 1, . . . , d do
20: qi[s] ← Eq. (4.3)
21: i[s] ← arg maxτ

i∈I[s]
qi[s]

22: end for
23: x⋆ ← arg maxτ

x∈Ωx(i[d]) J(x)
24: for γ = 1, . . . , j do
25: Vℓ

γ = Vℓ−1
γ + Guided TT-Cross(∆V̂ ℓ

γ , i[γ])
26: end for
27: S+ ← append(S,x⋆)
28: S ← arg maxτ

x∈S+ J(x)
29: end for
30: // ===== TT-Tree Refinement =====
31: S ← Refine(S) # e.g., CMA-ES on continuous dims
32: return S
33: end function
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Figure 4.4: Two-joint inverse kinematics with multi-modal solutions. Two distinct
arm configurations, shown in dark and light gray, reach the same end-effector goal
(gx, gy) due to the nonlinear kinematics, illustrating the multi-modal and non-convex
nature of the problem.

4.4.1 Algorithm Walkthrough via an Illustrative Example

We walk through Algorithm 1 step-by-step using a 2-DOF inverse kinematics (IK)
problem. As shown in Fig. 4.4, the task is to find joint angles (θ1, θ2) ∈ [−π, π]2 such
that the robot end-effector position, denoted by (rx, ry), reaches the target position
(gx, gy). Because of the nonlinear kinematics, the same goal position can be reached by
two distinct arm configurations, shown in dark and light gray in Fig. 4.4. This yields
a representative nonlinear problem with a multi-modal solution set, well suited for
illustrating the key properties of TTTS.

Objective function and discretization.We define the cost function as c(θ1, θ2) = (rx −
gx)2 + (ry − gy)2, which represents the squared end-effector positioning error, and
convert it into a maximization objective:

J(θ1, θ2) = e−c(θ1,θ2). (4.5)

Figs. 4.5a and 4.5b show the landscape of J from top-down and perspective views,
respectively. The 3D surface in Fig. 4.5b clearly reveals the non-convex, multi-modal
structure of J , with two distinct peaks corresponding to the two kinematic solutions,
a landscape in which gradient-based methods are prone to converging to a single
optimum. Discretizing (θ1, θ2) onto a 10×10 grid yields the objective matrix in Fig. 4.5c,
where the two red-star entries mark the optimal grid configurations.
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(a) Top-down view of J(θ1, θ2) over the
range [−π, π] for each joint. Lighter colors
(yellow) indicate higher objective values.

(b) 3D surface of J(θ1, θ2), revealing its non-
convex, multi-modal structure with two distinct
peaks.

(c) Discretized 10×10 value matrix. Red-star
markers indicate the two optimal configu-
rations.

(d) TT factorization of the value matrix into
Q1∈R10×3 and Q2∈R3×10 at rank r = 3. TT fac-
torization corresponds to matrix factorization
in this low-dimensional illustrative example.

Figure 4.5: Objective function, discretization, and TT approximation for 2-DOF IK
example. (a) Top-down heatmap of the value function J(θ1, θ2) over [−π, π]2. (b) 3D
surface view of J , clearly showing its nonconvex, multimodal landscape with two
distinct peaks, each corresponding to one kinematic solution. (c) Discretizing onto a
10×10 grid yields a matrix representation; red-star markers indicate the two optimal
configurations. (d) TT-Cross decomposes the value matrix into two low-rank factors
Q1 ∈ R10×3 and Q2 ∈ R3×10 at rank r = 3, capturing the dominant structure with
significantly fewer parameters.
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Figure 4.6: TTTS applied to the 2-DOF IK problem across three iterations. Left: UCB
bar charts for Layer-1 (θ1) node selection, decomposed into exploitation (blue) and
exploration (red) components; nodes with black borders are selected, and gray labels
denote accumulated visit counts. Middle: Layer-2 (θ2) value heatmaps conditioned on
each selected first-layer node; triangular markers indicate the top-τ selected second-
layer nodes. Right: maintained top-τ candidate solutions after each iteration. As
visit counts accumulate across iterations, the exploration bonus progressively shifts
selection toward unvisited regions, enabling systematic coverage of the full solution
space.
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Initialization. We start TTTS by calling TT-Cross to construct a compact TT approxima-
tion of the objective function, with the maximum rank budget set to 3. This produces
two low-rank factor matrices Q1 ∈R10×3 and Q2 ∈R3×10 with TT rank r = 3, as illus-
trated in Fig. 4.5d. Despite using far fewer parameters than the full 10× 10 matrix, this
factorization captures the dominant structure of the value landscape and concentrates
probability mass near high-value regions, providing an informative global prior before
any tree traversal begins.

Selection. At each iteration ℓ, TTTS selects the top-τ nodes in Layer 1 (θ1) by maximiz-
ing the UCB score. The node value for the first layer is computed from the TT cores
as:

qi[1] = Q1
i1,:

N2∑
i2=1

Q2
:,i2 , (4.6)

which marginalizes over all second-layer completions via Q2, serving as the exploita-
tion term. The visit count vi1 provides the exploration bonus. Given the selected
first-layer node i∗1, the second-layer node values are:

qi[2] = Q1
i∗
1,: Q

2
:,i2 , (4.7)

and the top-τ nodes in θ2 are selected accordingly.

Fig. 4.6 traces this process across three iterations (left: Layer-1 UCB bar charts; middle:
Layer-2 value heatmaps; right: maintained top-τ solutions). In Iteration 1, all visit
counts are zero, so the UCB score is dominated entirely by the exploitation term
(blue bars). Nodes i1 = 5 and i1 = 6 achieve the highest qi1 values and are selected.
Conditioned on these selections, the Layer-2 heatmaps identify i2 = 8 for i1 = 5 and
i2 = 7 for i1 = 6. The TT model successfully guides search toward high-value regions
from the very first iteration. However, due to the low-rank approximation, not all
optima may be captured precisely in a single pass. The top-τ solution list is maintained
and updated across iterations as the UCB exploration bonus progressively steers search
toward other promising regions.

Backpropagation. After each iteration, the visit count model V is updated via Guided
TT-Cross to record the explored nodes. In Iteration 2, nodes i1 = 5 and i1 = 6 carry
visit count 1 (indicated by the “1” labels in Fig. 4.6), which reduces their exploration
bonus and raises the UCB scores of their neighbors i1 = 7 and i1 = 8. By Iteration 3,
nodes i1 = 4 and i1 = 9 are selected, revealing a systematic outward expansion: TTTS
uses the exploitation term to focus on high-value regions and the exploration term to
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spread coverage as nodes are visited, together driving strategic search across the full
solution space.

Refinement. The top-τ discrete candidate solutions from TT-Tree search are passed
to CMA-ES for continuous refinement. This corrects for grid discretization errors and
yields the two precise IK configurations shown in Fig. 4.4.

This IK example could of course be solved differently; it is used here to didactically
illustrate how TTTS can combine a compact TT representation as a global prior with
the UCB-driven exploration–exploitation mechanism of MCTS, simultaneously discov-
ering all optimal modes through linear-complexity tensor operations.

4.4.2 Toy Examples on Function Optimization

Continuous non-convex optimization. Many optimization problems in robotics are
non-convex due to obstacles and nonlinear system dynamics. To illustrate both the
strengths and limitations of low-rank TT approximation, we consider a full-rank non-
convex continuous function (A.1) and approximate it using a low-rank TT model with
rank rmax = 2 via TT-Cross. The discrete matrix analogue of this function, shown in
Figure 4.7b, clearly exhibits full-rank characteristics. Note that the general objective
J in (4.1) is defined as J(x) = e−c(x), where c is the cost function. For better visual
clarity, we directly illustrate the landscape of c in Figure 4.7b. The detailed definitions
are provided in Appendix A.1.2.

The resulting approximation is shown in Figure 4.7c, which shows that, despite using a
much lower rank, TT approximation effectively captures the structure of the function
and enables rapid localization of regions likely to contain optimal solutions. This is
the strategy adopted by TTGO (Shetty et al., 2024b), which directly samples candidate
solutions from the TT model. However, relying solely on the TT model cannot guaran-
tee convergence to the global optimum: approximation errors may cause the model to
underestimate the quality of regions not well captured at low rank. TTTS overcomes
this limitation by coupling TT approximation with UCB-driven tree search. The TT
model guides early exploration toward high-value regions, while UCB ensures every
node is eventually visited, achieving asymptotic global convergence (Figure 4.7a).

Mixed-integer programming. We further demonstrate the effectiveness of our ap-
proach in tackling a more challenging problem: mixed-integer nonlinear programming
(MINLP). Such problems include both non-convexity due to nonlinear constraints and
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(a) Continuous optimization (b) Original continuous
function

(c) TT approximation

(d) Mixed-integer
optimization

(e) Original mixed-integer
function

(f) TT approximation

Figure 4.7: Toy examples of function optimization with low-rank tensor-train (TT)
approximations. (a–c) Continuous non-convex optimization: (a) landscape of a multi-
modal non-convex function f1(x1, x2); (b) its contour map; (c) TT-Cross reconstruc-
tion with maximal TT rank rmax = 2, which captures the dominant structure but
smooths out fine details. (d–f) Mixed-integer non-convex optimization: (d) landscape
of f2(x1, x2) with both discrete (x1) and continuous (x2) variables; (e) its grid-aligned
contour plot; (f) TT approximation, which highlights promising regions but may miss
the true global optimum. Markers indicate solutions obtained by TTGO and TTTS
compared with the ground-truth optimum.
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the combinatorial complexity imposed by integer variables. This setting is particularly
difficult because integer variables are discrete and lack gradient information, rendering
standard nonlinear programming (NLP) solvers ineffective.

Figure 4.7d illustrates a simple MINLP example, where x1 is an integer variable ranging
from 0 to 10, and x2 is a continuous variable. The cost function (A.2) is nonlinear and
exhibits multiple local optima. Figure 4.7e presents the discrete matrix analogue of
the continuous cost function. We approximate the function in TT format with rank
rmax = 2, as shown in Figure 4.7f. The results indicate that even with a low TT rank,
TT-Cross can identify high-quality local optima, demonstrating the strong modeling
and optimization capabilities of TT. However, the results obtained by TTGO do not
correspond to the global optimum, highlighting that a low-rank TT approximation
may fail to fully capture the complexity of the original function. In such cases, TTTS
leverages strategic search to efficiently converge to the global optimal solution.

Remark on the low-rank approximation. The low-rank assumption governs the speed
of convergence, not convergence itself, and two complementary regimes arise in prac-
tice. When the decision tree is genuinely low-rank, TT approximation captures the
global landscape accurately from a small number of function evaluations, and TTTS
identifies near-optimal solutions from the very first iterations. When the task is not
perfectly low-rank, the TT approximation introduces nonzero ϵ but still captures the
dominant features of the objective landscape, providing an informative warm-start
that concentrates early MCTS exploration near promising regions. This is illustrated in
Figure 4.7(c), where even a rank-2 approximation of a high-rank continuous function
effectively highlights high-value regions. By combining this TT-guided initialization
with UCB-driven tree search, TTTS achieves both efficient exploration and global con-
vergence. In practice, many robotics tasks exhibit low-rank structure due to factored
objective functions and constrained kinematics and dynamics, making low-rank TT
approximations both effective and broadly applicable.

4.5 TTTS for Generalized Robot Optimization

We now instantiate (4.1) for generalized robot optimization, such as inverse kinematics,
motion planning, multi-stage motion planning, and model predictive control. These
problems correspond to a large set of mathematical programs, including nonlinear
programming (NLP), large-scale (a.k.a. high-dim) NLP and mixed-integer nonlinear
programming (MINLP). In particular, we leverage basis functions to reduce the dimen-
sionality in large-scale NLP formulations, and the choice of basis functions remains
flexible.
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We describe the notation and variables:

• K the number of discrete modes (a.k.a. stages).

• mk ∈M the discrete mode at stage k, chosen from a finite (or countable) setM.

• ak ∈ A the discrete action at stage k, chosen from the finite action setA.

• xt
k ∈ Ωx ⊆ Rn a continuous state (or configuration) at stage k at time t.

• ut
k ∈ Ωu ⊆ Rp a continuous control input at stage k at time t.

• T trajectory length for each stage.

• B = B1 + · · · + BK , the total number of basis functions, where Bk denotes the
number of basis functions at stage k.

• Ψk ∈ RT ×Bk a chosen set of basis functions for stage k, used to reconstruct the
continuous control from weights.

• wk ∈ Ωw ⊆ RBk the vector of basis weights at stage k. We let u[T ]
k = Ψk wk,

encoding the continuous trajectory in basis form.

• c(mk, ak, x
t
k, u

t
k) stage cost (e.g., energy, distance, penalty) at time t in stage k.

• cterminal(xT
K) terminal cost, e.g. capturing the final configuration error.

• ϕ(·) ≤ 0, ψ(·) = 0 general inequality/equality constraints (kinematic limits,
collision avoidance, dynamics, boundary conditions).

The decision variable is x = (a1, . . . , aK , ,w1, . . . ,wB), collecting both the discrete
action modes and the continuous basis weights. We use a bracket subscript for se-
quences (e.g., x[T ]

k represents the full trajectory at stage k, and u
[T ]
[K] represents the

control variables across all stages and time steps). The robot optimization problem is:
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min
a[K],u

[T ]
[K]

K∑
k=0

∫ T

0
c
(
mk, ak, x

t
k, u

t
k

)
dt + cterminal

(
xT

K

)
(4.8)

s.t. u
[T ]
k =

B∑
b=0

Ψb
k w

b
k, (4.9)

∀K
k=0 mk+1 ∈ succ

(
mk, ak, x

[T ]
k , u

[T ]
k

)
, (4.10)

∀K
k=0 ϕ

(
mk, ak, x

[T ]
k , u

[T ]
k

)
≤ 0, (4.11)

∀K
k=0 ψ

(
mk, ak, x

[T ]
k , u

[T ]
k

)
= 0, (4.12)

(m0, x
0
0) = (minit, xinit), (4.13)

where:

• (4.9) encodes the full trajectory of decision variables using basis functions.

• (4.10) enforces the allowed transition to mk+1 in the discrete mode setM, given
the current mode mk, discrete action ak, and the continuous trajectories x

[T ]
k ,

u
[T ]
k .

• (4.11) and (4.12) represent the system dynamics, consistency of different modes,
and other physical constraints.

• minit and xinit denote the initial mode and state.

This formulation covers a wide range of robotic tasks:

Inverse Kinematics (IK) Set T = 1,K = 1. The decision variable is w1 with u1 = Ψ1w1,
and the cost measures end-effector positioning error subject to joint-limit and collision
constraints.

Motion Planning (MP) Set K = 1 with trajectory length T . The decision variable is w
encoding the full joint trajectory via basis functions.

Multi-stage Motion Planning (MsMP) UseK stages, where at each stage k the discrete
action ak ∈ A, mode mk ∈ M, and continuous trajectory u

[T ]
k = Ψkwk must satisfy

collision-free motion, piecewise dynamics, and valid contact transitions.
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To apply TTTS to (4.8), we construct the search space Ωx as a d = K +B layer decision
tree: the first K layers index the discrete action choices (each with |A| options), and
the remaining B layers index the discretized basis weights (each with N grid points).
TTTS then optimizes over this index space as described in Section 4.4, recovering the
optimal x∗ = (a∗

[K],w
∗), followed by CMA-ES refinement of the continuous weights.

4.6 Experimental Results on Generalized Robot Optimization

The toy examples in Section 4.4.2 establish the algorithm’s core properties on simple
function optimization. In this section, we further evaluate TTTS on a diverse set of
robotic tasks to demonstrate its broad applicability. We conduct ablation studies to
assess the contribution of each component and compare against state-of-the-art base-
lines. Hyperparameters and cost functions for each task are detailed in the appendix.

4.6.1 Inverse Kinematics

Building on the 2-DOF IK example in Section 4.4.1, we here evaluate TTTS on 3-
DOF and 7-DOF manipulators (denoted IK1 and IK2) with collision avoidance. This
corresponds to T = 1, K = 1 in (4.1), with continuous decision variables u subject to
joint limits, collision avoidance, and reachability constraints.

We randomly generated five targets in the ablation study to analyze the necessity of
each component of TTTS, which consists of three main components: TT-Tree Ini-
tialization, TT-Tree Search, and TT-Tree Refinement. TT-Tree Initialization typically
requires some computation time due to TT-Cross approximation (particularly for high-
dimensional systems), but this process is performed offline. At this step, the state
space is augmented with task variables, enabling rapid task-conditioned retrieval for
TT-Tree Search. In our experiments, we set rmax = 21 for both the 3-joint and 7-joint
manipulators (which we refer to as IK1 and IK2 in Figure 4.11), resulting in a coarse
approximation of the full decision tree. Notably, obstacle avoidance tends to introduce
high-rank behavior, making low-rank TT approximations less accurate. As shown in
Figure 4.8 (A), TT-Tree Initialization alone does not yield the global optimum, high-
lighting the limitations of using TT approximation by itself. However, after performing
TT-Tree Search and Refinement, the final task-space error is zero, indicating that the
globally optimal solution was successfully found.

We further compared TTTS against state-of-the-art baselines: TTGO, MCTS, and CMA-
ES. TTGO and MCTS can each be viewed as special cases of TTTS. TTGO relies on
direct TT sampling instead of UCB-driven tree search, while MCTS operates without
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Figure 4.8: Ablation studies for diverse robotics tasks. Error denotes the ℓ2 norm
between the final and target configurations. Total Cost refers to the value of the cost
function for the obtained solution. Time indicates the net algorithmic runtime required
to find the solution.

TT guidance. CMA-ES is a gradient-free, sampling-based method well-suited to robotic
problems with nonlinear objectives and obstacle avoidance constraints. As shown in
Figure 4.11, TTTS, MCTS, and CMA-ES all recover the global optimum, whereas TTGO
does not, as it lacks UCB-driven exploration and therefore does not achieve asymptotic
convergence. Among the three successful methods, TTTS is the fastest, confirming
that TT guidance substantially accelerates the search.

4.6.2 Motion Planning Around Obstacles

We further applied our framework to a motion planning problem in which a robot must
generate a smooth, collision-free trajectory from a given start to a goal configuration.
The problem is formulated over T time steps, where the continuous trajectory is repre-
sented using basis functions as u[T ] =

∑B
b=1 Ψ

b wb, and the optimization variables are
the corresponding weights {wb}Bb=1. The objective is to minimize a cost function that
encourages smooth motion (e.g., penalizing velocity or acceleration), while ensuring
accurate goal reaching. The constraints include joint limits and collision avoidance
with static obstacles.

Figure 4.9 (A) presents our first test scenario: a 3-joint manipulator reaching task,
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which we refer to as MP1. This task is particularly challenging because the target lies on
the opposite side of the robot, with two circular obstacles obstructing the direct path.
The trajectories found by our approach exhibit multiple solution modalities under the
same initial configuration and target. Notably, the first two trajectories shown in the
figure require the manipulator to initially move away from the target and then pass
through a narrow passage between the obstacles, which is not easy to find and requires
long-horizon anticipation. This setting involves numerous local optima and a narrow
feasible solution space, necessitating long-horizon planning rather than short-horizon
control. The results illustrate our framework’s ability to overcome local optima and
support long-term decision-making. We further applied our approach to a 7-joint
manipulator reaching task, which we refer to as MP2. The robot arm must move its
end-effector from one level of the shelf to another while avoiding obstacles, such as
the shelf frame, across its entire body surface. This setup is representative of daily tasks
such as pick-and-place or bookshelf arrangement. Figure 4.1 (B) shows the resulting
trajectories, where end-effector paths are visualized as curves. Different colors indicate
distinct solutions discovered by the algorithm.

Figure 4.8 (B) presents the ablation study of TTTS applied to motion planning (MP)
problems. As the three stages of TTTS are applied, both the final state error and the
total trajectory cost consistently decrease, demonstrating the effectiveness of each
component. The final errors for both tasks are zero, indicating that a collision-free
joint trajectory was successfully found to reach the target. An interesting observation
is that TT-Tree Initialization takes longer for task MP1 than for MP2, as MP1 is a more
challenging problem with more local optima. Accordingly, we set rmax = 41 for MP1 and
rmax = 21 for MP2. The TT approximation in MP1 achieves high accuracy, and further
iterations of TT-MCTS provide limited improvement. This suggests that, with sufficient
storage capacity, we can use higher TT ranks for more accurate tree approximation,
accelerating online inference. In contrast, the results of MP2 highlight the effectiveness
of TTTS under limited storage conditions, where low-rank approximations still capture
informative representations of complex decision trees. The integration of compact low-
rank approximation with UCB-driven exploration enables TTTS to effectively search
complex, multimodal solution space and reliably converge to high-quality solutions.

Figure 4.11 compares TTTS with other optimization methods in terms of Final Error,
Total Cost, and Runtime. Final Error denotes the ℓ2 norm between the system’s final
and target configurations. Total Cost refers to the value of the cost functions evaluated
at the obtained solution, with the cost functions described in Section A.1.2. Runtime
indicates the net algorithmic runtime required to find the solution, excluding forward
rollout evaluations (i.e., physics simulator calls), as rollout speed is task-dependent
and does not reflect the computational efficiency of the algorithm itself. From the
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Final Error and Total Cost, we observe that TTTS achieves results comparable to MCTS
when the latter is given sufficient time, highlighting TTTS’s ability to find similar
global solutions. The Runtime further shows that TTTS requires significantly less
computation time. TTGO performs well for MP2, but it struggles in MP1 due to the
complex cost landscape, which shows TT approximation alone is insufficient to capture
all necessary features. In contrast, TTTS leverages strategic tree search to explore
the decision space more effectively, achieving global solutions almost surely. CMA-
ES also fails in MP1 because the narrow passage between obstacles challenges its
single-modality evolutionary strategy, causing it to be trapped in local optima. These
experiments highlight both the computational efficiency of TTTS, enabled by the TT
approximation of the decision tree, and its global solution-finding capability, enabled
by TT contractions and the strategic search adopted from MCTS.

In addition, we compared TTTS with two widely-used approaches for obstacle-avoidance
motion planning: VP-STO (Jankowski et al., 2023) and the Probabilistic Roadmap com-
bined with trajectory optimization (PRM+TO) (Gasparetto et al., 2015). To evaluate
performance, we randomly generated five targets and applied the approaches to com-
pute the joint trajectories required to reach them. The comparison results, including
reaching error, total cost, and computation time, are reported in Figure 4.10. We also
visualize the manipulator trajectories for one of the targets, where TTTS and PRM+TO
both find a solution, while VP-STO struggles with the narrow passage. From the table,
we observe that TTTS achieves performance comparable to PRM+TO while requiring
less computation time, thereby demonstrating its computational efficiency. In contrast,
VP-STO results in higher error due to its reliance on a good initial guess and its inability
to handle multimodal solution spaces.

4.6.3 Legged Robot Manipulation

In addition to motion planning around obstacles, we also evaluated our approach on a
contact-rich manipulation task using a legged robot (Zhu et al., 2023). As illustrated
in Figure 4.1(C), a solo robot manipulates a cube of size 10 × 10 cm under a joint
impedance controller in the Genesis simulator (Zhou et al., 2024). The cube, weighing
0.05kg, is required to pivot about the y-axis by a certain angle. This task is challenging
because the robot must coordinate contact interactions with the object while main-
taining stability, handle the hybrid dynamics arising from intermittent contacts, and
plan a smooth motion under impedance control. Small errors in trajectory generation
can cause the cube to slip, fail to pivot, or destabilize the supporting leg. To solve this
task, we define the cost function as a weighted sum of the terminal pose error and
the average cube velocity, with details provided in the appendix. During planning,
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Figure 4.9: Multi-modal solutions for motion planning around obstacles and face-
switching planar pushing. (A) 3-joint manipulator motion planning with multimodal
solutions. The trajectory is visualized using a red-to-green color spectrum to indicate
temporal evolution. (B) Face-switching planar pushing task with multimodal solu-
tions. Given the same initial configuration [0.25, 0.25,−π

2 ] and target [0.25, 0.25,−π
2 ],

our algorithm can find diverse solutions to accomplish the task, by jointly optimizing
over discrete contact faces and continuous motion variables. The black edge of the
rectangle indicates the cube’s orientation. The number of face switches varies from 0
to 2.

we optimize the Cartesian-space position trajectory for each leg tip. Both legs are
then controlled via impedance control with default parameters of Kp = 100 N/m and
Kv = 10 N·s/m. To enable stable pivoting against gravity, we increase the stiffness of
the left leg to Kp = 2000 N/m along the y- and z-axes.

Figure 4.11 reports the comparison of TTTS with other methods on this task. TTTS
and MCTS achieve similar performance in terms of reaching error and total cost, high-
lighting TTTS’s asymptotic completeness comparable to MCTS, while TTTS requires
significantly less computation time owing to TT approximation of the decision tree. In
contrast, TTGO and CMA-ES perform worse. This further underscores the importance
of TT factorization and strategic search for effectively solving this challenging task.
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4.6.4 Multi-stage Motion Planning

Multi-stage motion planning encompasses a broad class of realistic robotic problems,
such as multi-stage forceful manipulation (Holladay et al., 2024) and multi-primitive
sequencing (Xue et al., 2024a). The objective is to generate a trajectory that enables a
robot to interact intelligently with its environment, typically involving contact mode
switches (e.g., sticking, sliding, or transitioning between different manipulation primi-
tives). In this article, the trajectory is parameterized by a sequence of basis weights wk,
such that the continuous state at each stage is given by uk = Ψkwk. Discrete modesmk

represent different contact or task-specific phases. The optimization aims to minimize
a total cost consisting of smoothness penalties, control effort, and task-specific objec-
tives, while satisfying constraints such as collision avoidance, dynamics, and mode
transitions.

We use face-switching planar pushing (Doshi et al., 2020; Xue et al., 2023b) as a rep-
resentative hybrid manipulation task. In this problem, a robot needs to push a cube
from an initial configuration to a target configuration under underactuated dynamics,
while deciding both the continuous end-effector velocity trajectory and the discrete
contact-face sequence. This task is difficult because the nonlinear dynamics and
hybrid discrete-continuous decision structure pose significant challenges to both
gradient-based and sampling-based optimization methods. The purpose of this experi-
ment is to evaluate whether our approach can efficiently solve hybrid decision-making
problems involving nonlinear dynamics. We formulate this task as an optimization
problem with 4 discrete contact-face variables, each taking values in {0, 1, 2, 3}, and 4
continuous B-spline control weights that parameterize the continuous motion using
basis functions. After discretizing each continuous dimension into 30 grid points and
allowing up to 4 contact-face selection stages, each with 4 possible face choices, the
resulting MINLP has a search space of 44 × 304 grid points. As shown in Fig. 4.9(B), our
method discovers multiple cube trajectories for the same initial and target configu-
rations, highlighting the multimodal structure of the solution space. These solutions
exhibit different numbers of face switches, ranging from 0 to 2, together with diverse
and smooth continuous trajectories.

Figure 4.8 (C) presents the ablation study for this task. The TT approximation of the
decision tree is obtained with a rank setting of rmax = 41. The results show that the
TT approximation alone is not sufficiently accurate to capture the full landscape of
the objective function. However, the subsequent tree search significantly improves
the solution quality, and the final refinement step enables convergence to the global
optimum. An interesting observation is that, compared with the policy learning for-
mulation (i.e., infinite-horizon dynamic programming) proposed in (Xue et al., 2024b,
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(a) TTTS (b) VP-STO (c) PRM+TO

TTTS VP-STO PRM+TO
Error Total Cost Comp. Time (s) Error Total Cost Comp. Time (s) Error Total Cost Comp. Time (s)

0.00± 0.00 0.56± 0.74 1.00± 0.03 0.07± 0.13 3.67± 6.85 2.52± 2.43 0.00± 0.00 0.41± 0.51 1.87± 0.34

Figure 4.10: Comparison of TTTS, VP-STO, and PRM+TO for motion planning around
obstacles. The red cross indicates the reaching target. TTTS and PRM+TO successfully
generate optimal manipulator trajectories, while VP-STO fails in the narrow passage.
The table reports reaching error, control cost, and computation time, highlighting
TTTS’s superior efficiency.

2025b), this finite-horizon planning formulation requires a significantly higher TT rank
to accurately represent the objective function. This is because trajectory-level planning
uses decision variables (i.e., basis weights) that influence the entire trajectory, where
small changes can induce large, structured variations, necessitating higher representa-
tional capacity to capture complex temporal dependencies. This further motivates the
necessity of combining TT approximation with tree search, rather than relying on TT
alone.

Figure 4.11 compares TTTS with other approaches. CMA-ES struggles with this prob-
lem (indicated by diagonal hatching in the bar chart) because it involves both discrete
and continuous decision variables. Both TTTS and MCTS successfully reach the fi-
nal target, but TTTS requires less computation time owing to the TT factorization
of the decision tree. TTGO is highly efficient in terms of runtime, but its solutions
are less accurate due to the absence of the strategic search incorporated in TTTS.
Overall, these experiments highlight both the computational efficiency and the global
solution-finding capability of TTTS.

4.6.5 Comparison with Neural-Guided MCTS and MINLP Solvers

We benchmark TTTS against two competitive baselines: neural-guided MCTS (Silver
et al., 2017) and Differential Evolution (DE) for MINLP (Storn and Price, 1997; Virtanen
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Figure 4.11: Comparison of TTTS, TTGO, CMA-ES, and MCTS with respect to final
reaching error, total control cost, and runtime. IK1 and IK2 represent the 3-joint and
7-joint inverse kinematics tasks, respectively. MP1 and MP2 correspond to the 3-joint
and 7-joint manipulator reaching tasks with obstacle avoidance. MsMP denotes the
planar pushing task with a face-switching mechanism, and LegMani refers to the
legged robot manipulation (cube pivoting) task. Diagonal patterns in the bar charts
indicate that CMA-ES is incompatible with MsMP task.

et al., 2020). Evaluations are conducted on a planar pushing task with five varying
initial slider poses.

We note that AlphaZero-style methods are powerful in highly challenging settings
with large decision spaces, such as Go, but require substantial training investment.
The robot optimization problems considered in this work are individually of moderate
difficulty, yet span a broad and heterogeneous range of task types, making it impractical
to invest substantial training effort for each task. TTTS is well suited to this setting, as
it replaces sample-inefficient RL training with TT approximation, which can effectively
exploit the inherent structure of the objective function and enable much more efficient
pretraining.
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(a) Box plots of final trajectory cost across five
test scenarios. TTTS achieves consistently
lower and more stable costs than both Neural-
MCTS and MINLP-DE.

Method Pretraining Online Search

Neural-MCTS 4.77 h 26.1± 0.1 s
MINLP-DE 0 693.4± 7.0 s
TTTS (ours) 10.5 s 3.1± 0.0 s

(b) Comparison of computational time, in-
cluding pretraining time and per-scenario
online search time. TTTS achieves substan-
tially faster pretraining than Neural-MCTS
and faster online search than MINLP-DE.

Figure 4.12: Comparison of solution quality and computational efficiency on the
planar pushing task, including TTTS (ours), Neural-MCTS, and MINLP-DE. (a) Cost
distributions show that TTTS achieves higher-quality and more consistent solutions
than the baselines. (b) Timing comparisons show that TTTS requires substantially less
offline preparation and online computation; in contrast, Neural-MCTS incurs heavy
offline training, while MINLP-DE requires prolonged online search.

Figure 4.12 summarizes the results. In terms of solution quality, Neural-MCTS yields
higher variance than TTTS. It excels in four scenarios but fails on one, yielding a cost
more than 4×worse. This indicates that networks pretrained for over 4.77 hours still
struggle to generalize across all task instances (though performance may improve with
further pretraining). In contrast, TTTS requires only 10.5 seconds of pretraining, yet
can already approximate the full decision tree well, facilitating downstream online
search. MINLP-DE has no pretraining stage and achieves moderate solution quality
after prolonged online search. The results highlight the core advantage of TTTS: it
actively exploits correlations among decision variables across the entire search space to
efficiently construct a compact and global TT surrogate. This surrogate then guides tree
search toward low-cost regions with far fewer objective evaluations than MINLP-DE
requires.

4.6.6 Analysis of Offline-Online Computation Budget

Fig. 4.13 illustrates the convergence behavior of MCTS under four offline TT-Cross pre-
training budgets, measured by final pose error plotted against online MCTS iterations.
The results reveal a clear trade-off: heavier offline pretraining (larger TT rank r) yields
a substantially better warm-start for online search, enabling faster convergence and
fewer iterations to reach the success threshold (dashed line). Specifically, the Heavy
budget (r=50) produces an initial solution close to the threshold at iteration 1 and
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Figure 4.13: Trade-off between offline TT-Cross pretraining and online MCTS search
for planar pushing task. Final pose error is plotted against online MCTS iterations
for four pretraining budgets (TT rank r ∈ {5, 10, 20, 50}). Heavier pretraining (larger
r) yields a better warm-start and faster convergence to the success threshold (dashed
line); all budgets ultimately achieve comparable accuracy below this threshold.

crosses it within one additional iteration, while the Light budget (r=5) requires approx-
imately 9–10 iterations to cross the same threshold. Importantly, all budgets ultimately
converge to comparable low-error solutions (below 0.02 m) given sufficient online
iterations, demonstrating that the method remains applicable even under constrained
hardware resources, at the cost of a larger online search budget. This flexibility allows
practitioners to shift computation between the offline pretraining phase and the online
computation phase according to available resources, making the approach suitable for
a wide range of deployment scenarios. Furthermore, since TT approximation is inher-
ently compact and requires only linear memory to approximate the full exponential
tree, TTTS is naturally suited for memory-limited hardware.

4.6.7 Model Predictive Control for Bimanual Whole-body Manipulation

We evaluate our approach using a Model Predictive Control (MPC) formulation applied
to a bimanual whole-body manipulation task. This task is particularly challenging
due to complex contact dynamics between objects, the whole-body geometry of the
robot, and interactions with the environment, all of which make accurate modeling
difficult. Physical simulators such as MuJoCo (Todorov et al., 2012) and IsaacGym
(Liang et al., 2018) can help address these challenges. However, the resulting sim-to-
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real gap necessitates the use of real-time MPC. Given the simulator as a black-box
forward dynamics model, sampling-based MPC becomes a promising approach, as
it does not rely on explicit gradient information. Nevertheless, such methods often
suffer from high sample complexity and slow convergence, limiting their practicality
for real-world deployment. In this experiment, we aim to demonstrate that TTTS
can quickly find high-quality solutions to support real-time, sampling-based MPC.
Specifically, we use Genesis (Zhou et al., 2024) as the simulator due to its parallel
simulation capabilities, and the number of environments is set to 500.

Figure 4.14 illustrates the performance differences between TTTS, TTGO, MCTS, and
CMA-ES. The computation time is limited to 1 second. A task is considered successful
if the angular error at the final timestep satisfies |θ − θ∗| < 3◦, where θ is the object’s
final z-axis orientation and θ∗ is the desired target angle. We evaluate five randomly
generated configurations and report success rate, final state error, and total trajectory
cost. TTGO achieves a decent success rate with a low TT rank (rmax = 10), but its
limited accuracy leads to occasional failures. MCTS offers asymptotic completeness
guarantees but requires more time, making it impractical for real-time MPC. CMA-ES
also performs poorly due to slow convergence. In contrast, TTTS first approximates the
decision tree in TT format, which accelerates convergence toward promising regions.
It then performs a TT-based tree search, enabling efficient exploitation and strategic
exploration. The results, including final error and total cost, confirm the effectiveness
of TTTS in supporting real-time MPC for contact-rich manipulation.

Figure 4.14: Comparison for bimanual whole-body manipulation. The blue bars
represent the final state error achieved by different methods, while the orange bars
correspond to the total cost.
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(a) (b) (c)

(d) (e) (f)

Figure 4.15: Keyframes of bimanual whole-body manipulation. The system is ini-
tialized as (a), and the objective is to rotate the box 90◦ and then lift it as (f). We can
observe that the robots can actively exploit whole-body geometry to make and break
contacts with the object, completing the overall task successfully.

4.6.8 Real-world Experiments

We validated our approach in the real world through the whole-body bimanual ma-
nipulation task. Two 7-DoF Franka robots and a RealSense D435 camera were used.
The manipulated object was a large box with the size of 36cm× 26cm× 34cm, which is
representative of objects commonly found in warehouse applications. The task was
to rotate the box to a target orientation and then lift it. It involved complex contact
interactions among the robots, the object, and the table, as well as the full-body surface
geometry of the two robot arms, making the system particularly difficult to model.

To address this, Genesis (Zhou et al., 2024) is utilized to predict the box trajectory given
a sequence of control commands, thereby eliminating the need for manual modeling
of the complex system dynamics. Initially, a low-rank TT approximation augmented
with the object pose is obtained via TT-Cross. During execution, conditioned on the
current object pose, a tree search is performed for 3 iterations. This typically yields
effective results due to the guidance provided by the TT approximation.

Following a model predictive control (MPC) paradigm to bridge the sim-to-real gap,
a 9-second trajectory is generated at each 1-second time step. Figure 6.12 presents
keyframes from a representative task of rotating the box by 90◦. Notably, the robot’s
geometry is actively utilized to establish contacts with the object, enabling whole-
body bimanual manipulation. Furthermore, a comparative evaluation between TTTS
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Figure 4.16: Experimental setup with mass perturbation. A 1.2 kg external mass is
introduced to evaluate the robustness of TTTS against model mismatch between the
real world and the Genesis simulation.

and CMA-ES was conducted across five trials each, with the results summarized in
Figure 4.17a and Figure 4.17b. Given a tolerance of 10◦, TTTS achieves a 100% success
rate, whereas CMA-ES achieves only 40% under similar computational budgets. This
highlights the superior sampling efficiency of TTTS, which stems directly from the
tensor factorization.

To evaluate the robustness of the proposed method, we further tested it under sev-
eral variations, including changes in the initial position, adding weight to the box
(Figure 4.16), combining both variations, and altering the initial orientation. The corre-
sponding box trajectories are presented in Figure 4.17c. We observe that changes in the
initial position and orientation have little effect on TTTS performance, thanks to the
feedback mechanism embedded in MPC. However, adding weight results in slightly
worse performance because of the sim-to-real gap. Nevertheless, even with this gap,
the box can still be reoriented by more than 70◦, which demonstrates the robustness of
our approach under model uncertainty.

4.7 Discussion

In this chapter, Tensor Train Tree Search (TTTS) is presented as a structure-aware
framework for robot optimization. The key idea is to approximate the decision tree in
TT format, enabling efficient optimization over large combinatorial decision spaces
while maintaining linear complexity. Its effectiveness is demonstrated across a range of
domains, including inverse kinematics, obstacle-avoidance motion planning, planar
pushing with face switching, and legged robot manipulation. Furthermore, a real-world
bimanual whole-body manipulation experiment highlights the practical efficiency of
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(a) TTTS Results (b) CMA-ES Results
(c) TTTS Robustness

Evaluation

Figure 4.17: Statistical analysis of real-world bimanual whole-body manipulation.
The objective is to rotate the box by 90◦. A trial is considered successful if the box is
rotated beyond 80◦ (indicated by the dashed line in the plots). (a) and (b) present the
box orientation trajectories produced by TTTS and CMA-ES, respectively, showing that
TTTS achieves a significantly higher success rate. To further assess TTTS robustness,
additional experiments were conducted by varying initial position, adding weight on
the box, combining both variations, and altering the initial orientation, as illustrated
in (c).

TTTS for fast sampling-based model predictive control.

Despite these promising results, several challenges remain in further improving the
scalability of the proposed approach. TTTS is currently formulated under a determin-
istic action execution assumption, where each action sequence yields a consistent
system output, which is a natural assumption for standard model-based planning
and control. However, this assumption may not hold in the presence of real-world
stochasticity. Looking ahead, extending TTTS to stochastic settings (e.g., via chance-
constraint formulations, robust cost objectives, or belief-space tree search) represents
a promising direction for further broadening its applicability.

In this work, tensor networks in the standard Tensor Train (TT) format is used to
capture the structure in the objective function, enabling efficient optimization and
compact representation. However, more expressive representations may be explored
to capture richer dependencies in complex scenarios. Hierarchical Tensor Networks
(Grasedyck, 2010; Guo et al., 2026) provide a promising extension by introducing a
multi-resolution representation, in which high-dimensional functions are decomposed
across multiple scales with a tree-structured hierarchy. Such hierarchical formulations
align naturally with the layered structure of decision processes and may enable coarse-
to-fine reasoning, as well as more efficient branch-and-bound strategies for global
optimization.
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Another limitation arises from the reliance on computationally expensive system
rollouts during planning and control. In the current implementation, the Genesis
simulator is used to provide accurate physics and modeling flexibility, but rollout
speed remains a bottleneck for tasks requiring extensive sampling. Integrating learned
dynamics models as lightweight surrogates offers a promising direction, potentially
enabling significantly faster rollouts and improving the overall scalability of the frame-
work.

Overall, this chapter establishes tensor networks as a structured approximation frame-
work for efficient robot optimization, thereby laying a principled foundation for the
planning, control, and learning methods developed in the subsequent chapters of this
dissertation.
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5 Sequential Contact-rich Manipula-
tion Planning using Tensor Train

In the previous chapter, we introduced Tensor
Train (TT) as a structured approximation for
efficient optimization in classical motion plan-
ning and optimal control. Here, we extend
this framework to Task and Motion Planning
(TAMP) for sequential contact-rich manipula-
tion with hybrid contact modes. We formulate
the problem as sequential skill planning, us-
ing TT to approximate the value function of
each skill in a task-agnostic skill library. An
interleaved search-and-optimization framework is then proposed to jointly
identify the skill skeleton and subgoal sequence. By casting TAMP as sequential
skill planning, the proposed method improves computational tractability and
enables reliable execution under contact uncertainty and external disturbances.

Publication Note

The material presented in this chapter is adapted from:
• Xue, T., Razmjoo, A., Shetty, S., and Calinon, S. (2024a). Logic-skill programming:

An optimization-based approach to sequential skill planning.

• Shetty, S., Xue, T., and Calinon, S. (2024c). Generalized policy iteration using tensor
approximation for hybrid control. In Proc. Intl Conf. on Learning Representations
(ICLR).

Supplementary materials related to this chapter are available at: https://sites.google.
com/view/lsp4plan.

87

https://sites.google.com/view/lsp4plan
https://sites.google.com/view/lsp4plan


Chapter 5. Sequential Contact-rich Manipulation Planning using Tensor Train

5.1 Introduction

Consider the following task:

A large box is positioned on the table, next to a wall. The objective is to
reorient the box to a new 6D pose using a single robot manipulator with
minimal control efforts.

A potential solution involves pushing the box until it reaches the wall, then pivoting
against the wall, followed by pulling it to the target. It is noteworthy that the objective
is only given in terms of the evaluation of the final geometric configuration, and
potential control costs. Figure 5.1 illustrates the planning landscape of the sequential
manipulation problem.

Such tasks are quite common in robot manipulation scenarios, typically involving
the sequencing of multiple manipulation primitives, such as push, pivot, and pull,
to achieve a long-horizon target with sparse rewards. Solving these tasks requires
reasoning about the appropriate sequence of primitives and corresponding motion
trajectories. This hybrid structure results in combinatorial complexity, making it ex-
pensive to find a solution. To address this challenge, Mixed-Integer Programming
(MIP) (Marcucci and Tedrake, 2019) is an intuitive approach that does not require
a careful design of the system model. While it works well with convex optimization
formulations, such as graph of convex sets (Marcucci et al., 2023), manipulation tasks
involving interactions with the surroundings usually violate this assumption. Another
approach is to implicitly model the hybrid system with complementary constraints
(Posa et al., 2014; Moura et al., 2022). By uncovering the internal structures of different
manipulation primitives, this method eliminates the need for integer variables in prob-
lem formulation, allowing the use of continuous optimization techniques. However, it
often leads to poor local optima.

A more general approach involves using logic as a combinatorial expression of possible
manipulation primitives (Toussaint et al., 2018). This approach follows the principles of
MIP but extends the formulation to the first-order logic level, allowing the utilization of
powerful classical AI techniques. This idea is widely used in Task and Motion Planning
(TAMP) (Garrett et al., 2021), where the objective is to find a feasible or optimal plan for
a complicated task given full knowledge of the system and environments. Various ap-
proaches have been proposed to solve TAMP problems, including PDDLStream (Garrett
et al., 2020) and Logic-Geometric Programming (Toussaint, 2015), demonstrating high
performance in diverse scenarios, such as construction assembly (Zimmermann et al.,
2020; Hartmann et al., 2022), table rearrangement (Quintero-Pena et al., 2023), and mo-
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5.1 Introduction

Figure 5.1: Illustration of a sequential manipulation planning landscape. The task is
to sequence multiple manipulation skills to reach the target configuration xT , result-
ing in a highly nonlinear landscape composed of multiple manifolds (S1–S5). Each
manifold corresponds to a different interaction mode or symbolic state. An optimal
solution requires identifying a trajectory that transitions across multiple manifolds
(e.g., pushing, pivoting, and pulling) to reach the target configuration. The insets show
the initial and target configurations in a real robotic setup.
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bile manipulation (Yang et al., 2023b). However, they often exhibit poor performance
in many realistic scenarios involving model uncertainty and external disturbances. For
instance, considering the task introduced at the beginning, although we can derive an
offline feasible/optimal trajectory using predefined contact parameters like friction
coefficients, this trajectory can be totally wrong because we cannot know exactly the
contact model between the robot, objects, and the environment.

Thanks to the advances in learning-based techniques, it is now possible to learn a
powerful skill policy for each specific manipulation primitive. The policy can be seen as
a short-horizon model predictive controller (MPC) with a good terminal cost function,
showing robust and reactive behaviors in the face of model uncertainty and external
disturbances. When compared with methods that require online planning (Xue et al.,
2023b; Hogan and Rodriguez, 2020b), policy-based methods (Sutton and Barto, 2018;
Chi et al., 2024) usually exhibit good performance in physical manipulation tasks that
need to cope with contact uncertainty.

We can construct a skill library composed of multiple task-agnostic policies trained
independently. This allows for the iterative augmentation of the skill library in a lifelong
manner. However, sequencing such task-agnostic policies remains an open problem.
Two questions should be considered:

1) Within the library, multiple skills are available. To tackle an unseen, long-horizon
manipulation task, the questions arise: which skills should be employed, and what is
the correct order?

2) The acquired skills are task-agnostic. Each skill depends on a specific subgoal to
generate the appropriate action given the current state. How to determine the subgoal
sequence given a skill skeleton?

There has been prior work aimed at addressing these questions (Agia et al., 2023; Huang
et al., 2019; Wu et al., 2021). However, most existing approaches necessitate a well-
defined task planning problem with an explicit symbolic goal description, followed
by sampling-based methods to check whether the symbol-defined constraints can
be satisfied. This limitation restricts the applicability of such methods to tasks that
do not specify a symbolic goal and require an optimal path. These tasks are, in fact,
optimization problems rather than constraint satisfaction problems.

To address these issues, we propose Logic-Skill Programming (LSP), an optimization-
based approach designed to eliminate the need for explicit symbolic goal descriptions
for sequential skill planning. This work draws inspiration from Logic-Geometric Pro-
gramming (Toussaint, 2015) and shares the same philosophy, with a key distinction that
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5.1 Introduction

Figure 5.2: Overview of Logic-Skill Programming. Given the evaluation function Ψ of
the final configuration, along with the initial symbolic state s0 and geometric state x0,
the objective of LSP is to find a solution that can accomplish the task with minimal
control costs. A task-agnostic skill library is pretrained, consisting of N skill operators
A = {a1:N}, along with corresponding value functions V = {V π1:N } and policies P =
{π1:N} in Tensor Train format. LSP solves this problem by alternating between symbolic
search and skill value optimization for joint logic-geometric reasoning. Symbols s1:K
are used as constraints for skill optimization, while skill optimization is used to check
skeleton feasibility and final configuration performance, with a feedback reward r
informing the symbolic search. This results in the appropriate skill skeleton a1:K and
subgoal sequence x1T :KT

, which are then combined with the skill policies π1:K existing
in the skill library to actuate the real robot. Notably, the gray channel with symbolic
final state sK is interrupted because our framework eliminates the need for a symbolic
target goal sT , while such information is typically required in existing sampling-based
sequential skill planning methods.
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we concentrate on skill policy planning, rather than motion planning in a fully-known
environment.

Fig. 6.2 is an overview of LSP. Given the initial state s0 and x0, along with the evaluation
function Ψ for the final geometric configuration, LSP can generate the solutions to
sequence multiple skills from the task-agnostic skill library. This problem is formulated
as an extended first-order mathematical program, where first-order logic is introduced
to constrain the optimization problem. The objective is to optimize both the overall
cumulative reward and the performance of the final geometric configuration. The
overall cumulative reward is expressed as the sum of all value functions within the plan.
While Reinforcement Learning (RL) algorithms have achieved remarkable success on
complex tasks, the resulting value function approximations are typically learned from
sampled data, which can lead to limited global accuracy and unreliable estimates
outside the explored regions. This limitation is particularly critical in sequential skill
planning, where accurate value estimates are required to determine the optimal se-
quence of subgoals that maximizes the cumulative reward. To address this issue, we
propose to approximate value functions in Tensor Train (TT) format, enabling efficient
and global approximation over high-dimensional spaces. The appropriate skill skele-
ton and optimal subgoal sequence are then obtained by alternating between symbolic
search and numerical optimization over the associated skill value functions.

We summarize the contributions of this work as follows:

• We propose to formulate the sequential skill planning problem as an extended
first-order mathematical program, eliminating the need for symbolic goal de-
scription and enabling to find the optimal solutions rather than only feasible
ones.

• We propose Logic-Skill Programming to address sequential skill planning tasks
by alternating between symbolic search and skill value optimization.

• We propose to use TT to approximate the value functions, aiding in finding the
optimal subgoal sequence with maximum cumulative reward respecting system
dynamics.
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5.2 Related Work

5.2.1 Skill Learning

Methods such as behavior cloning (BC) (Florence et al., 2022) employ deep neural
networks to model state–action distributions from offline datasets. This class of meth-
ods heavily relies on the quality and coverage of the provided data, and often lacks
effective exploration in complex or unseen state spaces. An alternative paradigm is
reinforcement learning (RL), which, through the exploration–exploitation mechanism,
enables agents to actively explore the state space and discover feasible solutions. How-
ever, actions in RL are typically generated either by sampling from the current policy
or by locally optimizing value-related functions such as the Q-function or advantage
function. In both cases, the resulting exploration is strongly biased by the local struc-
ture induced by the current policy or value landscape, leading to predominantly local
exploration in the action space.

In this chapter, we aim to achieve global optimality over the entire (logic and geometric)
path. To this end, we require a global approximation of the value function over the full
state space. Notably, both BC and RL methods fall short in providing this information.
This assertion aligns with the motivation of Approximate Dynamic Programming (ADP),
where the goal is to approximate the optimal value function for the entire state space.
However, this objective is challenging due to the expensive storage and computation
involved in solving the dynamic programming algorithms such as value iteration. We
argue that this challenge explains why existing literature primarily focuses on feasibility
rather than pursuing optimality in sequential skill planning. In this chapter, we address
this issue by leveraging Tensor Train (TT) to approximate the state-value function and
the advantage function within the ADP framework.

5.2.2 Hybrid Long-horizon Planning

Hybrid long-horizon planning in contact-rich manipulation has been discussed in
Chapter 2. Here, we briefly position our approach with respect to existing methods.

Classical approaches such as Mixed-Integer Programming (MIP) and MPCC (Marcucci
and Tedrake, 2019; Posa et al., 2014) handle hybrid dynamics through discrete variables
or complementarity constraints, but struggle with non-convexity and scalability in
complex contact scenarios. Task and Motion Planning (TAMP) (Garrett et al., 2021)
extends this paradigm by integrating symbolic reasoning with geometric optimiza-
tion, including both sampling-based (Srivastava et al., 2014; Garrett et al., 2020) and
optimization-based (Zimmermann et al., 2020; Envall et al., 2023) methods. In partic-
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ular, optimization-based approaches such as Logic-Geometric Programming (LGP)
(Toussaint, 2015) formulate sequential decision making as a first-order extension of a
mathematical program, enabling joint logic–geometric reasoning.

Our work is closely related to this line of research. Similar to LGP, we formulate long-
horizon manipulation as an optimization problem. However, while LGP primarily
focuses on planning under fully known models, our approach explicitly targets the
practical execution of plans in contact-rich settings with potential model mismatch. By
leveraging skill value functions and symbolic search, it enables the generation of long-
horizon plans that are executable under complex contact dynamics and uncertainties.

5.2.3 Sequential Skill Planning

Prior works that focus on sequential skill planning typically adopt the options frame-
work (Sutton et al., 1999), where a high-level policy is trained to sequence low-level
skills toward the final goals. For instance, Xu et al. proposed learning a skill proposal
network as the high-level policy and utilizes learned skill-centric affordances (value
functions) to assess the feasibility of the proposed skill skeleton (Xu et al., 2021). Sim-
ilarly, Shah et al. suggested using the value functions of low-level skills as the state
space to represent the symbolic skill affordance (Shah et al., 2021). This representation
is then utilized to train an upper-level RL policy toward long-horizon goals. Although
such methods have demonstrated the ability to solve long-horizon tasks, the resulting
policies are typically task-specific and exhibit poor generalization on unseen tasks.
Moreover, we believe the capabilities of value function has not been fully explored by
(Shah et al., 2021; Xu et al., 2021). Instead of using the value functions symbolically, we
regard it as an abstraction of cumulative reward, taking into account the system dy-
namics in geometric level. Subsequently, we leverage it to identify the optimal subgoal
sequence that results in the maximum cumulative reward of the full path.

To enhance generalization, several recent works rely on symbolic planning to sequence
task-agnostic skills. In (Agia et al., 2023), the product of Q-functions is maximized to
ensure the joint success of all skills in a sequence, with the skill skeleton provided by
a high-level task planner. Similarly, (Huang et al., 2019) employs a symbolic planner
to sequence imitation learning policies, leveraging continuous relaxation to improve
symbolic grounding. A key principle in these methods is to formulate a constraint
satisfaction problem where the effects of a parameterized skill primitive satisfy the
preconditions of the subsequent skill in the skeleton. Such skeletons are either prede-
fined (Mishra et al., 2023) or generated via PDDL planners (Agia et al., 2023), both of
which require an explicit symbolic goal description. Consequently, these methods do
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Figure 5.3: An illustrative example of Logic-Skill Programming for sequential manipu-
lation. Left: The symbolic states of a rectangular object that can only be grasped from
the side. Right: The graph structure with the discovered optimal logic-geometric paths
that connect x0 and xT . Both kinematic and dynamic constraints are considered to be
satisfied.

not optimize over a final configuration defined solely by an objective function, which
limits their applicability to the problem addressed in this work.

Therefore, we are motivated to propose a method that eliminates the need for a sym-
bolic goal description while ensuring the maximum cumulative reward of the obtained
skill skeleton and motion trajectories. This work aligns with LGP (Toussaint, 2015),
except that we plan over skills rather than motions, as we believe skills are more appli-
cable in realistic environments.

5.3 Problem Formulation

Our objective is to address long-horizon manipulation tasks by sequentially executing
a series of skills included in a skill library P = {π1, π2, . . . , πN}. To ensure that the
learned skills can be sequenced in an arbitrary manner and generalized to any long-
horizon tasks, the skills should be task-agnostic, as also described in (Agia et al., 2023).
This implies that the learned policy is trained independently, with its own skill-centric
parameters. Each skill domain can be modeled by a Markov Decision Process (MDP)

Mn = (Xn,Un, Tn,Rn), (5.1)

whereXn is the state space, Un is the action space, Tn(x′
n|xn, un) is the transition model,

Rn(xn, un) is the reward function given current state and action.
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The full K-length long-horizon domain is the union of {M1,M2, . . . ,MK}, where
each time segment corresponds to a single skill policy. It is specified as

M = (M1:K ,X ,Φ1:K ,Γ1:K), (5.2)

where X is the full state space of the long-horizon domain, Φ1:K : Xk → X is a function
that maps the policy state space to the full state space, and Γ1:K : X → Xk is a function
that extracts the policy state from the full state. Note that the state spaces of different
skills usually have different dimensions and structures. Taking pushing and pivoting as
examples, they are planar manipulation primitives defined in horizontal and vertical
planes, respectively, affecting different elements of the object pose after execution. The
long-horizon full state space serves as a bridge, transmitting the local state changes
from the previous skill to the subsequent one.

After acquiring these task-agnostic policies, our goal is to determine the optimal skill
skeleton and subgoal sequence, given the evaluation function Ψ of the final configura-
tion. Each skill πk(u|x) is trained to maximize the cumulative reward given the current
state x. Therefore, finding the optimal skill sequence aims to maximize the overall
cumulative reward for the complete skill sequence a1:K and the evaluation of the final
configuration Ψ(xKT

):

max
x,a1:K

K∑
k=1

Eπk

[ ∞∑
t=0

γtRkt

]
+ Ψ(xKT

). (5.3)

Here, Rkt denotes the reward of skill ak at time t. However, directly optimizing over the
infinite full horizon is impossible. Considering that the value function is defined to
approximate the cumulative reward in dynamic programming:

V πk(x) = Eπk

[ ∞∑
t=0

γtRkt(xkt , πk(xkt)) | xk0 = x

]
, (5.4)

and the objective of each policy is to find an action from the action space that can
maximize the cumulative reward from current state:

Qπk(x,u) = Eπk

[ ∞∑
t=0

γtRkt(xkt ,ukt) | xk0 =x,uk0 =u

]
,

πk(x) = arg max
u

Qπk(x,u). (5.5)

The sequential skill planning problem can be formulated as maximizing the sum
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of value functions, along with the evaluation function Ψ of the final configuration,
incorporating first-order logic as constraints:

max
x,a1:K ,s1:K

K∑
k=1

V πk(xk0) + Ψ(xKT
)

s.t. sk ∈ succ(sk−1, ak),x10 = x0,

hpath(xkt , πk(xkt)|sk) = 0,
gpath(xkt , πk(xkt)|sk) ≤ 0,
hswitch(xkT

|ak+1, sk) = 0,
gswitch(xkT

|ak+1, sk) ≤ 0,
xkt = Φk(xkt |ak),
xk0 = Γk(xk0 ,xkT

|ak),

(5.6)

where xk0 and xkT
are the initial and final configuration of skill operator ak in the long-

horizon domain X . The goal configuration of ak is identical to the initial configuration
of ak+1, namely x(k+1)0 = xkT

. The initial state of ak within the skill domain Xk,
denoted as xk0 , is computed using xk0 and xkT

. V πk(xk0) therefore represents the
cumulative reward from xk0 to xkT

inXk. Φk and Γk are the mapping functions between
long-horizon domain X and skill domain Xk. Thanks to Γk, given new initializations
and targets, there is no need to retrain new value functions. The definition of Γk

is outlined in Sec. 5.6.1. s0 and x0 denote the initial symbolic state and geometric
configuration, respectively. hpath and gpath indicate the constraints on the path xkt

given current symbolic state sk. Such constraints are addressed by the skill policies πk in
each skill domain. hswitch and gswitch express the transition consistency of configuration
xkT

with the following skill operator ak+1. For example, to pivot an object against the
wall, the object should be well-positioned in contact with the wall after the previous
action. These constraints specify the degrees of freedom in the system configurations
that can be actuated under the symbolic state sk, thereby effectively reducing the
number of decision variables in xkT

and streamlining the optimization process. For
instance, an object marked as non-graspable and onTable can only be manipulated
through push or pull, with actuation in the dimensions of x, y and yall. Conversely, if
the object is marked as atWall, it can be actuated by pivot, with changes in roll or
pitch.

The value functions of all skills a1:K collectively constitute a value function space,
offering insights into optimal control for sequentially executed skills, while considering
system dynamics and kinematics. By optimizing over it, we can identify the subgoal
sequence that maximizes the cumulative reward while satisfying system constraints.
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For instance, as depicted in Fig. 5.7, the value function space can inform the planner
which configuration along the table edge is more dynamically optimal, especially
considering the under-actuated pushing dynamics.

We assume the initial geometric configuration x0 is given, along with an initial sym-
bolic state s0 ∈ L. The symbolic states can be transited through the skill operator ak as
sk = succ(ak, sk−1). The existing skill planning frameworks typically require an explicit
symbolic goal target sT |= G, while our method eliminates this requirement by consid-
ering only the evaluation Ψ of the final geometric configuration. Figure 5.3 provides
an illustration of this setting. Each symbolic state represents a feasible manipulation
mode of the object, while edges correspond to executable manipulation skills that
satisfy both kinematic and dynamic constraints. The planning problem can therefore
be interpreted as finding an optimal logic–geometric path connecting x0 and xT .

5.4 Skill Value Function Approximation

To solve (5.6), the first step is to obtain value functions that accurately approximate
the cumulative reward within each skill domain. From a control perspective, the
value function quantifies the expected return of reaching a state while accounting for
both kinematic and dynamic constraints. However, approximating value functions in
high-dimensional state–action spaces is challenging due to the curse of dimensionality.

To address this challenge, we propose to leverage tensor train (TT) to approximate
both state-value and advantage functions. The state-value function V π corresponding
to a policy π with discount factor γ is defined as

V π(x0) =
∞∑

t=0
γtR(xt, π(xt)), xt+1 = f(xt, π(xt)). (5.7)

Given a value function V : Ωx → R, the Bellman operator Bπ is defined as

BπV (x) = R(x, π(x)) + γV
(
f(x, π(x))

)
, ∀x ∈ Ωx. (5.8)

The corresponding advantage function AV is

AV (x,u) = R(x,u) + γ
(
V (f(x,u))− V (x)

)
, (x,u) ∈ Ωx × Ωu. (5.9)

The resulting algorithm, referred to as Generalized Policy Iteration using Tensor Train
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Figure 5.4: Overview of TTPI algorithm. In each iteration, the state-value function and
the advantage function are represented in TT format and computed via TT-Cross. This
process utilizes the preceding estimates of the value function and the policy, with the
updated policy subsequently retrieved from the new advantage function.

(TTPI), is summarized in Algorithm 2, with a pictorial overview illustrated in Figure 5.4.

The value function is initialized to zero and updated iteratively via value iteration. At
iteration i, the update proceeds as

Ai(x,u) = R(x,u) + γ
(
V i(f(x,u))− V i(x)

)
, ∀x,

π(x) = arg max
u

Ai(x,u),

BπV i(x) = R(x, π(x)) + γV i(f(x, π(x))),
V i+1 = TT-Cross(BπV i, ϵ),

(5.10)

whereAi(x,u) is the advantage function, f(x,u) denotes the system dynamics,R(x,u)
is the reward function, and ϵ is the accuracy threshold for TT-Cross approximation.

5.5 Logic-Skill Programming

Given the approximated value functions, we solve Eq. (5.6) by alternating between
high-level symbolic search and low-level skill value optimization. The symbolic search
defines the task structure and associated constraints, while the skill value optimization
evaluates the feasibility of each skeleton and the resulting final configuration.

Level 1: Symbolic Search

We use Planning Domain Definition Language (PDDL) (Aeronautiques et al., 1998)
to describe the task domain and then utilize Monte Carlo Tree Search (MCTS) to
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Algorithm 2 TTPI: Generalized Policy Iteration using Tensor Train

1: Input:
2: nv: Number of value update steps
3: ϵ: Accuracy of TT representation
4: rmax: Maximum TT-rank
5: δmax: Convergence tolerance
6: r(x,u): Reward function
7: ∆t: Time Discretization
8: f(x,u): Forward simulation
9: Ω̂x: Discretization of state space

10: Ω̂: Discretization of state-action space (Ω̂x × Ω̂u)
11: N : Number of candidate samples.
12: Output: Policy π∗

13: Initialize:
14: Initialize in TT-format: V 0 = 0

15: Initialize Advantage model: AV 0 = TT-Cross(R(x,u), Ω̂, rmax, ϵ)
16: (alternatively, initialize arbitrarily)

17: Set k = 0
18: while δ ≤ δmax do

19: k ← k + 1

20: πk(x) := argmax
a

AV k−1(x,u)

21: V k
0 = V k−1

22: for j ← 1 to nv do

23: V k
j (x) = TT-Cross(Bπk

V k
j−1, Ω̂x, rmax, ϵ)

24: end for

25: V k = TT-round(V k
nv
, ϵ)

26: Ak(x,u) = R(x,u) + γ(V k(f(x,u))− V k(x))

27: AV k = TT-Cross(Ak, Ω̂, rmax, ϵ)

28: δ = ∥V k−V k−1∥2
∥V k−1∥2

29: end while

30: Set V ∗ = V k

31: π∗(x) = argmax
u

AV ∗(x,u)
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search for the appropriate skill sequence a1:K from the skill library. The preconditions
and effects of each skill form a rule-based representation of symbolic transitions
sk = succ(sk−1, ak), serving as the forward model for symbolic search. In each iteration,
MCTS relies on the Upper Confidence Bound (UCB1) (Williams, 2016) to select the
node:

UCB1(sk) = wsk

vsk

+ CE

√√√√2 ln
(
vsp

k

)
vsk

, (5.11)

where vsk
represents the number of visits on symbolic state sk, and wsk

indicates the
total accumulated reward obtained through state sk. vsp

k
denotes the number of visits

on the parent node of sk. CE is a constant to balance exploitation and exploration.

If no child node is found in the current branch of the search tree, the branch will expand
and simulate until it either reaches the target or surpasses the maximum length. Since
our formulation does not have a symbolic goal, we rely on the skill value optimization
process (Sec. 5.5) to evaluate the performance of the final geometric configuration. A
reward r will be backpropagated through the branch, depending on the simulation
result. This iterative process refines the search tree, focusing on promising branches
and ultimately converging towards an optimal decision. It is important to note that the
sequence length (K in Eq. (5.6)) is purely unknown before symbolic search, allowing
diverse sequence lengths for the same target configuration. By applying a higher CE in
the UCB1 formula, MCTS can return multiple solutions. For example, as shown in Fig.
5.5b, if we want to grasp the cube that is only graspable from the lateral side, multiple
symbolic sequences can be found by symbolic search. One can be push-pick, pushing
the cube to the edge and then grasping it from the table side, while another solution can
be push-pivot-pull-pick. Given multiple solutions, we can either choose the most
robust one before execution using domain knowledge, or switch between solutions
during execution.

Level 2: Skill Value Optimization

The symbolic skill skeleton encodes feasibility only at the symbolic level. Therefore, it
must be validated through Eq. (5.6) to ensure that the resulting trajectory satisfies the
constraints and reaches a valid final configuration. This step is particularly important
in our framework because the objective depends solely on the evaluation function
Ψ of the final configuration. Moreover, since the sequenced skills are task-agnostic,
appropriate subgoals must be determined for each skill so that the corresponding
skill policy can infer where to move from the current state. In our formulation, these
subgoals are obtained by solving Eq. (5.6) conditioned on the symbolic skill skeleton.
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Chapter 5. Sequential Contact-rich Manipulation Planning using Tensor Train

Given the value functions obtained in Sec. 5.4, we solve Eq. (5.6) for the skill skeleton
produced by the symbolic search layer. The resulting subgoals x1T :KT

must satisfy both
path constraints and switch constraints. The switching constraints hswitch and gswitch

require that xkT
lies in the intersection of two adjacent skill domains, Xk and Xk+1,

ensuring configuration consistency between consecutive skills. The path constraints
hpath and gpath are enforced by the corresponding skill policies within each domain. For
example, to verify whether a subgoal xkT

is reachable while satisfying path constraints,
the skill policy πk is executed in domain Xk starting from the initial state xk0 .

We assume that the discrepancy between the model parameters used during skill policy
learning and those in the real world is moderate. With the receding-horizon mecha-
nism during policy execution, the skill policy can reach the target despite modeling
errors and disturbances, thereby naturally satisfying hpath and gpath. Our focus is there-
fore on sequencing multiple skills to accomplish more complex tasks. In Chapter 6, we
further investigate how to learn robust skill policies that can handle the sim-to-real
gap.

To design an appropriate optimization technique, it is essential to note that both
discrete and continuous variables may be involved in this problem. For instance, in the
task mentioned at the beginning, we have to rely on pivoting against the wall to change
the roll or pitch angle of the box. This requires one face of the box to be parallel
to the wall. In other words, the yall angle of the box has to be in [−π,−π/2, 0, π/2]
after pushing. Moreover, the objective function can be in any form, either convex or
non-convex, depending on the value functions of selected skills. All of these factors
pose significant challenges for optimization techniques. In this work, we employ the
Cross-Entropy Method (CEM) (Rubinstein, 1999; De Boer et al., 2005) with mixed
distribution, namely CEM-MD, as the optimization technique. It can handle mixed-
integer programming by using Gaussian distribution and categorical distribution
for continuous and discrete variables, respectively. The distributions are iteratively
updated towards the fraction of the population with higher objective scores until
converging to the best solution. The pseudocode of CEM-MD is shown in Alg. 3.
Note that the C samples in each iteration are generated in batch (lines 5-10) for fast
computation.

Overall, our proposed approach is to alternate between symbolic search and skill
value optimization. The symbolic search is achieved by MCTS, with the obtained skill
skeleton as the constraints for skill value optimization. The skill value optimization is
achieved by CEM-MD, with its results to inform symbolic search. The values of visited
nodes in the search tree will be updated, initiating a new iteration. Given an evaluation
function Ψ of the final configuration, this framework can return multiple solutions.
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5.5 Logic-Skill Programming

Algorithm 3 CEM-MD: Cross-Entropy Method with Mixed Distribution

1: Input: Initial mean µ, covariance matrix Σ for continuous variables, initial proba-
bility vector p for discrete variables, population size C, elite fraction p, maximum
iterations H , number of categories Kc, skill sequence a1:K , Initial configuration x0,
evaluation function Ψ

2: Output: Subgoal sequence x∗, cumulative reward: J∗

3: Initialize h← 0
4: while h < H do
5: for i = 1 to C do
6: Sample continuous variables: xci ∼ N (µ,Σ)
7: Sample discrete variables: xdi

∼ Categorical(p)
8: Combine: xi = (xci ,xdi

)
9: Evaluate the samples: Ji ← l(xi, a1:K ,x0,Ψ) ▷ objective function in Eq. (5.6)

10: end for
11: Select the top p solutions (elite set): {x̂1, x̂2, . . . , x̂pC}
12: Update the mean and covariance for continuous variables:

µ← 1
pC

pC∑
i=1

x̂c,i

13: Update the probability vector for discrete variables:
14: for kc = 1 to Kc do

pelitekc
= count(x̂d,kc)

pC

15: end for
p← pelite

16: h← h+ 1
17: end while
18: x∗

c ← N (µ,Σ) and x∗
d ← Categorical(p)

19: x∗ = (x∗
c,x

∗
d), J∗ ← l(x∗, a1:K ,x0,Ψ)

20: Output x∗ and J∗
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The pseudocode of our Logic-Skill Programming method is shown in Alg. 4.

Algorithm 4 LSP: Logic-Skill Programming

1: Input: Initial configuration x0, evaluation function Ψ, initial symbolic state s0,
maximum iterations H̃ , maximum number of solutions Ñs

2: Output: Skill skeleton a1:K , Subgoal sequence x1T :KT

3: Initialize h← 0, Ns ← 0, Value Set: Ov ← ∅, Solution Set: Os ← ∅
4: while h < H̃ do
5: Symbolic search: a1:K = MCTS(s0)
6: Skill value optimization:
7: x1T :KT

, J = CEM-MD(a1:K ,x0,Ψ)
8: if solved then
9: Ns ← Ns + 1

10: Ov ← Ov ∪ (J)
11: Os ← Os ∪ (a1:K ,x1T :KT

)
12: end if
13: if Ns ≥ Ñs then
14: break
15: end if
16: h← h+ 1
17: end while
18: OutputOs

5.6 Experiments

In this section, we compare our method with state-of-the-art baselines, in terms of
policy learning, subgoal optimization, and sequential skill planning.

5.6.1 Evaluation on Skill Policy Learning

To evaluate the skill policies and their corresponding value functions, we initially
construct a skill library using different skill learning methods. These methods include
TTPI and two state-of-the-art RL methods: Soft Actor-Critic (SAC) (Haarnoja et al.,
2018) and Proximal Policy Optimization (PPO) (Schulman et al., 2017).

The skill library encompasses five manipulation skills: Push, Pivot, Pull, Pick and
Place, each characterized by unique state and action spaces. Specifically, Push, Pivot,
Pull are planar manipulation primitives.

1. Push: The state is characterized by (po, θo,pr, fc), while the action is denoted by
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(vr, fn). Here, (po, θo) ∈ SE(2) denotes the object’s pose in the world frame. pr

and vr represent the position and velocity of the robot end-effector in the object
frame. We assume that the object has a rectangular shape (common in industry),
where fc ∈ 0, 1, 2, 3 represents the current contact surface and fn denotes the
next contact surface. Thus, the system encompasses a total of 6 states and 3
control variables, comprising both continuous and discrete variables.

2. Pivot: The pivoting domain features a goal-augmented state (β, β̃), where β is
the current rotation angle of the object in the gravity plane, and β̃ is the desired
angle. The control input is β̇, which denotes the angular velocity of the robot
end-effector..

3. Pull: The state is defined as (po, θo) ∈ SE(2), representing the object’s position
and orientation in a planar plane. The control input is (ṗo, θ̇o), denoting the
translational and angular velocities of the robot end-effector.

4. Pick: In this domain, the state is defined as (x, y, z, α, β, θ) ∈ SE(3), representing
the pose of the robot end-effector, while the control input is the Cartesian velocity
of the end-effector, (ẋ, ẏ, ż, α̇, β̇, θ̇) ∈ SE(3). Without loss of generality, we assume
that the object to be picked is located at (0, 0, 0, 0, 0, 0).

5. Place: This domain shares the same state and action spaces as the Pick domain.

We define the general reward for skill learning as:

r = −(cp + ρco + 0.01ca + 0.1cf ), (5.12)

with
cp = ∥xp − xdes

p ∥/lp, co = ∥xo − xdes
o ∥/lo,

ca = ∥u∥, cf = 1− δ(fc − fn),
(5.13)

where xp and xo represent the current position and orientation of the system in each
skill domain, while xdes

p and xdes
o denote the target position and orientation. We

set the state space to be within [−0.5m, 0.5m] for position elements, and [−π, π] for
orientation elements. lp and lo are therefore set to 0.5 and π respectively to normalize
the position error and orientation error. ρ is a hyperparameter used to balance position
and orientation errors. Due to the underactuated nature of pushing dynamics, we set
ρ = 0.5 in practice. For other skills, ρ is set to 1. u represents the control inputs of each
skill domain. cf is a specialized term unique to the pushing domain, used to penalize
face switching during pushing. Here, δ(fc − fn) returns 1 when fc = fn (indicating no
face switching), otherwise, it returns 0.
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Notably, the skill policies learned for push, pull, pick and place are in a regulated
manner, with the target state xdes set as 0. In terms of pivot, the reward function does
not include a positional term. In the orientation term, xo is defined as β, and xdes

o is
defined as β̃. Given new initial and target states in the long-horizon domain, along with
the skill operator ak, the skill-specific state can be computed as xk0 = Γk(xk0 ,xkT

|ak)
(as shown in Eq. (5.6)). For push, pull, pick and place, the domain mapping function
Γk is defined as

Γk(xk0 ,xkT
) = φk(xk0)− φk(xkT

), (5.14)

where φk is a dimension reduction function that selects skill-specific dimensions
from the long-horizon state. In the case of pivot, the skill is acquired through goal-
augmented policy learning, achieved by augmenting the state as (β, β̃). This aug-
mented state is the concatenation of the current rotation angle φpivot(xk0) with the
desired angle φpivot(xkT

). Γpivot is therefore defined as

Γpivot(xk0 ,xkT
) = Concat

(
φpivot(xk0), φpivot(xkT

)
)
. (5.15)

The obtained xk0 can then be directly fed into V πk without the need to retrain new skill
policies and value functions.

As for another domain mapping function Φk : Xk → X which maps skill-specific state
to long-horizon state, it is defined as a function that updates the value of skill-specific
dimensions in the long-horizon state based on the skill-specific state.

Notably, since SAC is not naturally suited for handling hybrid action spaces, we exclude
fc and fn for a fair comparison of skill learning performance in this subsection. For
both PPO and SAC, our primary implementation relies on Stable-Baselines3 (Raffin
et al., 2021), utilizing a Multilayer Perceptron (MLP) architecture with dimensions of
32× 32 as the policy network. We set the discount factor to 0.99 and the learning rate
to 0.001, while configuring the task horizon to 104. In TTPI, we establish the accuracy
threshold for TT-cross as ϵ = 10−3 and set the maximum rank rmax to 102.

The obtained policies are then evaluated by comparing the success rates across 1000
initial states in skill domains. We define a successful task as achieving a position error
of less than 0.03cm and an orientation error of less than 15◦. Table 5.1 reveals that
all the policies can nearly reach the final targets, demonstrating the proficiency of
the learned policies in accomplishing individual manipulation tasks. However, rather
than focusing solely on having skills for each specific task, we are also concerned
with finding the optimal trajectory with the maximum cumulative reward for the
sequenced skills. To achieve this, an accurate value function is required to inform
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Table 5.1: Comparison of skill policy performance and value function precision.

TTPI SAC PPO
success rate value prediction time (min) success rate value prediction time (min) success rate value prediction time (min)

pushing 1.0 0.85 5.6 0.83 0.63 36.3 0.95 0.61 44.8
pivoting 1.0 0.94 0.9 1.0 0.51 16.0 1.0 0.68 8.7
pulling 1.0 0.97 1.1 1.0 0.84 16.5 1.0 0.72 10.7
pick/place 1.0 0.93 1.67 0.98 0.64 33.6 1.0 0.66 24.6

Table 5.2: Comparison of computation error and time for skill value optimization.

TTGO Shooting CEM-MD
error approximation time (s) inference time (s) error time (s) error time (s)

NPM 0.03± 0.00 0.48± 0.21 0.003± 0.00 0.35± 0.01 0.01± 0.00 0.02± 0.01 0.06± 0.01
PPM 0.12± 0.01 3.90± 0.22 0.004± 0.00 0.59± 0.01 0.02± 0.00 0.05± 0.01 0.09± 0.01
PM 0.12± 0.01 20.28± 5.23 0.01± 0.01 0.75± 0.27 0.01± 0.00 0.03± 0.01 0.10± 0.01

which state in the intersection space between two adjacent skills leads to the maximum
cumulative reward. Therefore, we examine whether the value functions can offer the
same guidance as the cumulative reward given two states, shown as value prediction in
Table 5.1. The metric is to compare whether V πk(x1)− V πk(x2) has the same direction
asRπk

c (x1)−Rπk
c (x2), whereRπk

c (x) is the cumulative reward, defined as

Rπk
c (x) =

∞∑
t=0

γtRkt

(
xkt , πk(xkt)

)
, s.t. xk0 = x. (5.16)

We randomly selected 1000 state pairs in the state domain. The value function of
TTPI demonstrates superior prediction performance compared to SAC and PPO. This
indicates that value functions in TT format offer better accuracy in approximating
the cumulative reward, which can inform which state in the state domain is more
dynamically optimal given current policy. This observation aligns with our motiva-
tion, emphasizing that typical RL methods approximate the value function primarily
within a local space and the policy retrieval is often sub-optimal due to gradient-based
optimization. In contrast, TTPI, as an ADP method, aims to approximate the value
function across the entire state space. This feature is advantageous in our sequen-
tial skill planning framework for identifying the subgoal for each skill, which can be
anywhere within the skill-specific state space.

5.6.2 Evaluation on Skill Value Optimization

Table 5.1 illustrates that the acquired skills are successful in accomplishing each spe-
cific manipulation task. However, to achieve a long-horizon task where only the
evaluation function Ψ of final configuration is given, finding the subgoal for each skill
is important. This necessitates a good optimization technique capable of finding the
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(a) Non-Prehensile
Manipulation domain

(b) Partly-Prehensile
Manipulation domain

(c) Prehensile Manipulation
domain

Figure 5.5: Three sequential manipulation domains, including both prehensile and
non-prehensile manipulation primitives. The transparent object represents the final
target configuration in each domain.

(a) Non-Prehensile
Manipulation

(b) Partly-Prehensile
Manipulation (c) Prehensile Manipulation

Figure 5.6: Action skeletons obtained by LSP for three domains. The dot point denotes
the start of the skill sequence. Each color represents one solution, with black lines
indicating the common shared tunnel. The red star illustrates the end of the skill
skeleton.

optimal solution based on the given objective function.

Three different long-horizon domains are used to validate our method, involving both
non-prehensile and prehensile manipulation primitives, as shown in Fig. 5.5. The
simulation environments are built using PyBullet (Coumans and Bai, 2019) and the
AIRobot library (Chen et al., 2019).

a) Non-Prehensile Manipulation (NPM): As depicted in Fig. 5.5a, this domain involves
objects that cannot be grasped. The objective is to manipulate the box within the
3D world by leveraging multiple non-prehensile planar manipulation primitives and
establishing contacts with the surroundings to achieve the final 6D pose. This task can
also be seen as a special case of in-hand manipulation, where the robot and the wall
act as active and passive "fingers", respectively.
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b) Partly-Prehensile Manipulation (PPM): As shown in Fig. 5.5b, this domain involves
objects that can only be grasped in specific directions. The goal in this domain is to
manipulate the 6D pose of the cube, including the z direction. Therefore, the robot
must strategically decide how to pick up the object in the end. This domain requires the
robot to reason about physical contact and object geometry to unify both prehensile
and non-prehensile primitives.

c) Prehensile Manipulation (PM): As illustrated in Fig. 5.5c, this domain involves
objects that can be directly grasped. The goal is to alter the 6D pose of a block placed
on the table, beyond the robot’s reachability. To achieve this, the robot must pick up
the block in the end. This requires the robot to figure out using a hook to extend the
kinematic chain and pull the block back into the reachability region, and then grasp
it. However, the way in which the robot picks up the hook will affect whether the
block can be reached, and where to pull will also affect the entire trajectory and the
total energy cost. In this task, we want to show that our method can find an optimal
trajectory which has the minimum energy cost, while successfully finishing the task.

We therefore define the evaluation function Ψ of the final configuration xKT
as

Ψ(xKT
) = λ∥xKT

− xT ∥, (5.17)

where xT is the target configuration in each domain, and λ = 102. The initial configu-
ration x0 and target configuration xT are randomly sampled from the long-horizon
domain X , which is the configuration space of the entire environment. In NPM and
PPM,X = SR×SO, while in PM,X = SR×SO×ST . Here, SO = SE(3) and SR = SE(3)
denote the pose of the object and robot end-effector, respectively, while ST = SE(2)
represents the pose of a tool positioned on the table.

It is worth noting that both PPM and NPM tasks involve optimizing both discrete and
continuous variables, akin to mixed-integer programming. This complexity presents
significant challenges in optimization, especially considering that the objective func-
tions are arbitrary without any structure, depending on the value functions of skills.
To this end, we compare CEM-MD with some other techniques capable of handling
mixed-integer variables, including TTGO (Shetty et al., 2024a) and the random shoot-
ing method. TTGO is an optimization technique specifically designed for functions
in tensor train format, enabling it to find the optimal solution extremely fast once
the TT model is provided. Random shooting is a naive technique that randomly sam-
ples variables from the domain and returns the one with the highest objective score.
We apply these three optimization techniques across the three domains, conducting
10 random initializations for each domain. The maximum number of iterations for
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Table 5.3: Comparison of computation time and solution quality for sequential skill
planning.

Computation Time (s) [w/ sym. goal] Computation Time (s) [w/o sym. goal] Cumulative Reward Sequence Length
LSP STAP LSP STAP LSP STAP

NPM 0.14± 0.23 0.06± 0.03 0.27± 0.15 NA 3.0± 0 2.4± 1.57 3.0± 0
PPM 0.17± 0.1 0.08± 0.02 0.22± 0.13 NA 2.9± 0.7 1.88± 1.01 2.9± 0.7
PM 0.25± 0.15 0.21± 0.02 0.41± 0.02 NA 5.0± 0 3.28± 0.62 5.0± 0

CEM-MD is set to H = 300, with an early stopping criterion of 10−3 to terminate the
while loop if the objective value no longer decreases. The population size is set to
C = 1000, and the elite fraction is set to p = 0.3. The number of categories Kc is set
to 4. The initial parameters µ, Σ, and p are computed using samples collected from a
uniform distribution in the first iteration. The results are shown in Table 5.2, with the
computation error defined as the L2 norm between the final state xKT

and the target
configuration xT .

Given an arbitrary function, TTGO needs to approximate it first using TT-cross and then
optimize over the approximated TT model, corresponding to the approximation stage
and inference stage, separately. Table 5.2 shows that the approximation stage usually
takes a longer time, but once the TT model has been obtained, the inference stage
will be very fast. This suits problems with static objective functions quite well (Shetty
et al., 2024a). However, in this work, if the high-level skill skeleton a1:K changes, the
resulting objective function will change as well. This requires a new TT approximation,
leading to expensive computation. Meanwhile, the shooting method is much faster
but can obtain poor solutions because of the random distribution. CEM-MD takes a
bit longer time compared to random shooting but obtains good solutions by updating
the mixed continuous and discrete distribution. The total computation time for these
three domains is less than 0.1s, which is still fast enough in terms of long-horizon
planning.

5.6.3 Evaluation on Overall Performance of LSP

We then run the complete LSP framework for these three domains to assess the overall
performance. In MCTS, the exploration parameter CE is set to 3, allowing for effi-
cient tree search while exploring different skeleton solutions. The feedback reward
r is defined as a binary variable 0/1, determined by whether the geometric target is
achieved. The maximum iteration is set to H̃ = 100, with an early stopping criterion
that terminates the while loop upon finding enough Ñs solutions. We set Ñs = 5 to
explore multiple solutions. Note that the Ñs solutions can be identical, depending on
MCTS and the total number of feasible solutions. We derive 13 skill operators from the
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Table 5.4: The specification of skill operators, preconditions and effects. In the effects
column, only the states that are changed after skill execution are listed. The remaining
symbolic states in the preconditions will be directly inherited by the effects.

Skill Operator Preconditions Effects
push_wall (¬ (AtEdge o)) ∧ (¬ (AtWall o)) ∧ (¬ (AfterFlip o)) ∧ (onTable o) (AtWall o)

pivot (AtWall o) (AtWall o) ∧ (AfterFlip o)
pull_wall (¬ (AtEdge o)) ∧ (¬ (AtWall o)) ∧ (¬ (AfterFlip o)) ∧ (onTable o) (AtWall o)

pull_center (AtWall o) ∧ (AfterFlip o) ∧ (onTable o) (¬ (AtWall o))
pull_edge (¬ (AtEdge o)) ∧ (¬ (AtWall o)) ∧ (¬ (AfterFlip o)) ∧ (onTable o) (AtEdge o)
pick_edge (AtEdge o) ∧ (PartGraspable o) ∧ (HandEmpty r) (InHand o) ∧ (¬ (HandEmpty r))

pick_center (¬(AtWall o)) ∧ (AfterFlip o) ∧ (PartGraspable o) ∧ (HandEmpty r) (InHand o) ∧ (¬ (HandEmpty o))
push_edge (¬ (AtEdge o)) ∧ (¬ (AtWall o)) ∧ (¬ (AfterFlip o)) ∧ (onTable o) (AtEdge o)
pick_tool (¬ (ReadyPull t o)) ∧ (Graspable o) ∧ (Reachable t) ∧ (HandEmpty r) (¬ (HandEmpty r))
pull_tool (ReadyPull t o) ∧ (¬ (Reachable o)) ∧ (¬ (HandEmpty r)) ∧ (onTable o) (Reachable o)

place_toolmove (¬ (HandEmpty r)) ∧ (¬ (Reachable o)) (ReadyPull t o)
place_tool (¬ (HandEmpty r)) (HandEmpty r)

pick_object (Reachable o) ∧ (Graspable o) ∧ (HandEmpty r) (InHand o)

Table 5.5: Initial symbolic state and symbolic goal of each domain. Note that LSP does
not need symbolic goals. Such goals are needed by the sampling-based sequential skill
planning methods for comparison.

Domain Initial symbolic state Symbolic goal
NPM (¬ (AtEdge o)) ∧ (¬ (AtWall o)) ∧ (¬ (AfterFlip o)) ∧ (onTable o) (AfterFlip o) ∧ (¬ (AtWall o))
PPM (¬ (AtEdge o)) ∧ (¬ (AtWall o)) ∧ (¬ (AfterFlip o)) ∧ (HandEmpty r) ∧ (PartGraspable o) ∧ (onTable o) (Inhand o)
PM (¬ (Reachable o)) ∧ (Graspable o) ∧ (Reachable t) ∧ (HandEmpty r) ∧ (onTable o) (Inhand o)

five skill policies existing in the skill library. The logic defining the preconditions and
effects of these operators is presented in Table 5.4. Each operator’s name, preceding
the underscore, denotes the skill policy it utilizes. Elements highlighted in yellow are
common across both NPM and PPM domains, those in gray are specific to the PPM
domain, and those in green are specific to the PM domain. Throughout the table, we
use the following symbols: o for an object, t for a tool, and r for a robot arm. Table 5.5
displays the initial symbolic state s0 used in each domain, along with the symbolic
goals used for comparison.

Given the same initial state s0 and x0 in each domain, we randomly sample 10 different
target configurations xT that require multi-step manipulation. Fig. 5.6 shows that LSP
can actively find multiple solutions. For the Non-Prehensile domain, two solutions
found by LSP are push-pivot-pull and pull-pivot-pull. For the Partly-Prehensile do-
main, four different skeletons are found: push-pick, pull-pick, push-pivot-pull-pick
and pull-pivot-pull-pick. For the Prehensile domain, the solved skill skeleton is
pick-place-pull-place-pick.

We then compare our method with another state-of-the-art sampling-based sequential
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(a) LSP (b) STAP

Figure 5.7: The pushing subtask obtained for the PPM domain. Both 5.7a and 5.7b
have the same initialization configuration. The objective is to employ the robot end
effector (pusher) to move the slider to the green line (x = 0), representing the edge of
the table. LSP provides a solution with the highest value in the space, requiring less
control effort, while STAP outputs one that involves multiple face switches.

skill planning method called STAP (Agia et al., 2023). STAP focuses on constraints
satisfaction. It requires an explicit symbolic goal for high-level task planning, followed
by feasible solution sampling. To ensure a fair comparison, we use MCTS with an
explicit symbolic goal as the task planner in STAP and then employ CEM-MD for
feasibility checking given the skill skeleton. Table 5.3 illustrates the time required to
find one solution and the solution quality between LSP and STAP. We can observe
that LSP does not require a symbolic target goal, whereas STAP relies on it. STAP
can find the solution faster than LSP. The reason is that STAP focuses only on finding
the feasible solution, while LSP aims to provide (global) optimality over the full logic-
geometric path. This aligns with the comparison of cumulative rewards. Note that the
cumulative reward of each skill in the sequence is normalized by the highest value in
the corresponding value function. We can observe that the trajectory found by LSP
leads to a higher cumulative reward compared with STAP, indicating better optimality.
Moreover, in the PPM domain, the skill sequence varies with different lengths, showing
that multiple solutions are found, as depicted in Fig. 5.6b.

Fig. 5.7 illustrates a toy example of the solutions found by LSP and STAP for the PPM
domain, where the robot needs to push the block (slider) to the edge of the table
(depicted as the green line) for grasping from the lateral side. LSP determines the
subgoal with the highest cumulative reward by utilizing the value function, which
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represents the optimal state considering the system dynamics. In contrast, STAP
outputs a feasible state, which can be any configuration on the edge theoretically.
Here, we pick up the one closest to the initialization in Euclidean space. However, to
reach this target, the pusher exerts more effort, involving two face switches (visible in
the discontinuous pusher trajectory in Fig. 5.7). This also underscores the utility of
the value function space for finding the optimal path considering system dynamics,
compared with Euclidean state space.

5.6.4 Real-Robot Experiments

This section first evaluates the performance of the TTPI algorithm on the face-switching
planar pushing task, with a specific focus on its execution under contact uncertainty
and external disturbances. We then demonstrate the efficacy of LSP for sequential
manipulation planning on the large box manipulation task introduced at the beginning
of this chapter.

Planar Pushing Task

The goal is to push a block while allowing both contact mode transitions and switching
between different contact faces. To model this problem, we adopt the motion equations
introduced in Chapter 3 and explicitly include the contact face as part of the state and
control variables. The system state is defined as [q⊤

s q⊤
p cc]⊤, where qs = [sx sy sθ]⊤

represents the position and orientation of the block, qp = [px py]⊤ denotes the end-
effector position, and cc ∈ {0, 1, 2, 3} indicates the current contact face. The control
input is given by [v⊤ cn]⊤, where v = [vn vt]⊤ denotes the end-effector velocity and
cn ∈ {0, 1, 2, 3} specifies the next contact face. The resulting system therefore has n = 6
state variables and m = 3 control inputs, comprising both continuous and discrete
components.

The control policy was first trained in simulation, with continuous state and action
variables discretized into 200 and 50 points, respectively, while discrete variables
were kept unchanged. The domain is set in the range from [−0.5m,−0.5m,−π] to
[0.5m, 0.5m,π], with maximum velocity defined as 0.1 m/s. The accuracy of TT-cross is
defined as 10−3. The rank of the final value function was found to be 4 and the rank
of the advantage function was 40. Each iteration of the VI procedure took about 10
seconds on average. To test the generalization of the policy, we randomly selected
1000 initializations in the domain. The success rate is 100%. Fig. 5.8 shows part of the
simulation results. We reached a robust policy generating a 100% success rate in about
40 iterations while the convergence of the whole algorithm took about 500 iterations.
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Figure 5.8: Simulated trajectories of the block given four different initial states. The
colored trajectories represent the motion of the block to the target (qs = [0 0 0]⊤).

The reward function is defined as:

R(s, a) = −∥qs∥ × (1 + γ1 × (1− δ(cc − cn)) + γ2 × ∥v∥), (5.18)

where qs represents the block pose, δ(cc − cn) will return 1 if cc = cn, otherwise, 0. γ1
and γ2 are set as 0.1 and 0.001, respectively. Note that the flexibility offered by our
method allows us to utilize such reward functions.

We then tested the trained policy on the real robot setup (Fig. 5.9), using a 7-axis Franka
Emika robot and a RealSense D435 camera. The slider (rs = 6 cm) is a 3D-printed
prismatic object with PLA, lying on a flat plywood surface, with an Aruco Marker on
the top face. A wooden pusher (rp = 0.5cm) is attached to the robot to move the object.
The motion of the object is tracked by the camera at 30 HZ, and the policy is called at
100 HZ, with a low-level Cartesian velocity controller (1000 HZ) actuating the robot.

Three experiments were conducted to assess the robustness of our policy: (a) Reaching
task: The robot pushes the slider from qs0 = [0.05m 0.16m 0]⊤ to origin (Fig. 5.9a); (b)
Reaching with additional weight: The robot pushes the block from the same initializa-
tion as before, but with an additional weight, 3 times heavier than the block (Fig. 5.9b);
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(a) Reaching (b) Reaching with additional
weight

(c) Reaching with external
disturbance

Figure 5.9: Pusher-slider system where the robot pushes an object by contact switching.
Three experiments were performed: a) Reaching: The block is pushed by the end-
effector from initial state qs0 to the origin. b): Reaching with additional weight: The
block is pushed by the end-effector from qs0 to the origin, but with an additional weight
on the block, leading to nonuniform friction distribution. c) Reaching with external
disturbance: The block is pushed by the end-effector from qs0 to the origin, disturbed
by moving around qdist = [0.1m 0.03m 90◦]⊤.

Table 5.6: Performance of three real-world experiments

Experiments xerr/cm yerr/cm θerr/rad

Reaching -0.83 1.07 -0.06
Reaching, w. weight 2.89 -1.04 -0.01
Reaching, w. disturbance -4.78 -4.10 -0.04

(c) Reaching with external disturbance: The same initialization like before, but with a
significant external disturbance of qdist = [0.1m 0.03m 90◦]⊤ exerted by a human (Fig.
5.9c).

The results of these experiments are displayed in Fig. 5.10 and Table 5.6, showing that
in all experiments, the policy successfully reaches the final target in terms of both
position and orientation. The error increases with the disturbance, while orientation
errors remaining less than 4◦ and position errors staying less than 5cm even under a
significant disturbance. Experiment (c) demonstrates that the policy is able to dynami-
cally select the contact face based on the current state, as evidenced by the change in
contact face after a 90◦ rotation. This highlights the global optimality of TTPI and its
ability to handle both continuous and discrete variables in hybrid systems.
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(a) Reaching (b) Reaching with additional
weight

(c) Reaching with external
disturbance

Figure 5.10: Real-world block trajectories across three physical experiments. The black
square and arrow indicate the initial configuration. The blue square and arrow denote
the final pose of the block. The red arrow represents the target orientation, while the
red circle indicates the position error. Quantitative results are reported in Table 5.6.

Sequential Manipulation Task

We further conducted real-robot experiments for sequential non-prehensile manipula-
tion, employing a 7-axis Franka Emika robot and a RealSense D435 camera. A large
box (21cm x 21cm x 16cm) was positioned on a flat plywood surface. The camera
tracked the object motion at 30 Hz with ArUco markers, and the policy for each skill
was updated at 100 Hz, with low-level controllers (1000 HZ) actuating the robot. We
employed different controllers depending on the skill operator. Specifically, for push-
ing, we utilized the Cartesian velocity controller. For other skills, we utilized Cartesian
impedance controller.

Fig. 5.11 displays the keyframes of the robot experiments. Given the initial and final
configurations, the robot successfully manipulated the box by utilizing three planar
manipulation primitives, establishing and breaking contact with the surroundings.
It is worth noting that long-horizon contact-rich manipulation in the real world is
quite challenging due to friction uncertainty and external disturbances. This high-
lights the importance of introducing skills for online real-time control. Through skill
sequencing, we demonstrate that the robot can actively engage with the physical world,
accomplishing a much more complicated long-horizon task.

5.7 Discussion

In this chapter, we introduced an optimization-based framework for sequential skill
planning, referred to as Logic-Skill Programming (LSP). The problem is formulated as
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(a) Initialization (b) Pushing (c) Disturbance (d) Push-Pivot Switch

(e) Pivoting (f) Pulling (g) Target Reaching

Figure 5.11: Sequential non-prehensile manipulation in the real world. The system
is initialized as (a), and the objective is to manipulate the box to achieve the target
configuration as (g). The first stage involves pushing the box towards the wall with
a 90◦ rotation. Additionally, we apply an external disturbance to test the skill policy
(c). After the pushing stage, the robot switches to the pivoting skill (d, e), followed by
pulling (f), until reaching the final geometric configuration.

a first-order extension of a mathematical program that jointly optimizes cumulative
reward and the quality of the final configuration. The cumulative reward is represented
as the sum of skill value functions along the plan. To solve this problem efficiently, we
employ Tensor Train (TT) for value function approximation and interleave symbolic
search with skill value optimization to identify the full logic-geometric path.

Experimental results show that value functions represented in TT format provide
a more global approximation compared to state-of-the-art reinforcement learning
methods. Moreover, the LSP framework can generate multiple skill skeletons and
their corresponding subgoal sequences given only an evaluation function of the final
geometric configuration. The approach was validated across three manipulation
domains, demonstrating its effectiveness in sequencing both prehensile and non-
prehensile manipulation primitives. Real-world experiments further show that LSP
enables reliable execution of long-horizon contact-rich manipulation under external
disturbances.

Despite these promising results, the robustness of the learned skills is limited to a
narrow range of contact uncertainty. Significant changes in object properties or friction
parameters may lead to failure of the manipulation policies. This limitation motivates
the next chapter, which focuses on learning robust control policies for contact-rich
manipulation.
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6 Robust Contact-rich Policy Learn-
ing using Tensor Train

Physical uncertainty
remains another key
challenge in contact-
rich manipulation. A
common strategy is to
learn policies that are
robust to variations in physical parameters. However, existing methods either
rely on predefined training distributions or require additional policy training.
In this chapter, we introduce Implicit Motor Adaptation (IMA), which enables
rapid motor adaptation under arbitrary parameter distributions. Specifically, the
parameter-augmented policy is implicitly represented in Tensor Train format,
where the separable structure of the tensor cores allows efficient parameter-
conditioned policy retrieval.

Publication Note

The material presented in this chapter is adapted from:
• Xue, T., Razmjoo, A., Shetty, S., and Calinon, S. (2025b). Robust contact-rich ma-

nipulation through implicit motor adaptation. International Journal of Robotics
Research (IJRR).

• Xue, T., Razmjoo, A., Shetty, S., and Calinon, S. (2024b). Robust manipulation
primitive learning via domain contraction. In Proc. Conference on Robot Learning
(CoRL).

Supplementary materials related to this chapter are available at: https://sites.google.
com/view/implicit-ma.
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Chapter 6. Robust Contact-rich Policy Learning using Tensor Train

6.1 Introduction

Chapter 5 demonstrates that long-horizon contact-rich manipulation can be decom-
posed into several simple contact-rich manipulation primitives and then sequenced
using PDDL planners (Ghallab et al., 1998; Cheng and Xu, 2023) or Large Language
Models (Driess et al., 2023). However, since manipulation primitives are typically se-
quenced by naive symbolic planners that lack geometric or motion-level information,
it is crucial to develop primitives that are robust to diverse instances with varying
physical parameters, such as shape, mass, and friction coefficient. For example, once
a push primitive is scheduled by a high-level symbolic planner, it should be capable
of pushing objects with different physical properties from any initial configuration to
their targets.

Figure 6.1: Implicit motor adaptation for robust contact-rich manipulation. The left im-
ages illustrate the state and action spaces for each primitive (Hit, Push, Reorientation)
in black and blue, respectively, along with the parameter spaces represented by the
red variables: m for mass, µ for the friction coefficient, r for the radius, and l for the
length. A single policy is trained for each primitive and deployed directly across a
wide range of objects with varying shapes, weights, and friction parameters, while
preserving instance-specific optimal behaviors.

To enable robust policy learning, commonly adopted methods include domain ran-
domization (DR) (Tobin et al., 2017; Muratore et al., 2018) and domain adaptation
(DA) (Bousmalis et al., 2018; Arndt et al., 2020; Chebotar et al., 2019). DR assumes that
environment parameters follow specific distributions (e.g., normal or uniform), and
the goal is to maximize (or minimize) the expected reward (or cost) under randomly
sampled parameters during training. While this method provides good generalization
to diverse instances, it often results in suboptimal and high-variance behaviors due to
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restrictive assumptions about the parameter distributions. In contrast, DA incorpo-
rates more instance-specific data during policy training, leading to optimal behaviors
in the specific target domain but sacrificing generalization to other instances without
additional fine-tuning.

Combining DR and DA to harness the benefits of both is a sensible strategy (Muratore
et al., 2022; Qi et al., 2023), but how to effectively balance them is still an open question.
It typically involves online system identification to capture domain-specific infor-
mation and multi-domain learning to account for diverse instances. One promising
approach to address this trade-off is to learn a base policy that uses diverse privileged
environmental information as input and then relies on proprioceptive history to es-
timate the system parameters or a latent low-dimensional embedding online. For
simplicity, we refer to both as the system parameters in this work, which are then
used as input to the base policy to generate domain-specific optimal behaviors. This
framework, referred to as Teacher-Student Policy in (Lee et al., 2020a) and Rapid Mo-
tor Adaptation in (Kumar et al., 2021) and (Qi et al., 2023), is more broadly termed
explicit motor adaptation (EMA) in this work, as the policies are typically represented
as explicit feedforward functions that directly output actions given observations and
estimated parameters. It can be viewed as a variant of DA that enhances generalization
by including online parameter estimation.

This approach has demonstrated impressive performance in quadrupedal locomotion
across diverse terrains (Lee et al., 2020a; Kumar et al., 2021) and robust in-hand manip-
ulation (Qi et al., 2023). However, it either relies on high-quality system identification
(Qi et al., 2023) or additional training of a student policy to mimic the teacher policy
(Lee et al., 2020a), leading to performance degradation and increased training effort.

To address these limitations, we introduce domain contraction in this chapter, a mech-
anism for retrieving policies conditioned on a probabilistic parameter distribution.
Building on this concept, we develop a complete sim-to-real transfer framework termed
Implicit Motor Adaptation (IMA). The framework incorporates an online system iden-
tification module that probabilistically estimates environmental parameters from
proprioceptive history and directly retrieves the parameter-conditioned policy from
the base policy augmented with these parameters. IMA can be seen as an elaborated
version of DR, leveraging instance-aware distributions instead of being parameter-
blind, while also retaining the advantage of DR in not relying heavily on good-quality
system identification. It addresses sim-to-real transfer as a stochastic problem, push-
ing the limits for finding an optimal policy under sim-to-real uncertainty without
requiring policy retraining for new instances. The policy is implicitly represented as
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arg max of the parameter-conditioned advantage function

u∗ = arg maxu∈UA(h,x,u) instead of u∗ = πθ(h,x), (6.1)

where h is the proprioceptive history. EMA estimates the system parameter from h

and directly inputs it into the base policy πθ to output the action. In contrast, thanks
to the implicit policy representation, IMA can retrieve the parameter-conditioned
policy using a probabilistic estimate based on h. This makes it particularly effective for
contact-rich manipulation tasks, in which contact parameter identification is often
challenging. Although implicit representations have been explored in imitation learn-
ing (Florence et al., 2022) and as components of reinforcement learning (Haarnoja
et al., 2017; Wang et al., 2022), to the best of our knowledge, our work is the first to
investigate this idea in the context of robust policy learning.

However, computing the parameter-conditioned advantage function and retrieving
the policy can be computationally expensive, making it difficult to apply in real-world
settings. To address this issue, we employ Tensor Train (TT) for function approxima-
tion, enabling fast computation of the advantage function and efficient online policy
retrieval.

In summary, the main contributions of this chapter are as follows:

1) We propose domain contraction, a unification of domain adaptation and domain
randomization, which results in optimal behavior while maintaining generalization.

2) We introduce implicit motor adaptation(IMA), for robust contact-rich manipulation.
The framework highlights the potential of implicit representations for robust policy
learning, in contrast to the widely used explicit motor adaptation (EMA) paradigm.

3) We develop a probabilistic system adaptation module that enables robots to adapt
their behavior in a probabilistic manner without requiring high-accuracy system iden-
tification and additional student policy training.

4) We provide theoretical analysis and numerical experiments demonstrating the
effectiveness of IMA compared with EMA.
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6.2 Related Work

6.2.1 Learning for Contact-rich Manipulation

Many approaches have been proposed to learn manipulation policies for contact-rich
manipulation, including Behavior Cloning (BC) (Florence et al., 2022; Torabi et al.,
2018), Deep Reinforcement Learning (DRL) (Pertsch et al., 2021; Qi et al., 2023; Lee
et al., 2020a), and Approximate Dynamic Programming (ADP) (Powell, 2007; Werbos,
1992). In our work, we employ an ADP approach called Tensor Train Policy Iteration
(TTPI) (Shetty et al., 2024c) for policy learning, where the state space is augmented with
system parameters to enable subsequent parameter-conditioned policy retrieval given
different instances. However, our proposed approach is flexible and can be integrated
with any policy learning technique, provided the policy can be implicitly represented
by advantage functions or energy-based functions.

6.2.2 Implicit Policy Representation

Instead of being expressed as an explicit function, the action policy can be described
implicitly through function optimization. Implicit representations have been widely
used in various approaches, including energy-based models (EBMs) (LeCun et al., 2006;
Du and Mordatch, 2019), diffusion models (Yang et al., 2023a; Ho et al., 2020), and
tensor networks (Orús, 2019; Stoudenmire and Schwab, 2016). In imitation learning,
behavior cloning can be formulated using EBMs (Florence et al., 2022), highlighting
several advantages such as multimodal representation and long-horizon visuomotor
policy learning. In methods based on dynamic programming, the control policy is nat-
urally obtained by optimizing objective functions, making it more intuitive to represent
the policy implicitly. For example, reactive policy learning can be reformulated as solv-
ing sequence-of-constraints model predictive control (MPC) (Toussaint et al., 2022),
demonstrating strong generalization and improved compositionality using implicit
functions. Similarly, implicit models can be utilized as policy representations in rein-
forcement learning, emphasizing their expressiveness in action generation (Haarnoja
et al., 2017; Wang et al., 2022). For high-dimensional action spaces, Tensor Train (TT)
can be employed as a low-rank representation for state-value and advantage functions,
enabling implicit retrieval of control actions (Shetty et al., 2024c; Tal et al., 2018). Our
work is inspired by the performance of implicit representation in control policy learn-
ing and aims to explore its potential for robust policy learning, which has not been
investigated so far.
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6.2.3 Sim-to-real Transfer

Obtaining large amounts of real-world data for primitive learning is challenging. There-
fore, robot learning in simulation and transferring to the real world is a promising idea
(Peng et al., 2018). However, the reality gap between simulation and the real world
poses a significant challenge to such idea. If the target domain is known and specific,
Domain Adaptation (DA) (Bousmalis et al., 2018; Arndt et al., 2020; Chebotar et al.,
2019) can be an effective method, but its reliance on domain-specific data limits the
generalization to other scenarios. Alternatively, Domain Randomization (DR) (Tobin
et al., 2017) seeks to develop a robust policy by introducing random variations into the
simulation parameters. While this method offers good generalization, it often results
in suboptimal and high-variance behaviors due to the restrictive assumptions about
environment parameter distribution (e.g., normal or uniform).

Combining DA and DR can be a promising strategy to balance generalization and
optimal performance. The basic idea is to adapt the parameter distribution by lever-
aging differences between simulated and reference environment (Mehta et al., 2020;
Muratore et al., 2022; Ramos et al., 2019). However, policies developed through such
methods are often tailored to the reference environment or target domain. Recently,
explicit motor adaptation (EMA) (Yu et al., 2017) has demonstrated remarkable success
in learning robust locomotion (Lee et al., 2020a; Kumar et al., 2021) and manipulation
primitives (Qi et al., 2023). In this approach, a teacher policy is trained in simula-
tion with various domain parameters, and a student policy learns to replicate this
behavior, with a low-dimensional embedding of proprioceptive history as input. Our
work closely follows this paradigm but introduces a more efficient way for learning
the parameter-augmented teacher policy using tensor approximation. Additionally,
our method eliminates the need for high-quality system identification and subsequent
student policy training, as the parameter-conditioned robust policy can be directly
derived from the teacher policy given a rough parameter distribution.

6.3 Problem Formulation

Let us consider a discrete-time dynamical system:

• State x ∈ Ωx ⊆ Rm: The system’s state space.

• Action u ∈ Ωu ⊆ Rn: The system’s action space.

• Parameters α ∈ Ωα ⊆ Rd: The unknown or uncertain physical parameters of the
system, such as mass, friction coefficient, etc.
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• Dynamics Model f : Ωα × Ωx × Ωu → Ωx: The system’s next state depends on
current state xt, action ut and the system parameters α.

• Reward function R : Ωx × Ωu → R: The immediate reward, which depends on
the current state xt, action ut.

• Discount factor γ ∈ [0, 1].

This system can be described by a Markov Decision Process (MDP)M = {Ωx,Ωu,Ωα,

f, R, γ}. The objective is to find a policy π that maximizes the expected cumulative
reward

Eπ

 ∞∑
t=0

γtR(xt, π(α,xt)) | x0 =x

. (6.2)

However, knowing the exact value of α in the real world is intractable. This information
can, however, be estimated using multimodal sensors (Lee et al., 2020b) or propriocep-
tive history (Bianchini et al., 2023; Lee et al., 2020a). Given the sensor noise and model
inaccuracy, it is better to estimate the system parameters as a probabilistic distribution,
denoted as α̂ ∼ P (α̂). Therefore, our approach aims to find a policy π that maximizes

Eα̂∼P (α̂)

[
Eπ

( ∞∑
t=0

γtR(xt, π(α̂,xt)) | x0 =x

)]
. (6.3)

Solving (6.3) involves knowing the probability distribution P (α̂) and then finding the
policy π that maximizes the expected cumulative reward over this distribution. One
approach to address this problem is to learn control policies separately for each in-
stance with its specific parameter distribution, akin to performing domain adaptation
within each target domain. However, a single manipulation primitive typically involves
numerous instances, making this approach too time-consuming and impractical. An
alternative is to learn an augmented base policy that encompasses multiple instances
and retrieve instance-specific policies using estimated instance information, similarly
to the explicit motor adaptation (EMA) strategy. However, EMA cannot solve (6.3) as it
focuses only on one specific parameter instance rather than a distribution.

In this work, we present implicit motor adaptation (IMA), which addresses the problem
of probabilistic system identification and, more importantly, the retrieval of a robust
policy conditioned on the distribution of parameters. Additionally, to reduce the
computational burden of online control, we employ tensor train (TT) as an implicit
representation of the base policy, enabling efficient parameter-conditioned policy
retrieval through tensor core products.
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Figure 6.2: Pipeline of Implicit Motor Adaptation, including (1) parameter-augmented
base policy learning, (2) probabilistic system adaptation with proprioceptive his-
tory, and (3) parameter-conditioned policy retrieval. The base policy and parameter-
conditioned policy are implicitly represented by the corresponding advantage func-
tions A(α,x,u) and Â(x,u), respectively. Blue-shaded modules are trained in simu-
lation, and green-shaded ones are used in deployment, with the probabilistic system
adaptation module bridging both stages.

6.4 Implicit Motor Adaptation

In this section, we provide a detailed introduction to implicit motor adaptation (IMA),
focusing on its three key components: 1) parameter-augmented base policy learn-
ing, 2) probabilistic system adaptation conditioned on proprioceptive history, and 3)
parameter-conditioned policy retrieval via domain contraction. The full pipeline is
shown in Fig. 6.2.

6.4.1 Parameter-augmented Base Policy Learning

Similarly to the multi-goal setting in DRL (Liu et al., 2022), we first train a parameter-
augmented policy by augmenting the state space with parameters, treating both the
state x and parameter α as inputs and the action u as the output. This policy serves
as the base policy for parameter-conditioned policy retrieval in Section 6.4.3, and is
also used for data collection to train the probabilistic adaptation module discussed in
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Section 6.4.2. The resulting parameter-augmented bellman equation is

V (α,x) = Eπ

[ ∞∑
t=0

γtR(xt,ut) | x0 =x

]
,

A(α,x,u) = R(x,u) + γ(V (f(α,x,u))− V (α,x)),
π(α,x) = arg max

u∈Ωu

A(α,x,u),

(6.4)

where V (α,x) is the parameter-augmented state-value function, and A(α,x,u) is the
parameter-augmented advantage function.

Solving (6.4) is a challenging approximate dynamic programming (ADP) problem due
to the curse of dimensionality. In this work, we address this challenge by building on
our previous method, TTPI (Chapter 5), which employs TT for structured function
approximation. The Value Iteration algorithm (Pashenkova et al., 1996) is then used
to compute the optimal value function. Upon convergence, both the optimal value
function and the advantage function are obtained in Tensor Train (TT) format:

V (α,x) ≈ V(α1:d,x1:m)
= V1

:,i1,: · · ·Vd
:,id,: Vd+1

:,id+1,: · · ·V
d+m
:,id+m,:,

(6.5)

A(α,x,u) ≈ A(α1:d,x1:m,u1:l)
= A1

:,i1,: · · ·Ad
:,id,: Ad+1

:,id+1,: · · ·A
d+m
:,id+m,:

Ad+m+1
:,id+m+1,: · · ·A

d+m+l
:,id+m+l,:.

(6.6)

6.4.2 Probabilistic System Adaptation

The system parameters α (also called privileged environment information) is typically
not accessible during execution in the real world. However, we can probabilistically
estimate it as α̂, drawn from a probability distribution P (α̂). This distribution can be
inferred from the proprioceptive history, namely

P (α̂t) = ϕ(xt−k:t−1,ut−k,t−1). (6.7)

We name this process as probabilistic system adaptation. To learn the mapping be-
tween the proprioceptive history and P (α̂), a dataset is required containing the state-
action history h = {xt−k:t−1,ut−k:t−1} and the corresponding system parameter αt,
which is accessible in simulation. Various approaches, such as energy-based models
(EBMs) (LeCun et al., 2006) and diffusion models (Ho et al., 2020), can be employed
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Figure 6.3: Domain contraction in TT format. The parameter-augmented advan-
tage function in TT format typically includes separate 3rd-order cores for different
dimensionality, such as parameter, state and action. Given a probabilistic parameter
distribution, we can retrieve the parameter-conditioned policy by making product of
parameter distributions and corresponding TT cores.

to learn this distribution. In this work, the subsequent probabilistic policy retrieval
(Section 6.4.3) reduces the strong reliance on precise parameter estimation. We use a
straightforward multilayer perceptron (MLP) to approximate ϕ, while noting that more
sophisticated models could be explored in future extensions.

In practice, the loss function is defined as MSE (νt,αt) = ∥νt − αt∥2, where νt is the
output of MLP. We assume that P (α̂t) follows a uniform distribution U(νt −w/2,νt +
w/2), where w is a hyperparameter representing the bandwidth of U. Note that our
framework is flexible and can incorporate other distributions as well.

6.4.3 Parameter-conditioned Policy Retrieval

Without loss of generality, we assume the contact-rich manipulation task involves d
types of different parameters, such as mass, size and friction coefficient. The parameter
space Ωα is therefore composed of d subspaces, namely Ωα = Ωα1 × · · · × Ωαd

. We
assume each subspace is discretized by Ni points. Let αj = (αj1 , · · · , αjd

) represents
one instance of domain parameter, at the discretization index j across all d dimensions.
Similarly, the parameter distribution P (α̂) is defined within ΩP , also composed of d
subspaces, namely ΩP = ΩP1×· · ·×ΩPd

, and each subspace is discretized byNi points.
Let Pj = P1(α̂j1)P2(α̂j2) · · ·Pd(α̂jd

) represents the probability of the estimated value
α̂j , where Pi is the probability distribution at dimension i ∈ {1, · · · , d}.
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Figure 6.4: Relationship between domain contraction, domain randomization, and
domain adaptation. Domain contraction unifies domain randomization and domain
adaptation by adopting different parameter distributions.

Given the estimated parameter distributionP (α̂), obtaining the corresponding parameter-
conditioned policy π(x|P (α̂)) is not free. It is neither simply averaging the parameter
estimates

∑N
j=1 Pjα̂j and directly feeding it into π(α,x), nor merely taking the weighted

sum of parameter-specific policies
∑N

j=1 Pjπ(α̂j ,x). Instead, it involves finding the
arg max of the weighted sum of parameter-specific advantage functions, namely

A(x,u|P (α̂)) =
N1∑

j1=1
· · ·

Nd∑
jd=1

PjAα̂j
(x,u). (6.8)

This process is termed domain contraction, as illustrated in Fig. 6.3. Intuitively, domain
contraction randomizes over a contracted domain based on instance-specific parame-
ter distribution, instead of randomizing over the full domain by blindly ignoring all
instance-specific information (as in domain randomization). We further provide the
theoretical proof below:

Proposition 1. Given the estimated parameter distributionP (α̂), the parameter-conditioned
policy can be retrieved from the weighted sum of parameter-specific advantage functions.

Proof. Obtaining the parameter-conditioned policy involves optimizing the parameter-
augmented function

A(x,u|P (α̂)) =R(x,u) + γ

(
V
(
f(x,u|P (α̂))

)
− V (x|P (α̂))

)
,

∀(P,x,u) ∈ ΩP × Ωx × Ωu,

(6.9)

129



Chapter 6. Robust Contact-rich Policy Learning using Tensor Train

with

V (x|P (α̂)) =
N1∑

j1=1
· · ·

Nd∑
jd=1

Pj V (x|α̂j1 , · · · , α̂jd
),

N1∑
j1=1
· · ·

Nd∑
jd=1

Pj = 1.

(6.10)

For simplicity, we use α̂j to represent (α̂j1 , · · · , α̂jd
). Given that each subspace Ωαi

of the parameter space Ωα is discretized by Ni points, the parameter-conditioned
advantage function can be written as

A(x,u|P (α̂)) = R(x,u) +
N1∑

j1=1
· · ·

Nd∑
jd=1

Pj γ
(
V
(
f(x,u|α̂j)

)
− V (x|α̂j)

)
. (6.11)

The right side of (6.11) can be further rewritten as

N1∑
j1=1
· · ·

Nd∑
jd=1

Pj

(
R(x,u) + γ

(
V
(
f(x,u|α̂j)

)
− V (x|α̂j)

))
, (6.12)

and the parameter-specific advantage function is defined as

Aα̂j
(x,u) = R(x,u) + γ

(
V
(
f(x,u|α̂j)

)
− V (x|α̂j)

)
. (6.13)

From (6.11), (6.12), and (6.13), we can derive that the parameter-conditioned advan-
tage function is the weighted sum of parameter-specific advantage functions, as shown
in (6.8), and the parameter-conditioned primitive policy can then be computed by

π(x|P (α̂)) = arg max
u∈Ωu

A(x,u|P (α̂)). (6.14)

Note that the parameter-conditioned policy cannot be directly computed as the
weighted sum of parameter-specific policies, since the arg max operation does not
have an associative property with respect to addition.

Computing (6.8) and then retrieve the parameter-conditioned policy can be computa-
tionally expensive due to the combinatorial complexity and arg max over an arbitray
function. We address this issue by leveraging the separable structure of TT format
for efficient algebraic operation, and its advantage of finding optimal solutions for
functions in TT format. In Sec. 6.4.1, we have approximated the parameter-augmented
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advantage functions in TT format. We define the tensor cores related to x and u in
(6.6) as

A(x1:m,u1:l) = Ad+1
:,id+1,: · · ·A

d+m
:,id+m,: · · ·A

d+m+l
:,id+m+l,:, (6.15)

thus the parameter-specific advantage functions can be extracted as

Aα̂j
(x,u) ≈ A(x1:m,u1:l|α̂j)

= A1
:,j1,: · · ·Ad

:,jd,: A(x1:m,u1:l),
(6.16)

The parameter probability Pj for parameter instance α̂j is given by

Pj = P1(α̂j1)P2(α̂j2) · · ·Pd(α̂jd
). (6.17)

For simplicity, we denote Pd(α̂jd
) as P d

jd
. The parameter-conditioned advantage func-

tion in (6.8) can then be efficiently computed as the weighted sum of parameter-
specific advantage functions for each dimension, utilizing the separable structure of
the TT model, namely

A(x,u|P (α̂)) ≈
N1∑

j1=1
· · ·

Nd∑
jd=1

PjA(x1:m,u1:l|α̂j)

=
N1∑

j1=1
P 1

j1 A1
:,j1,: · · ·

Nd∑
jd=1

P d
jd

Ad
:,jd,: A(x1:m,u1:l).

(6.18)

The computation of weighted sum is at the tensor core level, which is much more effi-
cient than in the function level. After obtaining the parameter-conditioned advantage
function, we can retrieve the parameter-conditioned policy using tensor optimization,
as described in chapter 4.

To retrieve such parameter-conditioned policies, knowing the parameter distribution
P (α̂) is crucial. Domain randomization (DR) and domain adaptation (DA) rely on
assumed distributions during training, while domain contraction (DC) offers a better
way to leverage domain knowledge during execution, enabling optimal behaviors while
preserving generalization capability. We further demonstrate that DR and DA are two
special cases of DC, as shown in Figure 6.4.
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(a) Ground truth (b) EMA result (c) IMA result

Figure 6.5: Position and velocity responses of a spring-damper system, along with the
approximated value functions (figure insets as colormaps), for the policies derived
from the ground truth, EMA, and IMA.

6.4.4 Theoretical Analysis

EMA is a commonly used approach for robust policy learning. Given that precise
system identification is intractable in real-world scenarios, we present a theoretical
proof demonstrating that the control policy obtained by IMA is theoretically superior
to that of EMA for practical applications.

Proposition 2. Given an estimate of domain parameter α, the parameter-conditioned
policy derived through implicit motor adaptation achieves higher performance than
that obtained through explicit motor adaptation.

Proof. Knowing the exact parameter α for the real-world domain is intractable, but
we can represent it probabilistically. Let P (α̂) denote the probabilistic estimation
obtained using any off-the-shelf approach. Therefore, the objective of robust policy
learning is to find a policy π that maximizes

Jπ(x, P (α̂)) = Eα̂∼P (α̂)

Eπ

[ ∞∑
t=0

γtR(xt,ut)
∣∣∣∣x0 =x

],
s.t. xt+1 = f(xt,ut, α̂).

(6.19)

The key difference between IMA and EMA lies in the method used to retrieve the
parameter-conditioned policy. EMA determines the domain parameter α with a sin-
gle estimate, defined as α̂ = fθ(h). The obtained α̂ is then used as input to the
parameter-augmented base policy. The resulting parameter-conditioned policy πe
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aims to maximize
V (x|α̂) = V (α̂j1 , · · · , α̂jd

,x). (6.20)

IMA estimates the true parameter α using a probability distribution α̂ ∼ P (α̂), and
then retrieves the parameter-conditioned policy πi through domain contraction, with
the objective of maximizing

V (x|P (α̂)) =
N1∑

j1=1
· · ·

Nd∑
jd=1

PjV (α̂j1 , · · · , α̂jd
,x), (6.21)

where α̂ ∼ P (α̂).

Given the same dataset used in EMA and IMA adaptation module training, α̂ can be
considered a single sample from P (α̂). Therefore, we have

Jπi(x, P (α̂)) ≥ Jπe(x, P (α̂)). (6.22)

This indicates that the policy obtained by EMA typically demonstrates poorer perfor-
mance compared to that obtained by IMA.

Example 1. Spring-damper System

To numerically illustrate the difference, we provide a spring-damper system with
parameters α = (m, k, b) as a toy example, where m represents the mass, k the spring
stiffness, and b the damping coefficient. The system is described by the following
state-space equations

ẋt = Axt + But,

where xt includes the displacement and velocity, and ut is the control input. The
system matrices are expressed as

A =
[

0 1
− k

m − b
m

]
, B =

[
0
1
m

]
.

The optimal control law and value function can be obtained by solving the Algebraic
Riccati Equation (ARE) (Lancaster, 1995), and they are strongly influenced by the
parameter values.

We assume that the real system parameters α = [m, k, b] are unknown but can be esti-
mated as a probability distribution α̂ ∼ P (α̂). Fig. 6.5 compares the results of EMA and
IMA with the ground-truth optimal policy. The value function obtained by IMA closely
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aligns with the ground truth, effectively stabilizing the mass at the desired equilibrium
position. In contrast, the EMA policy shows significantly poorer performance. This toy
example highlights the effectiveness of probabilistic system adaptation and implicit
policy retrieval in a dynamical system with unknown parameters.

6.5 Experimental Results

We validate the effectiveness of the proposed method on three contact-rich manipula-
tion tasks: Hit, Push, and Reorientation, as shown in Fig. 6.1. All the primitives are
highly dependent on the physical parameters between the object, the robot, and the
surroundings.

6.5.1 Parameter-augmented Base Policy Learning

We first learn the parameter-augmented base policy over a range of system parameters
using tensor approximation. Since the physical dynamics of Hit are fully known,
the control policy can be derived analytically. For Push and Reorientation, TTPI
(Shetty et al., 2024c) is used to compute the parameter-augmented value functions and
advantage functions.

Hit: Hitting involves manipulating objects through impact, which is a representative
one-shot manipulation task. This means the object can only be hit once, with no
additional actions allowed. Determining an appropriate impact is therefore crucial
and varies significantly depending on instance-specific domain parameters. In this
work, we focus on the planar hitting primitive. The state is the object position, denoted
as x = [x, y], and the control input is the applied impact u = [Ix, Iy]. The physical
parameters α include the object mass m and the friction coefficient µ.

Given the mass m, the friction coefficient µ, the initial state x0, and the target xdes, we
define the following single-step reward:

r(α,x,u) = −
(
∥x− xdes∥2 + 0.01 ∥u∥2

)
, (6.23)

where
x = x0 + u

m
t− 0.5 u

∥u∥
µ g t2.

Since the hitting task terminates after a single action, this immediate reward function
r effectively serves the same role that an “advantage function” would in a multi-step
setting, differing only by a constant. We use TT-cross to approximate r(α,x,u) across
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diverse parameter instances in TT format.

Push: Pushing is widely recognized as a challenging task in robot planning and con-
trol, primarily due to its hybrid and under-actuated nature (Mason, 1986; Lynch and
Mason, 1996; Mason, 1999). In this chapter, we further complicate the problem by
considering diverse parameters and aiming to find the instance-aware optimal policy
for each. The state of the planar pushing task is characterized by [sx, sy, sθ, ψ, ϕ], and
the action is represented as [fx, fy, ψ̇, ϕ̇]. Here, [sx, sy, sθ] ∈ SE(2) denotes the position
and orientation of the object in the world frame. ψ is the relative angle of the contact
point in the object frame, and ϕ represents the distance between the contact point
and the object surface. The forces exerted on the object are denoted by f = [fx, fy]⊤,
while vp = [ψ̇, ϕ̇]⊤ represents the angular and translational velocities of the robot’s
end-effector. The physical parameters include the object mass m, radius r, and the
friction coefficient µ between the object and the table.

The robot dynamics is defined based on the quasi-static approximation and the limit
surface, resulting in a similar expression as (Hogan and Rodriguez, 2020b). To learn
the parameter-augmented advantage function, the reward function is defined as

r = −(ρcp + co + 0.01cf + 0.01cv), (6.24)

with
cp = ∥xp − xdes

p ∥/lp, co = ∥xo − xdes
o ∥/lo,

cf = ∥f∥, cv = ∥vp∥,
(6.25)

where xp = [sx, sy] and xo = θ denote the object’s position and orientation. Without
loss of generality, we set xdes = 0 as the target configuration. f is the control force,
while vp is the velocity of the robot’s end-effector. lp and lo are set to 0.005 and 0.01π,
respectively.

Reorientation: In this task, we aim to enable the robot to reorient an object using
parallel fingers. The state is the orientation angle θ, and the control input is the normal
force fn between the gripper and object. The physical parameters are the object mass
m, length l and torsional friction coefficient µ. The gravitational torque and normal
force are used as braking mechanisms to slow down the object motion. We build the
dynamics model of the reorientation primitive based on (Viña Barrientos et al., 2016)
as

Iθ̈ = τg + 2τf ,

θ̇ = θ̇0 − θ̈∆t,
(6.26)

where τf = µtf
1+ξ
n is the torsional sliding friction between robot gripper and the object.

In this work, we set ξ = 0. µt is the torsional friction coefficient, which is related to
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the materials and normal force distribution. τg = mglsin(θ) is the gravity torque. We
therefore include µt, object mass m and length l as the model parameters. The task is
to rotate any object from its initial configuration to a vertically upward configuration.
To achieve this, the object is given an initial angular velocity θ̇0 by swinging the robot
arm.

The reward function for Reorientation primitive learning is defined as

r = −(βcg + cf ), (6.27)

with cg = ∥xo − xdes
o ∥, cf = ∥fn∥. xo is the orientation angle θ, and fn is the normal

force between the gripper and object. xdes
o is set to π as the reorientation goal, and β is

set to 104.

In our experiments, we employed an NVIDIA GeForce RTX 3090 GPU with 24GB of
memory. The accuracy parameter for cross approximation was set to ϵ = 10−3 for
TT-Cross approximation. The maximum rank rmax and discount factor were set to
100 and 0.99, respectively. The continuous variables of state, action and parameter
domains were discretized as 50 to 500 points using uniform discretization.

6.5.2 Results of Domain Contraction for Policy Retrieval

Given the parameter-augmented advantage functions learned in Section 6.5.1, we can
now retrieve the parameter-conditioned policy for each specific instance through do-
main contraction (DC). This section aims to demonstrate the unification and flexibility
of DC compared to domain randomization (DR) and domain adaptation (DA). To illus-
trate this, we make a simplifying assumption, without loss of generality, that the system
adaptation module provides a uniform distribution as the probabilistic representation
of parameters. This distribution spans a range defined by the discretization indices of
each dimension (denoted as w), as shown in Table 6.1 and Fig. 6.6. Specifically, w = 1
indicates that the exact value of the physical parameter is known, corresponding to DA.
w = N reflects no prior knowledge about the model parameters, corresponding to DR.
These two variants can be seen as extreme cases of DC, where w determines how finely
the distribution is utilized for policy retrieval. Nonetheless, our framework is general
and flexible, and can accommodate arbitrary parameter distributions, such as those
produced by diffusion models (Ho et al., 2020).

Table 6.1 and Fig. 6.6 demonstrate the comparisons of cumulative reward and final
state error, respectively. The state error is quantified as the ℓ2 norm of the difference
between the final state and the target state. The cumulative reward is normalized using
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Table 6.1: Cumulative reward of three manipulation tasks

w = 1 w = N/20 w = N/5 w = N
Hit 1.0 0.65± 0.21 0.01± 0.01 0.02± 0.05
Push 1.0 0.99± 0.01 0.99± 0.03 0.93± 0.11
Reori. 1.0 0.99± 0.04 0.99± 0.07 0.85± 0.19

(a) Hit (b) Push (c) Reorientation

Figure 6.6: Ablation study on parameter distribution. We compare the final state errors
under different estimated parameter distributions.

the value obtained through DA. We can observe that DA (w = 1) typically performs the
best in all these three tasks, in particular for the Hit primitive, as it resembles an open-
loop control. Once the impact is given from the robot to the object, there is no way to
adjust control inputs to influence the object movements further. However, knowing
the exactly correct domain parameter is intractable (as shown in Fig. 6.8). Instead, do-
main contraction does not require one specific value and accommodate probabilistic
estimation. For example, results show that a rough range (w = N/20) is sufficient to
achieve the target for the Hit primitive. Furthermore, Push and Reorientation can
be considered more akin to closed-loop control, which allows for much more rough
parameter estimation. As depicted in Table 6.1 and Fig. 6.6, a rough distribution with
w = N/5 is adequate.

Moreover, based on Table 6.1, we observe that w = N results in the lowest cumulative
reward. This is consistent with our assertion that DR typically leads to conservative
behaviors. Although DA(w = 1) yields the highest cumulative reward, obtaining
precise parameter values is often challenging in the real world. DC bridges the gap
between domain adaptation and DR, offering greater flexibility to generate optimal
behaviors while leveraging instance-specific rough parameter distributions. This is
much practical for real-world contact-rich manipulation tasks.
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(a) (b)

Figure 6.7: Comparison of IMA and EMA. (a) Final state errors for three manipulation
primitives under the same base policy are compared between IMA and EMA. (b) The
resulting hitting impacts of policies derived from the ground truth, EMA, and IMA are
shown.

6.5.3 Comparison of Implicit and Explicit Motor Adaptation

In this section, we compare the performance of IMA and EMA on each task with 10
different instances, by randomizing system parameters and initial conditions while
using the same base policy. As shown in Fig. 6.7a, IMA generally outperforms EMA
on the three contact-rich manipulation tasks, particularly in the open-loop hitting
task. In this work, we employ a simple MLP with a structure of 512 × 256 × 128 × 64
for parameter estimation. EMA directly uses the output (denoted as α̂t) to retrieve the
parameter-conditioned policy from the base policy. In contrast, IMA assumes α̂t as
the mean νt of a uniform distribution U(νt −w/2,νt + w/2), where the range w is set
to N/20 for Hit and N/5 for Push and Reorientation.

Fig. 6.7b illustrates the computed impacts for 10 hitting instances with different physi-
cal parameters, where the ground truth values are represented by blue dots. By utilizing
a probabilistic representation of the estimated parameters and domain contraction for
policy retrieval, IMA typically produces values closely aligned with the ground truth,
whereas EMA often yields suboptimal results. We further analyze the performance
of EMA and IMA under varying levels of parameter estimation accuracy, as shown in
Fig. 6.8, and study the impact of different choices for w in DC. When parameters are
precisely estimated, EMA achieves the lowest final state error, demonstrating optimal
performance. However, as parameter estimation becomes less accurate, greater ran-
domization (a larger w) is required to obtain a better policy. The dotted line and gray
shaded area in the figure indicate the estimation accuracy achieved in our work, with
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IMA (w = N/3) providing the best results. This analysis highlights the effectiveness of
IMA in real-world scenarios where system parameters are unknown and can only be
roughly estimated. It also demonstrates that domain randomization (w = N ) is not
always good when some domain knowledge is available, even if imperfect. We believe
IMA offers a promising approach to find control policies when we have limited access
to the domain knowledge.

Figures 6.9 and 6.10 further illustrate the performance of IMA and EMA in the pushing
and reorientation tasks, respectively. In Fig. 6.9, the same base policy is used to push
a sugar box and a mustard bottle toward their target configurations, including both
position and orientation. While both approaches eventually reach the target positions,
IMA outperforms EMA in terms of orientation. This is primarily due to the underac-
tuated dynamics of the planar pushing task, where system parameters such as the
friction coefficient and object mass play a critical role. IMA estimates these parameters
probabilistically and retrieves parameter-conditioned policies implicitly. This allows
for increased tolerance of typical system identification errors, enabling robust contact-
rich manipulation with unknown parameters. Similarly, Fig. 6.10 demonstrates the
superior performance of IMA over EMA in reorienting an arbitrary object vertically
from the bottom to the top.

Figure 6.8: Motor adaptation under varying estimation accuracy. The resulting final
state errors of different motor adaptation strategies are compared under varying levels
of parameter estimation accuracy. The dotted line and gray shaded area indicate the
mean and standard deviation of the parameter estimation error obtained using the
system estimator in this work.
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Figure 6.9: Planar pushing tasks with different objects. The top row shows results with
a sugar box, while the bottom row shows results with a mustard bottle. Left: Object
trajectories produced by IMA; Right: Object trajectories produced by EMA.
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Figure 6.10: Object reorientation trajectories. Trajectories produced by IMA (left) and
EMA (right) for the reorientation task are shown. The blue curves depict the trajectory
of an object, with the goal of reorienting it from an initial bottom configuration to a
vertical upright configuration. The lengths of the red segments indicate the magnitude
of angular velocity, which is indirectly regulated through gravity and friction.

Figure 6.11: Comparison of robust primitive learning methods. Training time and state
errors of base and adapted policies are compared across different approaches. Training
time is reported in seconds for Hit and in minutes for Push and Reorientation. Errors
are computed as the ℓ2 distance between the final and target configurations.
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(a) Initialization (b) Pushing (c) Contact switching (d) Disturbance

(e) Contact switching (f) Pushing (g) Contact switching (h) Target Reaching

Figure 6.12: Keyframes of planar pushing under disturbance. An example with a bleach
bottle on a metal surface. The system starts from an initial configuration (a) and aims
to reach the target configuration (h). The robot first establishes contact and pushes the
bottle slightly (b), followed by a contact switch (c). When an external disturbance is
introduced by a human (d), the robot adapts by adjusting the contact point (e). It then
continues pushing (f), performs another contact switch (g), and ultimately reaches the
target configuration (h).

6.5.4 Results of Robust Policy Learning

We also compared our full pipeline with two widely used robust policy learning ap-
proaches: reinforcement learning with domain randomization (RL+DR) (Tobin et al.,
2017) and reinforcement learning with explicit motor adaptation (RL+EMA) (Yu et al.,
2017; Qi et al., 2023). We utilize Soft Actor-Critic (SAC) (Haarnoja et al., 2018) for policy
learning in both RL+DR and RL+EMA, as SAC has been shown to be the state-of-the-art
RL algorithm for such contact-rich manipulation tasks, especially planar pushing, as
demonstrated in (Potters, 2022; Cong et al., 2022). Our implementation is based on
Stable-Baselines3 (Raffin et al., 2021), using a Multilayer Perceptron (MLP) with a 64×
64× 64 architecture as the policy network. The discount factor is set to 0.99, and the
learning rate to 0.001.

The quantitative results are presented in Fig. 6.11, including the time required for
policy training and the state error of the retrieved policy. The base_error and adapta-
tion_error refer to the final state error of the base policy with the true parameter and
the parameter-conditioned policy after motor adaptation, respectively. For RL+DR, the
base_error and adaptation_error are the same since no motor adaptation is performed.

Notably, although the Hit task is a one-shot manipulation task in which proprioceptive
history is unavailable, the motor adaptation module works by observing the trajectories
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Table 6.2: Time comparison for computing parameter-conditioned advantage function
between core-level and function-level operations.

core-level function-level
Hit 0.016s± 0.002s 0.720s± 0.236s
Push 0.075s± 0.003s 18.56s± 4.748s
Reorientation 0.018s± 0.003s 8.494s± 0.561s

of past rollouts, similarly to how humans perform such tasks. The results show that
our method requires significantly less time for base policy training compared to the
other methods, while achieving the lowest base_error, highlighting the advantages of
leveraging TT for learning control policies in contact-rich manipulation tasks.

Furthermore, our method (TT+IMA) achieves the lowest final state error among the
three approaches, demonstrating the overall effectiveness of our complete approach
for robust contact-rich manipulation tasks, with implicit action representation playing
a crucial role in retrieving robust policies. An additional observation is that RL+EMA of-
ten exhibits the highest standard deviation, indicating that its control policies perform
extremely poorly in some instances, whereas IMA has a better statistical performance
over the diverse instances.

6.5.5 Sensitivity Analysis and Ablation Study

Our framework involves several hyperparameters, such as the maximum TT-rank, the
discretization granularity, and the bandwidth of the uniform distribution. To analyze
their impact on policy performance, we conduct a sensitivity analysis across a range of
values for each hyperparameter. Figure 6.13 shows how policy performance, measured
by the ℓ2 error between the final and target states, varies with the maximum TT-rank
and discretization granularity. For comparability across tasks, the errors are normalized
by the worst-case performance in each task.

From Figure 6.13, we observe that setting the maximum rank rmax above 20 leads
to consistently low errors across all tasks. For Push and Hit, even lower ranks (e.g.,
rmax = 10 or 5) are sufficient, indicating that the underlying policies lie in a low-rank
functional space. A relatively low tensor rank is sufficient to capture the essential
structure, and policy performance remains stable when the rank is increased fur-
ther. Empirically, we observe that the piecewise-smooth dynamics (Toussaint et al.,
2020) commonly encountered in contact-rich manipulation tasks induce structured,
low-dimensional variations in the state-action space. The corresponding advantage
functions often exhibit a low-rank structure, which can be efficiently captured using
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Table 6.3: TT vs. NN for parameter-conditioned policy retrieval. Error refers to the task
execution error using the retrieved policy, while Opt. Time indicates the time required
to perform the arg max operation.

TT Optimization TT Refinement NN Optimization
Task Error Opt. Time (s) Task Error Opt. Time (s) Task Error Opt. Time (s)

Hit 0.010± 0.008 0.003± 0.001 0.002± 0.001 0.015± 0.001 0.002± 0.004 0.346± 0.021
Push 0.034± 0.024 0.013± 0.001 0.033± 0.024 0.146± 0.001 1.469± 0.574 2.020± 0.002
Reorientation 0.061± 0.104 0.002± 0.001 0.061± 0.104 0.062± 0.001 0.751± 0.680 1.514± 0.092

the TT representation.

Similarly, the policy is robust to the choice of discretization granularity. As shown in
Figure 6.13, when the number of discretization intervals exceeds 8, performance does
not change much with further refinement, indicating insensitivity to this hyperparam-
eter. This robustness can be attributed to the fact that low-rank TT models provide
smooth function approximations, which support effective interpolation between dis-
cretized points (as discussed in Section 2.1.5). While extremely coarse discretization
may degrade performance, in practice, setting the number of intervals to 10 or 20
generally yields stable and accurate results.

For the influence of the bandwidth for the uniform distribution used in probabilistic
domain adaptation, we refer the readers to Section 6.5.2 for details. In summary,
a coarse bandwidth (w = N/5, where N is the number of discretization points) is
sufficient for closed-loop tasks such as Push and Reorientation. In contrast, Hit, as a
one-shot (open-loop) task, benefits from a more precise distribution, with w = N/20
being adequate. In general, the bandwidth parameter for other contact-rich tasks
can be determined similarly based on whether the task is open-loop or closed-loop,
without requiring significant tuning effort.

To further demonstrate the efficiency of the TT representation, we compared it against
non-TT function approximation methods, particularly Neural Networks (NN). In our
framework, both TT and NN can be used to learn parameter-augmented base policies
and to approximate parameter-augmented advantage functions. The key question
is which method offers greater efficiency in the subsequent steps: computing the
parameter-conditioned advantage function and retrieving the corresponding policy
via an arg max operation.

Table 6.2 highlights the significant computational advantage of TT in computing the
advantage function. Specifically, TT models support efficient core-level operations,
which avoid combinatorial computation across the multi-dimensional parameter
space, leading to a complexity of O(Ndr2), where N is the number of discretization
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Figure 6.13: Sensitivity to TT-rank and discretization. Policy performance is evalu-
ated with respect to the maximum TT-rank (solid lines) and discretization granularity
(dashed lines). The y-axis shows the normalized ℓ2 error between the final and target
states, scaled by the worst-case performance in each task. The x-axis denotes the
maximum TT-rank and the number of discretization intervals (non-uniformly spaced
to improve readability in low-rank and coarse-discretization regimes). The results
indicate that policy performance is relatively insensitive to these hyperparameters.
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points per dimension, d is the dimensionality of the parameter space, and r is the TT
rank, which typically remains small in practice, as demonstrated in our experiments. In
contrast, NN-based methods (or any non-TT models) rely on function-level operations,
resulting in a complexity ofO(Nd), which makes the computation substantially slower.

After computing the parameter-conditioned advantage function, the next step is pol-
icy retrieval via an arg max operation. As shown in Table 6.3, TT again demonstrates
superior efficiency. Direct TT-based optimization (TT Optimization) yields low-error
policies with minimal computation time, achieving near-global solutions within mil-
liseconds. In contrast, NN-based approaches (NN Optimization) typically rely on
gradient-based solvers. In this work, we specifically adopt the Adam optimizer (Kingma
and Ba, 2015) as a representative method for comparison. The results indicate that this
approach is slower and more susceptible to suboptimal convergence, particularly in
complex tasks such as Push and Reorientation.

To further improve accuracy, we also evaluated a hybrid approach (TT Refinement),
which uses TT optimization for initialization, followed by a gradient-based Newton-
type method. While this refinement slightly improves performance, the gain is often
marginal compared to the additional computational cost. In the tasks considered in
this work, TT optimization alone is sufficient to achieve high-quality results. These
findings highlight the strong potential of TT representation for efficient and robust
policy learning in complex, contact-rich manipulation tasks.

6.5.6 Real-robot Experiments: Planar Push

We validated the proposed method for the planar pushing task using a 7-axis Franka
robot and a RealSense D435 camera. The manipulated objects included a sugar box
and a bleach cleanser from the YCB dataset (Calli et al., 2015), each with different
shapes and masses, as shown in Fig. 6.1. The friction coefficients between the objects
and the table were varied by using a metal surface and plywood, respectively. Note
that it is easier to control the robot kinematically rather than using force control.
We therefore leveraged the ellipsoidal limit surface to convert the applied force to
velocity, resulting in the motion equations shown in (Hogan and Rodriguez, 2020a;
Xue et al., 2023b). We trained a parameter-augmented policy in simulation and then
applied it in the real world through domain contraction. The experiments demonstrate
the effectiveness of the obtained parameter-conditioned policies in manipulating
instances with diverse parameters. Additionally, external disturbances were introduced
by humans, showcasing the reactivity of the retrieved policy. Figure 6.12 presents
keyframes of the learned planar pushing primitive applied to a bleach bottle on a metal
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surface, exemplifying a specific case within a variety of diverse pushing scenarios.

6.6 Discussion

In this chapter, we propose implicit motor adaptation for robust manipulation prim-
itive learning, which enables parameter-conditioned policy retrieval given a proba-
bilistic parameter distribution rather than a single estimate. We prove that, to achieve
this, the policy must be represented implicitly as the arg max of the advantage function,
rather than treated as an explicit feed-forward function. The state-value and advantage
functions are represented in TT format, facilitating efficient policy retrieval through
operations at the tensor core level instead of at the function level. Our approach differs
from the widely used explicit motor adaptation framework, which requires training
an additional student policy to imitate a latent parameter embedding and the cor-
responding control actions. Learning to accurately reproduce a single value is often
difficult and prone to errors. Instead, our method estimates a probabilistic distribution
over environmental parameters and retrieves the appropriate parameter-conditioned
policy from this distribution. Theoretical analysis and numerical results demonstrate
the superior performance of implicit motor adaptation over explicit motor adaptation.
Simulation and real-world experiments further validate the effectiveness of our ap-
proach in contact-rich manipulation tasks under parameter uncertainty and external
disturbances.

This work paves the way for robust sim-to-real transfer. It can be easily integrated with
more general policy learning approaches, such as reinforcement learning methods and
classical approaches (e.g., LQR), provided the base policy can be implicitly represented
with a state-action value function. The key insight is to represent the base policy
implicitly and retrieve the parameter-conditioned policy probabilistically. This concept
also holds promise for achieving robust behavior cloning, where the policy can be
represented through energy functions (as in implicit behavior cloning (Florence et al.,
2022)) or denoising functions (as in diffusion policy (Chi et al., 2024)).

Despite these promising results, the current implementation does not scale well to
visual observations, mainly due to the reliance on TT-Cross approximation. This
limitation could be mitigated by integrating Tensor Train with neural networks in
a data-driven manner (Dolgov et al., 2023; Shetty, 2024). In addition, the current
system identification module employs a simple MLP. More expressive models, such as
generative models (Ho et al., 2020; Lipman et al., 2023b), could be adopted to improve
parameter inference. Large Visual-Language Models (Gao et al., 2024) could also be
explored to leverage their commonsense understanding of domain knowledge from
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scenario images.
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7 Reactive Visual-Tactile Policy
Learning with Tube Diffusion Pol-
icy

Contact-rich manipulation requires
continuous adaptation to contact
uncertainty and external disturbances
through multimodal perception, par-
ticularly vision and tactile feedback.
Although imitation learning has
shown strong potential for complex
manipulation, most existing methods rely on action chunking, which limits their
ability to react to unforeseen observations during execution. This limitation
is especially critical in contact-rich settings, where physical uncertainty and
high-frequency tactile feedback demand rapid, reactive control. To address this,
we propose Tube Diffusion Policy (TDP), which exploits the geometric structure
of action trajectories by modeling conventional action chunking as a bounded
velocity field, termed an action tube, enabling rapid reactions during execution
under contact uncertainty and external disturbances.

Publication Note

The material presented in this chapter is adapted from:
• Xue, T., Rigo, A., Huang, B., Shen, J., Xu, Z., Colonnese, N., and Memar, A. (2026).

Tube diffusion policy: reactive visual-tactile policy learning for contact-rich manip-
ulation. under review.

This work was conducted during my internship at Meta Reality Labs Research. Supple-
mentary materials related to this chapter are available at: https://schortenger.github.
io/tube-diffusion-policy/.
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7.1 Introduction

Contact-rich manipulation presents significant challenges for control due to uncer-
tainty in contact dynamics and the need for rapid adaptation. Variations in object
geometry, inertial properties, and frictional characteristics result in highly nonlinear
and difficult-to-predict system behaviors. At the same time, multi-modal percep-
tion—particularly vision–tactile sensing—introduces heterogeneous observations,
where tactile signals provide high-frequency contact information that requires fast and
responsive control (Xue et al., 2025a). Together, these factors make reactive control
policies essential for reliable performance in contact-rich manipulation.

Recently, imitation learning based on generative models has emerged as a dominant
paradigm for learning robot control policies, such as Diffusion Policy (Chi et al., 2024)
and Flow Matching Policy (Zhang and Gienger, 2024). These approaches excel at cap-
turing the multimodal distribution of expert demonstrations and have achieved strong
performance across a wide range of manipulation tasks. However, a fundamental
limitation of these methods lies in their slow inference, which makes it impractical to
generate actions at every timestep. As a result, many approaches adopt action chunk-
ing (Zhao et al., 2023), where a sequence of future actions is generated conditioned on
the current observation and then executed without intermediate feedback. While this
design enables temporally coherent behavior generation and reduces the frequency
of expensive inference, the policy operates in an open-loop manner over the chunk
horizon. From a control perspective, such generative imitation learning policies can
be interpreted as a form of receding-horizon control, analogous to model predictive
control (MPC) (Kouvaritakis and Cannon, 2016), in which a nominal action trajec-
tory is repeatedly replanned based on the latest observation. However, unlike classical
MPC—which executes only the first control input and replans at high frequency—these
methods execute multiple actions between updates due to inference latency, limiting
their ability to incorporate high-frequency feedback. This limitation is particularly
problematic in contact-rich manipulation tasks, where unmodeled interactions and
rapid tactile feedback are critical for success. The lack of reactivity can lead to degraded
performance under disturbances and model mismatch. Moreover, executing multi-
step actions implicitly assumes accurate prediction of system evolution over the entire
horizon, an assumption that often breaks down in contact-rich settings, resulting in
brittle behaviors.

In the control literature, robustness to uncertainty has been widely studied (Zhou
and Doyle, 1998; Green and Limebeer, 2012; Franco et al., 2006; Shtessel et al., 2014).
One representative approach is tube model predictive control (tube MPC) (Langson
et al., 2004; Mayne et al., 2011), which decomposes control into a nominal feedforward
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Figure 7.1: Overview of reactive visual-tactile policy learning. We first collect visual-
tactile human demonstrations via teleoperation in both simulation and on a physical
robot, using a robotic arm equipped with a dexterous hand. Based on these demonstra-
tions, Tube Diffusion Policy (TDP) learns a hybrid action velocity field that combines
diffusion-based action generation with streaming conditional feedback flows, forming
an action tube that constrains the generated trajectory around the demonstration man-
ifold. This design enables reactive control at every timestep using fresh observations,
allowing rapid adaptation to contact uncertainty and external disturbances. More-
over, stepwise correction reduces the required denoising steps and significantly lowers
inference latency. We evaluate TDP on three virtual and two physical visual–tactile
dexterous manipulation tasks, demonstrating strong performance and consistent gains
over state-of-the-art baselines.
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trajectory and a stabilizing feedback controller that keeps the actual system state within
a bounded tube around the nominal trajectory. This feedback mechanism enables fast
local corrections in response to disturbances and modeling errors. However, classical
tube MPC typically relies on linear or locally linear dynamics, requires explicit system
models, and incurs substantial computational overhead, making it difficult to scale to
complex, nonlinear, contact-rich manipulation tasks.

Inspired by the tube MPC paradigm, this work aims to endow diffusion-based imitation
learning policies with similar robustness and reactivity by learning a local feedback
flow around nominal trajectories. Instead of explicitly modeling system dynamics or
deriving analytical feedback gains, we leverage the expressive capacity of generative
models to directly learn an observation-conditioned feedback policy from demonstra-
tions. To this end, we propose Tube Diffusion Policy (TDP), a reactive visual–tactile
policy learning framework that augments diffusion-based imitation learning with
learned feedback control during action execution. The central idea is that, rather than
committing to a fixed action sequence as action chunk, we construct an action tube
that implicitly constrains execution within a bounded neighborhood around a nominal
trajectory while allowing actions to be locally adjusted through a learned feedback
flow. In particular, at the beginning of each action chunk horizon, a diffusion model
generates an initial action that accounts for the full system dynamics and serves as a
nominal initialization. The learned feedback flow then streams subsequent actions
conditioned on fresh observations, enabling local regulation within the action tube
during execution. The entire structure is learned directly from demonstrations without
requiring explicit system models, making it well suited for nonlinear and contact-rich
manipulation.

To reconcile expressive generative modeling with efficient feedback control within a
unified policy architecture, we introduce a dual-time formulation that explicitly sepa-
rates diffusion and streaming flow in policy learning. A diffusion timescale governed
by diffusion dynamics captures the multimodal action distribution while accounting
for full contact dynamics, whereas a trajectory timescale governs action evolution by
streaming a learned flow defined by a velocity field. This dual-time architecture en-
ables accurate action generation through diffusion while supporting fast observation-
conditioned corrections during execution. As a result, TDP mitigates the open-loop
execution inherent in action chunking approaches, while retaining the expressiveness
of diffusion-based policy learning.

Overall, this framework can be viewed as a learning-based realization of tube MPC
under unknown dynamics. Rather than solving a model-based optimization problem,
TDP leverages a learned action velocity field to induce locally stabilizing behavior.
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Extensive simulation and real-world experiments on challenging visual–tactile manip-
ulation tasks demonstrate substantial improvements over state-of-the-art imitation
learning baselines in both task success and reaction under uncertainty.

The main contributions of this work are summarized as follows:

• We introduce action tube, which extends the widely used action chunking with
a learned local feedback flow, enabling reactive control during execution. This
formulation also relaxes the need for highly accurate action generation through
denoising and thereby significantly reduces control latency.

• We propose Tube Diffusion Policy (TDP), a novel architecture that integrates
diffusion-based action generation with learned feedback flow, enabling reactive
visual–tactile policy learning for contact-rich manipulation.

• We provide a theoretical analysis showing that reactive control can be formulated
as learning an observation-conditioned action velocity field under locally lin-
earized dynamics, while diffusion performs chunk-level corrections that account
for full system dynamics.

• We validate the proposed approach through extensive simulation and real-world
experiments on challenging visual–tactile manipulation tasks, demonstrating
consistent improvements over state-of-the-art imitation learning baselines in
task success and reactivity under perturbations.

7.2 Related Work

The proposed Tube Diffusion Policy sits at the intersection of three research threads: (1)
chunk-based policy learning, which provides the temporal abstraction and generative
modeling that TDP uses for action generation; (2) visual–tactile manipulation, which
motivates the need for high-frequency reactive control under contact uncertainty; and
(3) learning dynamical systems, which supplies the velocity-field formulation that TDP
adopts for streaming execution. As summarized in Table 7.1, each thread individually
addresses only a subset of the requirements for reactive contact-rich manipulation.
We review each thread below, focusing on the specific limitation that TDP is designed
to overcome.
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Table 7.1: Comparison of policy learning paradigms for reactive visual-tactile manipu-
lation.

Method Visual-Tactile Observation Closed-loop Execution Contact-rich Dynamics Fast Inference

Action Chunking with Transformers (ACT) (Zhao et al., 2023) ✗ ✗ ✓ ✓

Diffusion Policy (DP) (Chi et al., 2024) ✗ ✗ ✓ ✗

Dynamical Systems (Ijspeert et al., 2013) ✗ ✓ ✗ ✓

Streaming Flow Policy (SFP) (Jiang et al., 2025) ✗ ✗ ✗ ✓

Reactive Diffusion Policy (RDP) (Xue et al., 2025a) ✓ ✓ ✓ ✗

Tube Diffusion Policy (TDP) ✓ ✓ ✓ ✓

7.2.1 Chunk-based Policy Learning

Action chunking is a concept originating in psychology that groups a sequence of
actions into a single chunk and executes it as a unit (Lai et al., 2022). It has since
been widely adopted to address long-horizon decision making in continuous control
(Li et al., 2025; Zhao et al., 2023). In imitation learning, chunk-based formulations
enable policies to model expert behavior at the level of short trajectory segments rather
than individual actions. Early works focus on learning reusable latent skills or motion
primitives (Hausman et al., 2018; Lynch et al., 2019; Xue et al., 2024a). More recent
approaches directly predict action chunks using sequence models. Notably, Action
Chunking Transformer (ACT) (Zhao et al., 2023) demonstrates that predicting fixed-
length action sequences can significantly reduce error accumulation and enable long-
horizon bimanual manipulation, even on low-cost hardware platforms. However, ACT
executes the predicted chunks largely in an open-loop manner, and its performance
can degrade under contact uncertainty or external disturbances within each chunk.

Generative models further enhance chunk-based policies by enabling expressive multi-
step action generation. They generate entire action chunks conditioned on current
observations, allowing the policy to represent multimodal behaviors and capture long-
horizon dependencies (Chi et al., 2024; Zhang and Gienger, 2024; Jiang et al., 2025).
While effective in visuomotor manipulation, these methods typically replan only at
the chunk boundary and provide limited mechanisms for correcting high-frequency
deviations caused by modeling errors or contact variations during execution.

As a result, existing chunk-based and generative policy learning methods provide
powerful abstractions for long-horizon planning but remain fundamentally limited by
their weak intra-chunk feedback mechanisms, particularly in contact-rich settings with
tactile feedback (Liu et al., 2025; Xue et al., 2025a). Our work aims to address this issue
by integrating chunk-based generative policies with structured local feedback flows,
enabling systematic disturbance rejection while preserving the benefits of temporal
abstraction.
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7.2.2 Visual-tactile Manipulation

Visual–tactile manipulation has attracted increasing attention, particularly in contact-
rich tasks that require force regulation and fine-grained interaction. Early work lever-
aged tactile signals for contact detection, slip estimation, and state inference, demon-
strating that tactile feedback is an essential component in tasks such as grasp stabi-
lization (Calandra et al., 2018; Bauza et al., 2024), in-hand manipulation (Suresh et al.,
2024), and deformable object manipulation (Yuan et al., 2017).

Recent advances in visuomotor policy learning (Chi et al., 2024; Zhao et al., 2023; Ze
et al., 2024; Zhang and Gienger, 2024) have further enabled the learning of complex ma-
nipulation behaviors, motivating the integration of tactile sensing into policy learning
frameworks. Most existing approaches incorporate tactile signals as additional sensory
inputs by concatenating them with visual observations into a unified observation
space, and train policies end-to-end using standard visuomotor learning pipelines (Lee
et al., 2020b; Hansen et al., 2022; Zhang and Demiris, 2023). While effective in many
settings, such formulations often rely on computationally intensive generative models
with relatively slow inference, and therefore overlook the fact that tactile sensing is in-
herently high-frequency and contact-driven, requiring rapid reactive responses during
execution.

To better exploit tactile feedback, visual–tactile policy learning should adopt a reactive
formulation. One representative approach is Reactive Diffusion Policy (RDP) (Xue
et al., 2025a), which employs a slow–fast architecture that combines diffusion-based
planning with fast tactile-driven refinement, enabling improved reactivity to external
disturbances in contact-rich manipulation tasks. Nevertheless, it has been primarily
validated on parallel grippers rather than dexterous hands, leaving its effectiveness
in high-dimensional, multi-contact manipulation settings unclear. Moreover, it still
relies on slow denoising at the beginning of each action chunk, introducing latency
and limiting responsiveness, which can induce periodic jerky motions similar to those
observed in standard diffusion policies.

Overall, most existing visual–tactile policies either execute planned action chunks
in an open-loop manner or rely on auxiliary controllers that operate in latent space,
limiting their ability to support fully reactive visual–tactile control for high-DoF dex-
terous manipulation. In contrast, TDP embeds reactivity directly into the diffusion
policy through a streaming integration phase, enabling online action updates under
an observation-conditioned vector field.
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7.2.3 Learning Dynamical Systems

Another line of work approaches policy learning from the perspective of dynamical
systems, representing robot behaviors as continuous-time vector fields or attractor dy-
namics (Khansari-Zadeh and Billard, 2010, 2011; Ijspeert et al., 2013; Schaal et al., 2003).
These approaches impose strong structural constraints to guarantee stability, which
simplifies the underlying dynamics and facilitates analysis, but limits expressiveness
when dealing with highly nonlinear or contact-rich interactions.

Recent learning-based methods extend this perspective by parameterizing continuous-
time dynamics with neural networks. Neural ODEs and their variants provide a flexible
framework for learning nonlinear dynamical systems from data (Chen et al., 2018;
Rubanova et al., 2019; Kidger et al., 2020), while recent work explicitly enforces stability
properties in deep dynamical systems (Sochopoulos et al., 2024). Although more
expressive, these methods are typically used as motion generators or nominal dynamics
models, rather than as fully reactive controllers under complex disturbances.

In parallel, generative modeling techniques such as diffusion models, continuous
normalizing flows, and flow matching reinterpret trajectory or action generation as
the integration of learned vector fields (Song et al., 2021b; Ho et al., 2020; Lipman
et al., 2023a; Liu et al., 2023). Building on this perspective, Streaming Flow Policy (SFP)
(Jiang et al., 2025) formulates policy generation as a continuous-time dynamical system
evolving in action space, enabling smooth action evolution and improved coverage of
multimodal behaviors. However, due to the computational cost of generative inference,
these methods primarily produce open-loop or chunk-based action trajectories, with
limited ability to react to execution-time disturbances.

Overall, most prior learning-based dynamical system approaches either rely on simpli-
fied or abstracted dynamics, or structure execution around chunk-based or open-loop
evolution, limiting their ability to represent complex behaviors or regulate devia-
tions arising from disturbances or contact interactions. Our approach combines the
strengths of diffusion-based policies and streaming flows, where diffusion is used to
capture complex nonlinear behaviors, while observation-conditioned streaming flow
enables real-time, reactive control during execution.

7.3 Problem Formulation

We consider contact-rich manipulation systems with observation ot = (oo
t ,o

r
t ) ∈ O ⊆

Rno , where or
t denotes the robot’s proprioceptive state and oo

t represents the object
state, which may consist of either low-dimensional object configurations or high-

156



7.3 Problem Formulation

dimensional, multimodal sensory inputs such as visual and tactile observations. The
control input ut ∈ U ⊆ Rnu specifies the commanded robot action. The system evolves
according to the continuous-time dynamics

ȯ(t) = f
(
o(t),u(t)

)
, (7.1)

where f(·) captures the underlying contact-rich interaction dynamics between the
robot and its environment.

To enable reactive feedback control, we adopt a tube-based control formulation. Specif-
ically, by locally linearizing the system over a short time horizon, we can obtain the
following control law with a proportional feedback correction:

u(t) = ū(t) +K
(
ō(t)− o(t)

)
, (7.2)

where ū(t) and ō(t) denote the nominal action and observation trajectories, respec-
tively, and the feedback gain K ≻ 0 is held constant within the horizon. Differentiat-
ing (7.2) with respect to time yields

u̇(t) = ˙̄u(t) +K
(

˙̄o(t)− ȯ(t)
)
. (7.3)

We consider a neighborhood of the nominal trajectory in which the observation dy-
namics are differentiable and admit a first-order approximation. In particular, we
apply a Taylor expansion around (ō(t), ū(t)) of system dynamics (7.1), leading to

ȯ(t) ≈ ˙̄o(t) +A(t)
(
o(t)− ō(t)

)
+B(t)

(
u(t)− ū(t)

)
, (7.4)

where A(t) ≜ ∂f
∂o

∣∣∣
(ō(t),ū(t))

and B(t) ≜ ∂f
∂u

∣∣∣
(ō(t),ū(t))

.

Within each time interval, we adopt the widely used quasi-dynamic assumption for
contact-rich systems: over the short duration of each interval, the observation error
e(t) = ō(t)− o(t) remains bounded and varies slowly, such that its contribution can be
neglected in the local approximation. This yields

˙̄o(t)− ȯ(t) ≈ −Γ(t)
(
u(t)− ū(t)

)
, Γ(t) ≜ B(t), (7.5)

where Γ(t) summarizes the local input-to-observation sensitivity induced by contact
interactions and the environment, and is understood to be valid locally.
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Substituting (7.5) into (7.3) yields the action-space velocity field

u̇(t) ≈ ˙̄u(t)−KΓ(t)
(
u(t)− ū(t)

)
. (7.6)

Equation (7.6) decomposes the controller into a trajectory-following term ˙̄u(t) and a
stabilizing contraction term that drives system deviations toward the nominal trajec-
tory, thereby locally maintaining the execution error within a bounded tube.

For simplicity, we approximate the product KΓ(t) by an isotropic contraction term λI.
This approximation is motivated by the observation that action–observation coupling
in contact-rich manipulation is often dominated by a few low-dimensional interaction
modes within a local contact regime. For instance, in planar pushing with persistent
contact, the interaction is typically governed by contact modes such as sticking or
sliding at the contact interface (Xue et al., 2023a, 2025b). Within each mode, the result-
ing action–observation coupling is effectively low-dimensional, making an isotropic
contraction a reasonable local approximation. Here, λ > 0 denotes the effective local
contraction rate in action space. Substituting this approximation into (7.3) yields the
simplified action-space dynamics

u̇(t) ≈ ˙̄u(t)− λ
(
u(t)− ū(t)

)
, λ ≜ γk > 0, (7.7)

which describes a contracting flow around the nominal action trajectory.

This formulation is structurally consistent with (Jiang et al., 2025), which frames policy
learning as the imitation of action trajectories. While effective in some settings, (Jiang
et al., 2025) abstracts away robot–environment coupling and is generally insufficient, as
control policies are fundamentally designed to regulate system states or observations
rather than actions alone. We instead adopt a full-system perspective and identify phys-
ically grounded assumptions under which action-trajectory imitation provides a valid
local approximation of closed-loop control. We show that this approximation holds
only in a neighborhood of the nominal trajectory under a quasi-dynamic execution
regime with bounded tracking errors. This analysis provides the theoretical motivation
for the proposed approach, in which diffusion provides chunk-level corrections that
account for full system dynamics, while the streaming flow enables local feedback
control during execution.

7.4 Methodology

From (7.7), we observe that after local linearization, the resulting feedback flow de-
pends only on the nominal action trajectory. This insight suggests that the conventional
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decision-making process can be conceptually decomposed into two stages: (i) peri-
odically generating actions that account for the full nonlinear dynamics to correct
accumulated drift, and (ii) applying a local feedback controller based on linearized
dynamics.

Motivated by this decomposition, we propose an approach based on Tube Diffusion
Policy (TDP) as reactive policy learning under real-time observations. At the beginning
of each action chunk, a diffusion model performs multi-step denoising to generate
an initial action that accounts for the full nonlinear contact dynamics. Subsequent
actions are then generated through a streaming feedback flow learned from demon-
strations, which locally regulates deviations based on fresh observations. Although the
diffusion stage does not explicitly generate a full nominal action trajectory, it implicitly
defines one by providing the initial condition for the subsequent action evolution. The
resulting action sequence can therefore be interpreted as a nominal trajectory around
which closed-loop regulation is performed. This structure aligns with the action chunk
paradigm in chunk-based control, but crucially augments it with step-wise closed-loop
feedback during execution. We refer to this formulation as an action tube, where diffu-
sion provides chunk-level action initialization and the learned feedback flow enforces
real-time corrections within the tube. This section presents the overall architecture for
learning such reactive control policies from demonstrations.

Given a dataset of demonstration episodes, similar to chunk-based approaches (Chi
et al., 2024; Zhao et al., 2023), we decompose each episode into multiple observation
and action sequences of length Hp, yielding a dataset D = {(ζo

i , ζ
u
i )}Ni=1. Our goal is

to learn the conditional velocity field vθ(u, t1, t2 | hτ ) by minimizing (7.8), enabling
both diffusion-based action generation and flow-based reactive control. Here, hτ =
{ot}τ+Ho

t=τ denotes a finite observation history of length Ho. At execution time, the
learned policies are deployed in a receding-horizon fashion, with an action horizon
Ha that may differ from the prediction horizon Hp used during training. The complete
pseudocode for training and inference is provided in Alg. 5 and Alg. 6.

7.4.1 Overall Architecture

Dual-Time Formulation: TDP introduces two time variables with distinct semantics:

• t1 ∈ [0, Tdiff]: diffusion time, governing the diffusion denoising process while the
physical system remains stationary;

• t2 ∈ [0, 1]: trajectory time, governing the streaming control process that evolves
in real time with the physical system.
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Figure 7.2: Overview of Tube Diffusion Policy (TDP). TDP adopts a dual-time for-
mulation with a multi-step denoising stage along t1 and an observation-conditioned
streaming stage along t2. The method operates in two phases: a denoising phase and
a streaming phase. At the beginning of each action chunk horizon, an initial action
is generated through multi-step denoising, accounting for the full nonlinear system
dynamics; the resulting trajectory is shown in red. Subsequent actions are produced
by streaming action flow conditioned on the observation at each timestep, yielding
the orange trajectory. The green curve denotes the nominal trajectory. This process
can be interpreted as executing actions within an action tube (dashed boundary),
where local deviations are continuously regulated by switching among a sequence of
observation-conditioned flow models (illustrated as funnels). Here, ht denotes the
observation history, and ∆t controls the streaming temporal granularity. By combining
diffusion-based chunk-level initialization with tube-based reactive feedback, TDP
enables robust, high-frequency closed-loop control for contact-rich manipulation.

The policy is conditioned on both variables, allowing a single network to operate in
two modes: diffusion-based action generation and flow-based streaming.

Training Objective: The overall training objective combines losses from both modes:

L = Ldiff + Lstream, (7.8)

where Ldiff is the diffusion noise-prediction loss and Lstream supervises the streaming
velocity field. We use equal weighting for the two objectives, as they correspond to
complementary roles—global action generation and local feedback correction—and
operate on comparable scales in practice.

160



7.4 Methodology

7.4.2 Diffusion Phase: Diffusion-based Action Generation

The diffusion phase follows the standard Denoising Diffusion Probabilistic Models
(DDPM) formulation with ϵ-prediction (Ho et al., 2020). Given a clean action u0 =
ζu[Ho − 1 : Ho] that is aligned with the observation history ht1 = ζo[: Ho], the forward
noising process is defined as

ut1 =
√
ᾱt1u0 +

√
1− ᾱt1ϵ, ϵ ∼ N (0, I), (7.9)

where ᾱt1 is specified by the noise schedule in (Ho et al., 2020). The network vθ(u, t1, t2 |
ht1) is trained to predict the injected noise conditioned on the aligned observation
history ht1 by minimizing

Ldiff = Eu0, ht1 , ϵ, t1

[∥∥∥ϵ− vθ(ut1 , t1, t2 = 0 | ht1)
∥∥∥2
]
, (7.10)

where the expectation is taken over aligned observation–action pairs (ht1 ,u0) sampled
from the demonstration dataset D, and t1 is sampled uniformly from [0, Tdiff], with
[0, Tdiff] specifying the length of the diffusion process.

7.4.3 Streaming Phase: Flow-based Action Streaming

By locally linearizing the system dynamics, the tube-based feedback controller can
be projected from the observation–action space into the action space. Under this
formulation, the streaming phase learns a reactive controller by directly modeling
action evolution as a velocity field over the trajectory time, enabling high-frequency
closed-loop execution. This design is inspired by (Jiang et al., 2025).

Following (7.7), we define the target velocity field along the action trajectory as

vζ(u, t2) = dζu

dt2
− λ

(
u− ζu(t2)

)
, (7.11)

where ζu(t2) denotes the continuous nominal action trajectory parameterized by the
trajectory time t2 ∈ [0, 1]. The first term provides feedforward progression along it,
while the second induces feedback toward the nominal trajectory.

To enable reactive control within the action tube, we extract step-wise observation
history aligned with the trajectory time via

ht2 = ζo[l : l +Ho], (7.12)
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Algorithm 5 Training

Require: Training set D = {(ζo
i , ζ

u
i )}Ni=1,

Ho, Hp, Tdiff
1: ζo and ζu have time horizon Tpred

rescaled to [0, 1]
2: while not converged do
3: (ζo, ζu) ∼ D
4: // ===== Diffusion phase (t1) =====
5: t1 ∼ Uniform{0, . . . , Tdiff}
6: ht1 ← ζo[: Ho]
7: u0 ← ζu[Ho − 1 : Ho]
8: ϵ ∼ N (0, I)
9: ut1 =

√
ᾱt1u0 +

√
1− ᾱt1ϵ

10: Ldiff ← ∥ϵ − vθ(ut1 , t1, t2 = 0 |
ht1)∥2

11: // ===== Streaming phase (t2)
=====

12: t2 ∼ Uniform(0, 1)
13: u ∼ pζu(u | t2)
14: l← ⌊t2Hp⌋
15: ht2 ← ζo[l : l +Ho]
16: vζ(u, t2)← Eq. (7.11)
17: Lstream ← ∥vζ(u, t2) − vθ(u, t1 =

0, t2|ht2)∥2
18: θ ← θ − γ∇θ(Ldiff + Lstream)
19: end while
20: return vθ

Algorithm 6 Inference

Require: vθ(u, t1, t2 |h), Ho, Hp, Ha,
Tddim, ∆t

1: h← {ocurr}Ho
i=1

2: while True do
3: // === Phase 1: Denoising (t1) ===
4: u ∼ N (0, I)
5: for t1 = Tddim, . . . , 1 do
6: ϵ̂← vθ(u, t1, t2 = 0 |h)
7: u← DDIMStep(u, ϵ̂, t1)
8: end for
9: // === Phase 2: Streaming (t2) ===

10: t2 ← ∆t
11: while t2 ≤ Ha/Hp do
12: o← Execute(u)
13: h← h ∪ {o}
14: u← u+ vθ(u, t1 = 0, t2 |h) ·∆t
15: t2 ← t2 + ∆t
16: end while
17: end while

where l = ⌊t2Hp⌋ is the index corresponding to t2 on the discretized observation trajec-
tory, with ⌊·⌋ denoting the floor (round-down) operation. Hp denotes the prediction
horizon, and Ho is the length of the observation history window.

The network vθ(u, t1, t2 | ht2) is trained to predict the streaming velocity field condi-
tioned on the aligned observation history ht2 by minimizing

Lstream = Eu, h, t2

[∥∥∥vθ(u, t1 = 0, t2 | ht2)− vζ(u, t2)
∥∥∥2
]
, (7.13)

where t2 ∼ U([0, 1]), and u is sampled from the stabilizing conditional distribution

u ∼ pζ(u | t2) = N
(
ζu(t2), σ2

0e
−2kt2I

)
, (7.14)
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which is a Gaussian centered at the action trajectory ζu(t2) with a small variance σ2
0 , as

introduced in (Jiang et al., 2025).

By extracting step-wise observation histories, we learn a family of observation-conditioned
flow models of the form vθ(u, t1 = 0, t2 | ht2), each conditioned on a distinct observa-
tion history ht2 . During execution, the action sequence within the chunk horizon is not
governed by a single conditional flow model; instead, actions are generated by sequen-
tially switching among multiple observation-conditioned flows as new observation
becomes available and provide updated conditioning.

At each step, the action is updated by integrating the currently active streaming velocity
field,

u← u + vθ(u, t1 = 0, t2 | ht2) ∆t2, (7.15)

where ∆t2 denotes the discretization step size of the trajectory time t2. This step-wise
integration incorporates fresh observations at every step, enabling closed-loop and
reactive control.

7.4.4 Network Architecture and Encoding

We employ a conditional 1D U-Net as the shared backbone for both diffusion-based
action generation and streaming-based reactive flow. The network predicts action
evolution conditioned on observations, outputting either diffusion noise or action
velocity depending on the time conditioning, which enables parameter sharing across
the diffusion and streaming phases.

To support the dual-time formulation, the network uses separate sinusoidal embed-
dings for the diffusion time t1 and the streaming time t2. The two embeddings are
scaled differently to reflect their distinct semantics: diffusion time follows the standard
DDPM time scale, while trajectory time is amplified to provide finer resolution over the
normalized execution horizon [0, 1]. This separation prevents interference between
diffusion and streaming behaviors while allowing a unified architecture.

Observation features and time embeddings are injected into the network via Feature-
wise Linear Modulation (FiLM) (Perez et al., 2018). This conditioning mechanism
enables the policy to adapt its action predictions to both the current observation
context and the operating mode (diffusion or streaming) in a smooth and modular
manner.

Visual observations are encoded using ResNet-18 backbones (He et al., 2016). In
simulation, tactile inputs are processed using a lightweight multilayer perceptron, as
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the tactile sensor provides array-based measurements. In real-world experiments,
tactile observations from Digit360 sensors are image-based and are therefore encoded
using multiple ResNet-18 backbones. The resulting features are concatenated with
proprioceptive signals to form a global observation representation, which conditions
the action policy through FiLM modulation.

Actions consist of end-effector position, orientation, and hand joint commands. For
orientation, we adopt the continuous 6D rotation representation (Zhou et al., 2019),
which avoids discontinuities associated with quaternion parameterizations and is
better suited for regression-based learning.

7.4.5 Stability Analysis

TDP decomposes control into two complementary mechanisms: diffusion correction,
which periodically contracts the accumulated drift, and streaming imitation, which
provides high-frequency reactive control but may introduce bounded tracking error.
Together they form a hybrid control system that admits a practical stability guarantee.

Consider the discrete-time system

ot+1 = g(ot,ut) + wt, (7.16)

where g(·) denotes the discrete-time dynamics corresponding to (7.1), and wt is a
bounded disturbance.

Let (o∗
t ,u

∗
t ) be a demonstrated reference trajectory satisfying

o∗
t+1 = g(o∗

t ,u
∗
t ), (7.17)

and define the tracking error et = ot − o∗
t and the value function V (et) = ∥et∥.

To facilitate the stability analysis, we introduce the following conditions.

Assumption 1 (Lipschitz dynamics). The discrete-time dynamics satisfy

∥g(o1,u1)− g(o2,u2)∥ ≤ Lx∥o1 − o2∥+ Lu∥u1 − u2∥. (7.18)

The Lipschitz condition bounds the sensitivity of the system dynamics to state and
action deviations, enabling tractable propagation of tracking errors.

Assumption 2 (Streaming imitation accuracy). The streaming flow policy is trained to

164



7.4 Methodology

imitate the reference action trajectory. As a result, the action error remains bounded:

∥ut − u∗
t ∥ ≤ εa. (7.19)

This condition reflects the training objective of the streaming phase in TDP and is
expected to hold when the policy accurately reproduces the demonstrated actions.

Assumption 3 (Bounded disturbance). The external disturbance is bounded:

∥wt∥ ≤ w̄. (7.20)

Assumption 4 (Diffusion correction property). At correction steps tk, the diffusion
module produces a corrective action that reduces the accumulated tracking error:

V (etk+1) ≤ λV (etk
) + εd, 0 < λ < 1. (7.21)

This condition corresponds to the training objective of the diffusion phase in TDP,
which aims to contract the tracking error at correction steps by accounting for the full
system dynamics.

Lemma 1 (Streaming-phase bound). During streaming execution, the value function
satisfies

V (et+1) ≤ LxV (et) + Luεa + w̄. (7.22)

Proof. From the system dynamics,

et+1 = g(ot,ut) + wt − g(o∗
t ,u

∗
t ).

Applying Lipschitz continuity and Assumption 2 yields

∥et+1∥ ≤ Lx∥et∥+ Luεa + w̄.

Substituting the definition of V proves the result. □

The lemma shows that the streaming policy may introduce bounded tracking drift due
to imitation error and disturbances, but the error growth remains bounded at each
control step.

Theorem 1 (Practical stability of TDP). Suppose diffusion correction occurs every
Ha steps and Lx < 1. Then the closed-loop system under TDP satisfies the following
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properties:

(1) Uniform ultimate boundedness. The tracking error sequence is uniformly ulti-
mately bounded.

(2) Bounded error within each diffusion cycle. During each correction cycle t ∈
{tk, . . . , tk + Ha − 1}, the tracking error remains bounded as a function of the post-
correction error.

Proof sketch. Lemma 1 shows that during streaming execution the value function grows
at most linearly due to imitation error and disturbances. At correction instants, diffu-
sion reduces the accumulated tracking error according to Assumption 4. Combining
bounded growth with periodic contraction yields a stable affine recursion on the post-
correction error, which implies uniform ultimate boundedness of the tracking error.
Moreover, the streaming bound ensures that the error remains bounded throughout
each diffusion cycle. □

In the ideal case where the imitation error, disturbance, and diffusion residual vanish
(εa = 0, w̄ = 0, and εd = 0), the equilibrium e = 0 is asymptotically stable and the
tracking error satisfies limt→∞ et = 0. The full derivation of the stability bound is
provided in Appendix.

7.5 Experiments

We first use a toy 1-D point-mass system to illustrate the effectiveness of action tube
under external disturbances. We then evaluate TDP on the widely used Push-T task and
three additional visual–tactile dexterous manipulation tasks in simulation, followed by
two challenging real-world experiments that require reactive control under contact
uncertainty and external disturbances.

7.5.1 1-D Point-mass System

We consider a 1-D point-mass system with single-integrator dynamics xt+1 = xt +
ut∆t. The goal is to use imitation learning to reproduce a demonstrated trajectory, as
illustrated in Fig. 7.3. The horizontal axis denotes time, while the vertical axis shows the
evolution of the state xt. To highlight the difference between action chunk and action
tube, we assume that the entire trajectory is executed within a single action-chunk
horizon. The white curves depict the movement flow of the point mass under different
initializations in both cases. Without loss of generality, we consider the example in
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Figure 7.3: 1-D Point-Mass Example: Action-Tube Robustness to External Disturbances.
We consider a 1-D point-mass system with a single demonstration to contrast action
chunk and action tube. The x-axis denotes execution time and the y-axis denotes
system state. Left: Nominal trajectory without disturbance, with color indicating
progression along the trajectory from dark green (start) to light green (end). Middle:
Action chunk execution. A disturbance is applied at the midpoint (orange dashed line),
after which the system continues executing the precomputed action sequence (i.e., the
1-D velocity) without feedback, resulting in deviation from the target. Right: Action
tube execution under the same disturbance. A local feedback controller drives the
system back toward the nominal trajectory and ultimately reaches the target. Blue
curves denote trajectories before disturbance, and red curves denote trajectories after
disturbance.
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which the system is initialized at the same state as the demonstration, and an external
disturbance is injected at the midpoint of the trajectory, as indicated by the orange
dashed line. This disturbance can be interpreted as either human perturbation or
physical uncertainty.

Chunk-based approaches generate a fixed sequence of actions at the beginning of
execution. As a result, after the disturbance occurs, the controller continues to apply
the precomputed action sequence, ultimately driving the system to an incorrect final
state. In contrast, the action-tube formulation employs a local feedback controller
around the nominal trajectory, which actively steers the system back toward the desired
path after the disturbance.

This toy example illustrates the importance of action tube for achieving reactive and
robust control in the presence of external disturbances or contact uncertainty.

7.5.2 Push-T Task

We further benchmark TDP on Push-T task against state-of-the-art imitation learning
methods, including Diffusion Policy (DP) (Chi et al., 2024) with 100 DDPM steps, DP
with 10 Denoising Diffusion Implicit Models (DDIM) (Song et al., 2021a) steps, Flow
Matching Policy (Zhang and Gienger, 2024), and Streaming Flow Policy (SFP) (Jiang
et al., 2025). We also have one ablation study that removes the diffusion phase of
TDP, namely TDP (streaming only). Following (Jiang et al., 2025), we use the current
robot configuration as a warm-start initialization for SFP, and also apply the same
strategy to the TDP (streaming only) ablation, as it does not include an initial denoising
stage. Push-T is a widely-used task to benchmark imitation learning approaches, and
it is particularly suitable to be used in this work since it has nonlinear dynamics and
physical uncertainty. For example, the friction coefficients are hard to be identified
and varied with different objects. We report the average score of the 5 best checkpoints
and also the maximum score across all checkpoints. Moreover, there is another metric
called steps to success, which describes the task completion time for the successful
trials. This further evaluates the effectiveness of each action across all cases that
ultimately lead to success. We report the average steps of the 5 best checkpoints and
the minimum steps of the best checkpoint. Table 7.2 demonstrates the results for
both state-based and image-based Push-T tasks, where state-based Push-T task uses
low-dim state as the input, including 2-D position of the cylindrical pusher and 3-D
pose of the T-shape block on planar space. Image-based push-T task use RGB image as
the input. The actions are 2-D setpoints tracked by a PD controller. This task contains
200 demonstrations and 50 evaluation episodes.
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Figure 7.4: Teleoperation system. Human demonstrations are collected through tele-
operation in both simulation and the real world. In simulation, a Meta Quest 3 headset
is used for VR-based hand tracking, while in the physical setup an OptiTrack motion-
capture system provides mocap-based hand tracking. The captured hand pose and
dorsum pose are then processed by the same retargeting module and controllers to
actuate the dexterous hand and robot arm.

As reported in Table 7.2, TDP achieves the highest performance on both tasks while re-
quiring the fewest steps, demonstrating the effectiveness of real-time reactions at each
step given the current observation for task accomplishment. Moreover, the ablation
results show that removing the diffusion phase degrades performance, highlighting the
limitations of relying solely on local linearization without a diffusion-based correction
that accounts for the full system dynamics.

We further conduct an ablation study on the number of DDIM inference steps used in
the denoising phase for state-based PushT task, as shown in Fig. 7.5. We conduct five
trials, each consisting of 20 episodes, and report both the average and maximum scores.
The results indicate that competitive performance can already be achieved with as few
as two DDIM steps. This observation suggests that our method does not require highly
accurate action generation during the denoising stage. Instead, the diffusion model
only needs to produce an initial action that initializes execution while accounting for
the full system dynamics, after which the streaming policy regulates deviations through
closed-loop feedback. This property highlights a key advantage of the proposed tube-
based formulation over conventional chunk-based methods that rely on precise action
chunks. Moreover, reducing the number of DDIM steps substantially lowers inference
latency, demonstrating the potential of TDP for real-time, high-frequency control.

7.5.3 Visual–Tactile Manipulation in a Virtual Environment

We evaluate our method on three additional visual–tactile dexterous manipulation
tasks in a simulation environment built with Unreal Engine. The simulator integrates a
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Figure 7.5: Ablation study on DDIM inference steps for the virtual PushT task. We vary
the number of DDIM inference steps used in the denoising phase of TDP. The results
show that TDP maintains competitive performance with as few as two denoising steps,
highlighting its suitability for high-frequency control.

(a) Grasping (b) Stable grasping

Figure 7.6: Ablation study on DDIM inference steps. We compare TDP and DP under
varying numbers of DDIM inference steps on both grasping and stable grasping tasks.
TDP consistently performs well with fewer inference steps than DP, demonstrating
its ability to reduce control latency in practice. Furthermore, with the same number
of inference steps, TDP achieves higher success rates owing to its step-wise reactive
control mechanism.
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Push-T with state input Push-T with image input

Avg/Max scores Avg/Min steps to success Avg/Max scores Avg/Min steps to success

↑ ↓ ↑ ↓

DP (DDPM) 93.2%/93.8% 125.9/128.5 76.0%/77.5% 114.7/107.9

DP (DDIM) 91.8%/93.9% 124.6/117.1 68.5%/69.0% 107.3/104.8

Flow Matching 91.8%/93.3% 122.8/115.9 65.3%/68.3% 108.9/102.5

SFP 88.6%/89.7% 124.4/116.1 73.3%/74.8% 112/108.6

TDP (streaming only) 84.3%/85.0% 109.6/108.1 77.1%/77.7% 117.5/96.3

TDP 96.1%/96.9% 106.2/105.1 82.0%/85.6% 103.5/91.3

Table 7.2: Push-T results with state and image inputs. Our method (green) is compared
against baselines (orange) and ablation variants (blue).

Stable Grasping On-table Reorientation

Success rate (Grasp) Success rate (Stable grasp) Steps to success Success rate Steps to success

↑ ↑ ↓ ↑ ↓

DP (DDIM) 88% 60% 28.0± 3.70 82% 41.7± 8.51
SFP 78% 72% 29.6± 4.75 80% 43.1± 12.9

TDP (streaming only) 72% 44% 25.5± 5.1 76% 60.6± 25.3

TDP 96% 88% 27.8± 3.06 90% 40.0± 15.3

Table 7.3: Comparison on stable grasping and on-table reorientation. Our method
(green) is compared against baselines (orange) and ablation variants (blue).

real-time finite element solver through a native plugin, enabling physically realistic
interactions between rigid and compliant objects. By leveraging reduced-order models,
the solver efficiently simulates contact dynamics at interactive rates while providing
detailed per-contact state information for dexterous manipulation (Tao et al., 2025;
Zhu et al., 2022; Chang et al., 2023; Zong et al., 2023). The simulated system consists of
a UR5 robotic arm and a 20-DoF Tesollo DG5F dexterous hand equipped with a dense
tactile array containing 768 sensing elements. Each element measures three-axis forces,
resulting in a tactile observation of 2304 dimensions. Visual observations are obtained
from two RGB cameras: one mounted above the workspace and another attached to
the robot wrist. To collect demonstrations, we use a VR-based teleoperation interface
with a Meta Quest 3 headset, as illustrated in Fig. 7.4. The tracked human hand pose
determines the pose of the robot end-effector, while the dexterous hand is controlled
through fingertip retargeting. Specifically, the human fingertip positions are scaled
to match the kinematic workspace of the DG5F hand. The corresponding finger joint
targets are then computed using RelaxedIK (Rakita et al., 2018; Wang et al., 2023b).
All simulation experiments are performed on a Lenovo P8 desktop equipped with an
NVIDIA RTX 4080 GPU, responsible for robot control, visual–tactile sensing, and policy
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Score
Latency

↑ Denoising (↓) Streaming (↓)

DP (DDIM-10) 98.4% 72.9 ms

DP (DDIM-2) 5.3% 17.1 ms

TDP 98.0% 13.3 ms 6.50 ms

Table 7.4: Comparison of DP and TDP on the dish-cleaning task. TDP achieves compa-
rable success rate while significantly reducing inference latency.

inference.

The first task, stable grasping, requires the robot to grasp a mustard bottle and maintain
a secure hold. Performance is evaluated using grasp success rate, stable grasp success
rate, and steps to success, where a stable grasp requires holding the object for at least
three seconds. The second task, on-table reorientation, involves rotating a sugar box by
90 degrees via in-hand manipulation. The third task, dish cleaning, requires cleaning
a dirty dish using a sponge. Task performance is measured by the percentage of the
dirty region cleaned. We collect 150 demonstrations for each task and evaluate each
method over 50 episodes.

We first compare our approach against state-of-the-art baselines and conduct ablation
studies on the stable grasping and on-table reorientation tasks, with results summa-
rized in Table 7.3. Across both tasks, our method consistently outperforms all baselines
in terms of success rate while requiring comparable or fewer steps to reach successful
outcomes. In the stable grasping task, our approach achieves a grasp success rate
of 96% and a stable grasp success rate of 88%, substantially exceeding both DP and
SFP, while maintaining efficient execution. Similar improvements are observed in
the on-table reorientation task, where our method attains the highest success rate
(90%) and reduces the number of steps compared to prior approaches. These results
demonstrate the effectiveness of the proposed tube-based formulation in leveraging
real-time visual–tactile feedback for robust and efficient manipulation. We further
conduct an ablation study by removing the diffusion phase and relying solely on the
streaming controller. In this setting, success rates drop significantly for both tasks.
For on-table reorientation, small errors tend to accumulate and often require multiple
retries, leading to a higher number of steps to success despite eventual task comple-
tion. Interestingly, the streaming-only variant achieves the lowest number of steps
in the stable grasping task, which makes sense since this metric only accounts for
completed episodes. In contrast to reorientation, failed grasp attempts typically cause
the object to fall, making retries infeasible within the same episode. As a result, the

172



7.5 Experiments

On-table Reorientation Jar Opening
Latency

Success rate (↑) Success rate (↑) Denoising (↓) Streaming (↓)

DP 60% 84% 0.037s

TDP 96% 96% 0.008s 0.003s

Table 7.5: Comparison of DP and TDP on two physical experiments. TDP achieves
higher success rate with significantly lower inference latency.

steps-to-success values for grasping remain on a similar scale (and are even slightly
better) than those of the full TDP method, as this metric mainly reflects the simplest
successful scenarios. This further highlights the efficiency of step-wise reactive control
for contact-rich manipulation, as this variant preserves a fully reactive formulation
with fresh observations at every time step.

Furthermore, we perform an ablation study on the number of DDIM inference steps
to evaluate execution efficiency on the stable grasping task (Fig. 7.6). With a single
DDIM step, both TDP and DP fail to complete the task. As the number of inference
steps increases, TDP exhibits a rapid performance gain with only two to three steps,
whereas DP remains at a 0% success rate and requires substantially more denoising
steps (e.g., 5–10) to achieve similar performance. This indicates that the step-wise
feedback regulation of the action tube can effectively compensate for coarse diffusion
outputs, allowing TDP to attain high success rates with significantly fewer denoising
steps and, consequently, reduced diffusion-stage inference latency for high-frequency,
real-time control.

Based on this observation, we further evaluate both methods on the dish cleaning task,
with results shown in Table 7.4. While DP with 10 DDIM steps achieves the highest
cleaning score, it leads to significant control latency due to the long inference time. In
contrast, TDP requires only 2 DDIM steps, making it possible to run at approximately
75 Hz during the denoising phase and up to 150 Hz during the streaming phase. When
DP is constrained to a comparable inference budget (i.e., 2 DDIM steps), its perfor-
mance drops significantly. This result highlights the capability of TDP for real-time,
high-frequency control.

7.5.4 Real-world Experiments

We further validate TDP on two real-world visual–tactile dexterous manipulation tasks:
jar opening and on-table reorientation, as illustrated in Fig. 7.1. These tasks involve
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Figure 7.7: On-table manipulation task under external disturbance. The disturbance is
introduced by bending the thumb fingers of the Allegro hand. TDP reacts quickly to
the perturbation, while DP exhibits a delayed response and the fingers become stuck,
resulting in task failure.

Figure 7.8: Jar-opening task under external disturbance. We introduce disturbance
by shifting the jar’s position. TDP quickly adapts to the new position and continues
opening the jar, whereas DP blindly executes the pre-generated action sequence,
resulting in slow response to the disturbance.
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(a) On-table reorientation with 3 DDIM steps. (b) Jar-opening with 3 DDIM steps.

Figure 7.9: Real-world manipulation with few DDIM inference steps. TDP maintains
strong performance with only three DDIM inference steps, enabling high-frequency
control in the real world. In contrast, DP produces inaccurate behaviors under the
same inference budget, indicating its reliance on more DDIM steps for stable execution
and consequently higher control latency.

contact-rich interactions, pose uncertainty, and frequent variations in hand–object
contact, posing significant challenges for policies relying on open-loop execution.

All physical experiments are conducted using a Franka Research 3 robotic arm equipped
with an Allegro V5 dexterous hand. Visual observations are provided by an Intel Re-
alSense D405 camera for the wrist-mounted view and a D435F camera for the global
view. In addition, Digit360 tactile sensors are attached to the fingertips to capture
tactile feedback during manipulation. The system runs on two workstations. A Lenovo
P620 desktop (NVIDIA RTX 3080 GPU) is used for low-level robot control and real-time
visual–tactile sensing processing, while a Lenovo P8 desktop (NVIDIA RTX 4080 GPU)
is dedicated to policy inference. To collect demonstrations, we employ a teleoperation
system based on an OptiTrack motion-capture setup together with an instrumented
glove for hand tracking, as illustrated in Fig. 7.4. The pose of the robot end-effector
is determined by tracking the pose of the human hand. For hand teleoperation, we
adopt a fingertip retargeting strategy: fingertip positions estimated from the glove are
mapped to the workspace of the Allegro hand while ignoring the human pinky finger.
We then solve the inverse kinematics using RelaxedIK (Rakita et al., 2018; Wang et al.,
2023b) to obtain the desired finger joint targets.

We first conduct 25 evaluation episodes for each task using both TDP and DP. The
quantitative results are summarized in Table 7.5. Benefiting from its closed-loop reac-
tive control, TDP achieves significantly higher success rates on both tasks. Moreover,
TDP allows the use of fewer DDIM inference steps thanks to the tube-based correction
mechanism applied at each timestep. In our experiments, we use only 3 DDIM steps
during denoising, which results in substantially lower inference latency and enables
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control frequencies above 100 Hz, approximately four times faster than DP (∼ 25 Hz).

To further examine this property, we also evaluate DP using the same number of DDIM
inference steps for high-frequency control. As shown in Fig. 7.9, DP with only 3 DDIM
steps produces inaccurate behaviors and fails to complete the tasks, indicating that DP
requires more inference steps for stable action generation.

We additionally evaluate the step-wise reactive capability of TDP by introducing ex-
ternal disturbances during task execution. Fig. 7.7 and Fig. 7.8 show representative
keyframes before and after disturbances. In the on-table reorientation task, we in-
troduce perturbations by bending the thumb finger of the Allegro hand. As shown in
Fig. 7.7, TDP quickly reacts to the perturbation and recovers to a stable configuration.
In contrast, DP continues executing the pre-generated action sequence, causing the
fingers to become stuck on the object and resulting in task failure. In the jar-opening
task, we introduce disturbance by shifting the position of the jar during execution. As
shown in Fig. 7.8, TDP rapidly tracks the updated jar pose and continues the opening
motion. In contrast, DP blindly executes the pre-generated action chunk, failing to
adapt to the changed object position.

Overall, the physical experiments demonstrate that TDP consistently achieves higher
success rates and more stable manipulation behaviors than DP. When unexpected
contact changes or disturbances occur, TDP can react immediately and adjust the
hand configuration online. In contrast, DP tends to continue executing pre-generated
action sequences in an open-loop manner, which often leads to failure.

Importantly, TDP supports inference with very few DDIM steps, significantly reducing
latency and enabling fast, high-frequency control. Combined with its per-step reactive
control within the learned action tube, this makes TDP particularly well suited for
real-world contact-rich dexterous manipulation.

7.6 Discussion

In this chapter, we proposed a reactive visual–tactile policy learning approach, termed
Tube Diffusion Policy (TDP), which augments diffusion-based imitation learning with
feedback control during action execution. In contrast to conventional action chunking
approaches that execute pre-generated action sequences in an open-loop manner,
TDP constructs an action tube that enables step-wise feedback control conditioned on
continuously updated observations.

A key insight of this work is that, by locally linearizing contact dynamics, the con-
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trol problem can be decomposed into two complementary components. First, a
diffusion-based generative policy periodically produces corrective actions to account
for nonlinear dynamics and compensate for accumulated drift. Second, between these
updates, a tube-bounded velocity field provides a geometric approximation of action
trajectories, enabling real-time inference and fast reactive control.

We evaluate TDP on three visual–tactile manipulation tasks in simulation and two
tasks in the real world. The experimental results demonstrate that the proposed
approach consistently improves task success rates and robustness compared with
state-of-the-art imitation learning methods. In real-world experiments, TDP further
exhibits strong resilience to external disturbances and unexpected contact variations
during execution. Notably, the method does not require highly accurate generation
of full action sequences. Instead, the diffusion phase only needs to produce coarse
corrective actions that account for global system dynamics, after which actions are
generated through streaming conditional feedback flows. This design significantly
reduces inference latency and enables high-frequency control in practice.

Despite these promising results, several limitations remain and point to directions for
future work. First, the current approach employs simple concatenation to fuse visual,
tactile, and proprioceptive observations, which neglects the inherent sparsity and
asynchronous nature of tactile sensing. Future work could explore more structured or
learned tactile representations to better exploit contact information. Second, although
the tube-based formulation allows the use of a small number of DDIM inference
steps to reduce latency, further acceleration could be achieved by leveraging recent
advances in diffusion model acceleration techniques, such as one-step or distillation-
based denoising methods (Song et al., 2023a; Prasad et al., 2024; Frans et al., 2025).
Third, while this work focuses on improving diffusion policies, the proposed tube-
based formulation is broadly applicable to other chunk-based or open-loop policy
learning methods. Extending this framework to alternative generative or sequence-
based control approaches remains an important direction for future research. For
instance, many Vision–Language–Action (VLA) models (Black et al., 2024; Intelligence
et al., 2025; Black et al., 2025) rely on flow-based action chunking and could benefit
from incorporating the action tube formulation to enable fast and reactive execution.

Overall, by reformulating time-dependent action chunking as time-independent ve-
locity field, this approach provides a general pathway for mitigating the limitations of
open-loop execution and enabling high-frequency closed-loop control in contact-rich
manipulation.
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8.1 Conclusion

Contact-rich manipulation tasks can be naturally formulated as decision-making
problems comprising two tightly coupled stages: objective approximation and ob-
jective optimization. While these two stages are conceptually linked, many existing
approaches do not consider them jointly. As a result, optimization is often performed
over approximations that are not well suited for this purpose. Consequently, action
generation relies on black-box solvers or computationally intensive sampling methods
that are prone to poor local optima and high control latency. This dissertation argues
that approximation and optimization should instead be treated in a coupled manner, a
paradigm referred to as structured approximation, to enable efficient planning, control,
and learning for complex physical interaction.

The central premise of this dissertation is that, although contact-rich manipulation
is inherently non-smooth and combinatorial, it also contains rich latent structure
that can be systematically exploited. By embedding appropriate structure into the
approximation itself, otherwise intractable problems can be transformed into compu-
tationally manageable ones. In particular, the factorized nature of localized contact
interactions enables objective functions to be represented through tensor networks,
supporting efficient global optimization over large combinatorial spaces. At the same
time, the piecewise-smooth nature of contact dynamics enables feedback control to
be formulated as a geometric action flow, facilitating high-frequency reactive behavior.

Building on this perspective, the dissertation makes three main contributions.

First, we introduce Tensor Train (TT), a specific class of tensor networks, as a structured
function approximator for addressing the large-scale non-convex optimization prob-
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lems inherent in contact-rich manipulation. In this work, we formulate contact-rich
manipulation as a decision-making process over a multi-layer decision tree, where each
layer represents selections over continuous contact configurations or discrete modes.
To mitigate the resulting combinatorial explosion, TT is employed to approximate this
decision tree in a structured manner, enabling efficient storage and search over the
combinatorial solution space. This provides a principled framework for tackling the
highly non-convex optimization landscapes encountered in contact-rich manipulation
tasks.

Second, given the efficient optimization capability of TT approximation, this dis-
sertation integrates TT with symbolic reasoning and optimal control to address the
combinatorial complexity induced by hybrid contact dynamics. Within this framework,
TT is used to approximate value functions in approximate dynamic programming, en-
abling efficient skill policy learning and the construction of a task-agnostic skill library.
Logic-Skill Programming is further proposed to sequence these pretrained skills for
multi-stage contact-rich manipulation tasks. The resulting approach reformulates tra-
ditional task and motion planning as sequential value function optimization, enabling
practical real-world execution of long-horizon logic-geometric plans.

Third, the dissertation addresses contact uncertainty and the challenge of sim-to-
real transfer, as well as reactive control in visual–tactile, contact-rich settings. To
enable robust policy learning, TT provides a structured approximation of parameter-
conditioned value functions, facilitating rapid motor adaptation given probabilistic
estimates of the physical parameters across varying contact conditions. In parallel, this
dissertation introduces tube-bounded velocity fields as a geometric approximation of
action trajectories for reactive policy learning, enabling fast and reactive closed-loop
control under high-frequency tactile feedback. Together, these approaches provide
both robustness to physical uncertainty and real-time visual–tactile responsiveness in
contact-rich manipulation.

Overall, this dissertation demonstrates that physical intelligence emerges from the
structural coupling of approximation and optimization. By moving beyond unstruc-
tured models toward structure-aware formulations, we show that tensor networks
provide a principled way to capture the separable structure of task objectives, en-
abling efficient optimization over large combinatorial decision spaces, while the action
velocity field supports high-speed inference for reactive visual–tactile manipulation.
Together, these components establish a unified perspective for advancing contact-
rich manipulation, bridging the gap between high-level task approximation and the
low-level motion dexterity required for real-world physical interaction.
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8.2 Limitations

This dissertation demonstrates that structured approximations, in particular tensor
train (TT) representations and velocity field formulations, provide a powerful frame-
work for enabling efficient decision making in contact-rich manipulation. By exploit-
ing the underlying structure of objective functions and action representations, the
proposed approaches achieve significant improvements in computational efficiency
across planning, control, and learning. Despite these advantages, several important
limitations remain. While each chapter has discussed the limitations of the proposed
methods in their respective contexts, we here highlight several overarching challenges
that persist across the entire thesis.

8.2.1 Low-Rank Assumption in Tensor Approximation

The effectiveness of tensor train (TT) approximation fundamentally relies on an im-
plicit low-rank assumption. Throughout this work, we have empirically demonstrated
that objective functions (e.g., value functions) in many contact-rich manipulation
problems, such as pushing, pivoting, and related interaction tasks, admit compact
low-rank representations. However, general theoretical guarantees for the emergence
of such structure remain an open question. We hypothesize that objective functions
are inherently smoother than the underlying dynamics, making them more amenable
to low-rank approximation. While these empirical findings align with the observed
regularity in contact-rich systems, a more rigorous theoretical analysis of the relation-
ship between contact manifolds and tensor ranks is needed to further strengthen the
generality of this framework.

8.2.2 Limited Scalability to High-Dimensional Observations

Despite the improved efficiency of TT-Cross compared to classical decomposition
methods such as TT-SVD, as it avoids the explicit construction or storage of full tensors,
the overall scalability of the approach remains limited. In its current form, the method
does not readily extend to very high-dimensional inputs such as visual observations.
As a result, the proposed framework is primarily restricted to state or configuration
spaces with moderate dimensionality, limiting its applicability in visuomotor control
settings.
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8.2.3 Dependence on Models or Simulators

TT-Cross requires access to known or analytically derived functions, such as forward
dynamics, cost functions, or value functions. In practice, this results in a reliance
on either explicit models or black-box simulators, which limits the applicability of
the approach in fully model-free settings. For example, extending tensor networks to
support model-free imitation learning would require the development of alternative
techniques that can learn TT representations directly from data, rather than relying on
TT-Cross.

8.2.4 Limited Exploitation of Visual–Tactile Structure

In the visual–tactile manipulation setting, the current approach adopts a relatively
simple feature concatenation strategy to fuse inputs. This design does not fully exploit
the intrinsic properties of tactile sensing, such as sparsity and spatial structure. By
flattening inputs into vectors, the model discards spatial inductive biases and treats
independent sensing channels from different fingers as uncorrelated dimensions.
This lack of structural awareness obscures the relative spatial configuration between
contact points, preventing the agent from perceiving coordinated patterns such as
object symmetry, grasp geometry, and tactile pressure distribution.

8.3 Future Work

The limitations discussed above point to several promising directions for extending the
proposed framework. In particular, addressing these challenges requires advancing
the integration of tensor networks with data-driven learning, dynamics modeling, and
multimodal perception. The following directions outline potential avenues for future
research.

8.3.1 Data-driven Neural Tensor Networks

As discussed in the limitations, the current framework relies on TT-Cross, which as-
sumes access to known or analytically derived functions and does not scale well to
high-dimensional observations. A promising direction is therefore the development
of data-driven neural tensor networks that integrate the expressive capacity of neural
networks (NNs) with the structured representations of tensor networks (TNs). Rather
than explicitly constructing TNs from discretized analytical functions, such approaches
would learn factorized representations directly from data, including sampled trajec-
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tories, human demonstrations, or interaction experience. In doing so, higher-order
geometric and physical relationships could be preserved in their structured form,
avoiding conventional flattening while benefiting from reduced parameter counts and
improved optimization efficiency (Wang et al., 2023a).

One potential avenue is to draw inspiration from latent generative models such as
Stable Diffusion (Rombach et al., 2022). Rather than operating directly in the high-
dimensional space, tensor approximation could be performed in a learned latent space
that captures the essential structure of the underlying function. This approach may
significantly reduce the dimensionality of the representation while preserving key
structural relationships among variables.

8.3.2 Tensor Networks for Contact Dynamics Learning

As discussed in the limitations, the current framework relies on an implicit low-rank
assumption, but this assumption has not been explicitly investigated in the thesis. This
is because the present work primarily studies the tensor approximation of objective
functions, such as value functions, cost functions, or policy-related quantities, through
which the low-rank structure of contact-rich manipulation is only examined indirectly.

A promising direction for future work is therefore to study contact dynamics more
directly through tensor-based dynamics model learning. Instead of approximating
downstream objective functions, we could represent the underlying contact dynamics
itself in TT format and fit models with different rank budgets. By controlling the TT
rank and evaluating the resulting approximation accuracy, it becomes possible to
quantitatively investigate whether contact dynamics admit low-rank structure, and
under what conditions such structure emerges.

If contact dynamics are indeed well approximated by low-rank tensor representations,
this would make it possible to learn structured dynamics models that support effi-
cient prediction, planning, and control in contact-rich manipulation. In this context,
tensor networks would offer a complementary perspective to existing world model
approaches (Ha and Schmidhuber, 2018; Hafner et al., 2023), which aim to learn pre-
dictive models of the environment directly from high-dimensional observations such
as images, often without explicitly exploiting the underlying physical structure.
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8.3.3 Tensor Networks for Belief-space Planning

While the aforementioned dynamics learning typically assumes full state observability,
practical robot manipulation tasks often operate under partial observability due to
occlusions, sensor noise, or inherent state ambiguities. In such scenarios, the robot
must maintain and plan over a probability distribution of the environment state,
known as the belief space. However, belief-space planning suffers acutely from the
curse of dimensionality. The representation, prediction, and Bayesian updating of high-
dimensional joint probability distributions are computationally prohibitive, as a dense
grid representation scales exponentially with the state dimension. Traditional methods
often resort to particle filters or Gaussian approximations, which either suffer from
particle deprivation in high-dimensional spaces or struggle to capture multimodal,
non-Gaussian uncertainties common in contact-rich interactions.

To address these challenges, a promising future direction is to leverage tensor net-
works, particularly the Tensor Train (TT) format, for compact belief representation and
efficient belief-space planning. A multidimensional joint probability density function
(PDF) can be naturally conceptualized as a high-order tensor. By factorizing this tensor
into a low-rank TT representation, the storage and computational complexities can be
reduced from exponential to linear with respect to the state dimension.

More importantly, fundamental probabilistic operations required for belief evolution,
such as marginalization, conditioning, and prediction, can be performed analytically
and directly within the TT compressed format without full tensor reconstruction.
This algebraic advantage bypasses the need for sample-based approximations and
opens up the possibility of integrating TT-based belief dynamics with sample-efficient
tree search or trajectory optimization algorithms. Investigating this direction would
provide a scalable and mathematically rigorous framework for robust planning under
uncertainty, bridging the gap between structural tensor approximations and stochastic
optimal control.

8.3.4 Tensor Networks for Energy-based Imitation Learning

Recent advances in imitation learning increasingly leverage generative models, in-
cluding energy-based models, diffusion models, and flow matching approaches, to
represent policies as distributions over actions conditioned on the current observa-
tion. Despite their strong expressive power, these methods typically rely on iterative
inference procedures, which introduce substantial computational overhead. As a
result, policy execution can be slow, making these approaches difficult to deploy in
high-frequency control settings required for contact-rich manipulation.
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To address this limitation, a promising direction is to approximate such energy func-
tions using tensor networks. In particular, tensor train (TT) representations provide a
compact and structured parametrization that captures interactions between states and
actions while enabling fast evaluation and efficient optimization. This formulation
enables policies that retain the expressiveness of generative models while achieving
substantially faster inference.

8.3.5 Structured Tactile Representation

As discussed in the limitations section, flattening or concatenating multi sensor signals
discards the inherent spatial structure and sparsity of tactile data. This structural ne-
glect obscures the relative spatial configuration across contact points, forcing policies
to overfit to instance specific signatures rather than learning generalizable contact
geometry.

To address this, future research could focus on structured representations that pre-
serve tactile spatial topology. Tensor networks provide a principled framework to
exploit this structure by modeling tactile observations as multi-dimensional arrays
with explicit factorization of cross sensor dependencies. Furthermore, cross attention
(Vaswani et al., 2017; Dosovitskiy et al., 2021) can dynamically align these localized
features with visual observations. By replacing simple concatenation with spatial
alignment, the agent can better resolve coordinated patterns such as grasp geometry
and pressure distribution, facilitating robust generalization across diverse objects and
embodiments.
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A.1 Appendix to Chapter 4

A.1.1 Experimental Hyperparameter

In our experiments, we utilized an NVIDIA GeForce RTX 3090 GPU with 24 GB of
memory. The tolerance for the TT-Cross approximation was set to ϵ = 10−3. Table A.1
summarizes the hyperparameters applied across different tasks. Batch size indicates
the maximum number of parallel environments; Num. MCTS denotes the number
of independent MCTS instances executed concurrently; and Num. Sim. specifies the
number of parallel environments used during the simulation phase. Num. Discret.
refers to the discretization granularity of the state and action spaces. The parameter
rmax defines the maximum TT rank employed during TT-Tree initialization via TT-Cross.
Pop. Size and CMA-ES Iter. are the population size and iteration count used in the
CMA-ES refinement step, respectively.

Table A.1: Hyperparameters employed for different tasks.

Task Batch Size Num. MCTS Num. Discret. Num. Sim. rmax Pop. Size CMA-ES Iter.
3-joint IK 1000 5 20 1000 21 25 20
7-joint IK 500 5 20 1000 21 25 20

3-joint MP 1000 5 20 1000 41 25 20
7-joint MP 500 5 20 1000 21 25 20
LegMani 500 5 20 1000 21 25 20

Multi-stage MP 1000 5 50 1000 41 25 20
Whole-body Manipulation 500 1 20 500 21 25 20
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A.1.2 Cost Function Used in Experiments

Continuous non-convex function. To illustrate the capability of TTTS in handling
non-convex optimization problems and its advantage over TTGO, we construct the
following full-rank two-dimensional function as a toy example. The performance of
TTTS on this function is reported in Section 4.4.2.

f1(x) = −1
2 (0.8z − 2 sign(z))2 + 0.1∥x∥22 + 2,

x = (x1, x2)⊤, z = x1+x2√
2

(A.1)

Mixed-integer non-convex function. MsMP problems can be generally formulated
as mixed-integer non-convex programs. To demonstrate the effectiveness of TTTS in
addressing such problems, we consider the following piecewise-defined mixed-integer
non-convex function:

x̃ =
[
x̃1
x̃2

]
= 1√

2

[
1 −1
1 1

]
x,

f2(x) = 1
2 g(x̃1) + 0.1h(x̃1, x̃2), (A.2)

where the piecewise components are defined as

g(x̃1) =



| − (x̃1 + 5)2 + 8|, −7 ≤ x̃1 < −3,
| − (x̃1 + 1)2 + 3|, −3 ≤ x̃1 < 1,
| − (x̃1 − 3)2 + 4|, 1 ≤ x̃1 ≤ 5,
| − (x̃1 − 7)2 + 5|, 5 < x̃1 ≤ 9,
| − (x̃1 − 11)2 + 10|, 9 < x̃1 ≤ 13,
0, otherwise,

h(x̃1, x̃2) =



(x̃1 + 5)2 + (x̃2 + 5)2, −7 ≤ x̃1 < −3,
(x̃1 + 1)2 + (x̃2 + 1)2, −3 ≤ x̃1 < 1,
(x̃1 − 3)2 + (x̃2 − 3)2, 1 ≤ x̃1 ≤ 5,
(x̃1 − 7)2 + (x̃2 − 7)2, 5 < x̃1 ≤ 9,
(x̃1 − 11)2 + (x̃2 − 11)2, 9 < x̃1 ≤ 13,
0, otherwise.
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subject to the constraints

x = (x1, x2)⊤, x1 ∈ {0, 1, . . . , 10}, x2 ∈ [−5, 5].

The performance of TTTS on this function is reported in Section 4.4.2.

Cost function for inverse kinematics.In the inverse kinematics (IK) setting, the goal is
to find a joint configuration q ∈ Rn such that the robot’s end-effector reaches a desired
target position while avoiding collisions and maintaining reasonable deviation from
the current posture. The total cost function used is defined as:

ctotal = 50 cgoal + cobst.

The term cgoal penalizes the distance between the forward kinematics output of the
proposed joint configuration and the desired end-effector position:

cgoal =
∥∥∥eefpos(q)− xgoal

∥∥∥
2
.

Here, xgoal is the target pose of the end-effector, and eefpos(q) denotes the pose of the
end-effector computed using forward kinematics at joint configuration q.

The term cobst penalizes collisions by summing binary collision indicators for the final
robot configuration:

cobst =
Nlinks∑
i=1

collidesi(q),

where collidesi(q) ∈ {0, 1} indicates whether the i-th link is in collision.

Cost function for motion planning.The total cost function used for trajectory opti-
mization is composed of three terms: a goal-reaching cost, a collision avoidance cost,
and a control smoothness cost. The overall cost is defined as:

ctotal = 50 cgoal + cobst + 0.1 ccontrol.

The first term, cgoal, encourages the robot to reach the desired target position. It is
computed as the Euclidean distance between the current end-effector position and
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the goal:
cgoal =

∥∥∥eefpos − xgoal

∥∥∥
2
,

where eefpos denotes the Cartesian position of the robot’s end-effector at the final time
step, and xgoal is the desired target position.

The second term, cobst, penalizes trajectories that result in collisions. It is computed by
summing binary collision indicators over the trajectory:

cobst =
T∑

t=1
collisionst,

where collisionst ∈ {0, 1} is a binary variable indicating whether a collision occurs at
time step t.

The third term, ccontrol, measures the smoothness of the joint trajectory. It compares
the total length of the path in joint space with the direct distance between the start and
end configurations:

ccontrol =
∑T

t=1 ∥qt − qt−1∥2
∥qT − q0∥2 + ε

.

Here, qt represents the robot’s joint configuration at time step t, and ε is a small positive
constant added for numerical stability. We set ε = 10−6 in our experiments.

Cost function for legged robot manipulation.In the legged robot manipulation setting,
the objective is to find optimal robot trajectories which move the manipulated box
toward the target pose. The total cost is defined as

ctotal = corn + cvel + 5 cpos,

where the three components are given below.

The first term penalizes deviation between the final box orientation and the desired
orientation:

corn = 0.1
∥∥∥obox

T − otarget

∥∥∥
2
,

where obox
T is the yaw angle of the final box orientation.

The second term encourages stable manipulation by penalizing abrupt orientation
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changes of the box during the trajectory:

cvel = 0.1
T − 1

T −2∑
t=0

∣∣∣ obox
t+1 − obox

t

∣∣∣,
where obox

t is the yaw angle of the box at time t.

The third term penalizes final position error of the box in the horizontal plane:

cpos = 0.1
∥∥∥pbox

T − ptarget

∥∥∥
2
,

where pbox
T denotes the final box position projected onto the xy-plane.

The cost function therefore balances final pose accuracy (position and orientation)
with the smoothness of the manipulated box trajectory, promoting stable and efficient
robot–box interaction.

Cost function for multi-stage motion planning.In the planar pushing setting, the
objective is to compute a sequence of discrete contact modes and continuous robot
velocities that move an object from its initial state to a target pose. The total cost
combines two components: a state reaching cost and a control effort cost. It is defined
as:

ctotal = cstate + 0.01 caction.

The state cost cstate evaluates how far the final state xT ∈ R3 (position and orientation
of the object) is from the target pose xtarget ∈ R3. It is defined as:

cstate =
∥∥∥xpos

T − x
pos
target

∥∥∥
2

+ 0.1
∣∣θT − θtarget

∣∣ ,
where:

• x
pos
T = [x1T , x2T ]⊤ is the object’s final position

• θT is the final orientation

• x
pos
target and θtarget are the desired position and orientation

The action cost caction penalizes the total effort of the pushing trajectory, where each
control input ut ∈ R2 represents a planar velocity vector. The total control cost is the
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sum of the norms of all pushing actions:

caction =
K∑

k=1

T∑
t=1
∥ut∥2 .

These actions are generated based on a discrete contact face selection and continuous
parameters defining a trajectory. The discrete mode it ∈ {1, 2, 3, 4} specifies which face
of the object is being pushed at each time.

The final cost balances reaching the target pose accurately with minimizing the pushing
effort, with a small weight on the latter to avoid excessive motion without overcon-
straining the optimization.

Cost function for whole-body manipulation.In the bimanual whole-body manip-
ulation setting, the objective is to control two arms collaboratively to manipulate
an object (e.g., a box) toward a target pose while maintaining effective contact and
avoiding awkward configurations. The total cost function is composed of five terms:

ctotal = cpos + 50 corn + 0.1 ccontrol − ccontact + 5 δeef,

where cpos penalizes deviation of the box’s final position from the target:

cpos =
∥∥∥pbox

T − ptarget

∥∥∥
2
.

pbox
T ∈ R3 is the final box position and ptarget is the desired position. corn measures

orientation alignment between the final box orientation and the target orientation,
namely

corn =
∣∣∣θbox

T − θtarget

∣∣∣ .
ccontrol is a regularization term that penalizes excessive joint movement across the
trajectory:

ccontrol =
T∑

t=0
∥qt+1 − qt∥2 ,

where qt ∈ Rn is the full-body joint configuration at time step t.

ccontact rewards the maintenance of valid bimanual contact. Let cL
t , c

R
t ∈ {0, 1} be
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binary contact flags for the left and right hands. Then:

ccontact =
T∑

t=1
I
[
cL

t = 1 ∧ cR
t = 1

]
,

where I[·] is the indicator function. This term is subtracted from the total cost to
encourage simultaneous dual-arm contact.

δeef is a binary term that penalizes configurations where the two arms are too close to
each other, in order to avoid self-collision:

δeef = I
[∥∥∥xeef0 − xeef1

∥∥∥
2
< 0.3

]
,

where xeefi is the Cartesian position of the i-th end-effector.

The cost function encourages accurate placement and orientation of the manipu-
lated object, smooth and efficient joint trajectories, persistent bimanual contact, and
physically feasible arm configurations.

A.2 Appendix to Chapter 7

A.2.1 Stability Analysis of Tube Diffusion Policy

This section provides a more detailed analysis and formal proof of the stability proper-
ties of Tube Diffusion Policy (TDP). TDP decomposes control into two complementary
mechanisms: diffusion correction, which periodically contracts the accumulated drift,
and streaming imitation, which provides high-frequency reactive control but intro-
duces bounded drift. Together, these mechanisms form a hybrid control system that
admits a practical stability guarantee.

Problem Setup. Consider the discrete-time nonlinear system

ot+1 = g(ot,ut) + wt, (A.3)

where ot ∈ Rno is the system state, ut ∈ Rnu is the control input, and wt is a bounded
disturbance.

We assume access to a reference demonstration trajectory

(o∗
t ,u

∗
t ) (A.4)
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that satisfies the nominal dynamics

o∗
t+1 = g(o∗

t ,u
∗
t ). (A.5)

Tube Diffusion Policy consists of two components:

Diffusion correction. At correction instants tk, a diffusion model produces a corrective
action that compensates for the drift accumulated during streaming execution.

Streaming flow policy. A learned policy generates actions sequentially,

ut+1 = ut + vθ(u, t1 = 0, t2 |h) ·∆t, (A.6)

and is trained to imitate the demonstration action trajectory.

We define the tracking error
et := ot − o∗

t . (A.7)

Assumptions. To analyze the stability of Tube Diffusion Policy, we introduce the
following assumptions. Assumptions 1 and 3 characterize properties of the system
dynamics and disturbances, while Assumptions 2 and 4 describe the desired behavior
of the learned streaming and diffusion policies induced by training.

Assumption 1 (Lipschitz dynamics). There exist constants Lx > 0 and Lu > 0 such
that for all admissible states and actions,

∥g(o1,u1)− g(o2,u2)∥ ≤ Lx∥o1 − o2∥+ Lu∥u1 − u2∥. (A.8)

The Lipschitz condition bounds the sensitivity of the system dynamics to state and
action deviations, enabling tractable propagation of tracking errors.

Assumption 2 (Streaming imitation accuracy). During streaming execution, the
learned policy approximately imitates the reference actions, resulting in a bounded
action error:

∥ut − u∗
t ∥ ≤ εa. (A.9)

This condition reflects the training objective of the streaming phase and is expected to
hold when the policy accurately reproduces the demonstrated actions.
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Assumption 3 (Bounded disturbance). The external disturbance is bounded:

∥wt∥ ≤ w̄. (A.10)

Assumption 4 (Diffusion correction property). At each correction instant tk, the
diffusion module produces a corrective action that contracts the tracking error:

∥etk+1∥ ≤ λ∥etk
∥+ εd, 0 ≤ λ < 1. (A.11)

This condition corresponds to the training objective of the diffusion phase, which seeks
to reduce the accumulated tracking error at correction steps by accounting for the full
system dynamics.

Streaming Phase Error Dynamics. From (A.3), (A.5), and (A.7), the error dynamics
during the streaming phase satisfy

et+1 = g(ot,ut) + wt − g(o∗
t ,u

∗
t ) (A.12)

= g(ot,ut)− g(o∗
t ,u

∗
t ) + wt. (A.13)

Applying Assumption 1 gives

∥et+1∥ ≤ Lx∥et∥+ Lu∥ut − u∗
t ∥+ ∥wt∥. (A.14)

Using Assumptions 2 and 3,

∥et+1∥ ≤ Lx∥et∥+ c, c := Luεa + w̄. (A.15)

Lyapunov Function for the Error Dynamics. Consider the Lyapunov candidate

V (et) := ∥et∥. (A.16)

This function is positive definite and radially unbounded with respect to the tracking
error et. Then (A.15) implies

V (et+1) ≤ LxV (et) + c. (A.17)
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Thus, the streaming phase is input-to-state stable with respect to the combined input c,
although it does not necessarily contract to zero in the absence of diffusion correction.

Lemma 1 (Streaming-phase ISS bound). For any integer j ≥ 0, the tracking error during
the streaming phase satisfies

V (et+j) ≤ Lj
xV (et) +

j−1∑
i=0

Li
xc. (A.18)

If Lx < 1, then

V (et+j) ≤ Lj
xV (et) + 1− Lj

x

1− Lx
c. (A.19)

Proof. The result follows by recursively unrolling (A.17). When Lx < 1, the geometric
series identity

j−1∑
i=0

Li
x = 1− Lj

x

1− Lx

yields (A.19).

Error Evolution Across Correction Cycles. The diffusion correction is applied every
Ha steps. Let zk := V (etk

) denote the tracking error immediately after the diffusion
correction at time tk.

After the correction at tk, the system evolves under the streaming controller for the
next Ha − 1 steps, from tk + 1 to tk +Ha − 1. By Lemma 1, the error at time tk +Ha − 1
satisfies

V (etk+Ha−1) ≤ LHa−1
x zk + 1− LHa−1

x

1− Lx
c. (A.20)

At time tk+1 = tk +Ha, a new diffusion correction is applied. Using Assumption 4 gives

zk+1 ≤ λ
(
LHa−1

x zk + 1− LHa−1
x

1− Lx
c

)
+ εd. (A.21)

Equivalently,
zk+1 ≤ αzk + β, (A.22)

where

α := λLHa−1
x , β := λ

1− LHa−1
x

1− Lx
c+ εd. (A.23)
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Lemma 2 (Contraction across correction cycles). Suppose Lx < 1. Then 0 ≤ α < 1, and
the post-correction error sequence satisfies

zk ≤ αkz0 + 1− αk

1− α β. (A.24)

Hence,

lim sup
k→∞

zk ≤
β

1− α. (A.25)

Proof. Since 0 ≤ λ < 1 and Lx < 1, we have 0 ≤ α = λLHa−1
x < 1. The result follows by

unrolling the affine recursion (A.22).

Proposition 3 (Practical stability of Tube Diffusion Policy). Suppose Assumptions 1–
4 hold and Lx < 1. Then the closed-loop system under TDP satisfies the following
properties:

(1) Uniform ultimate boundedness. The tracking error sequence is uniformly ultimately
bounded, i.e.,

lim sup
t→∞

∥et∥ <∞.

(2) Bounded error within each correction cycle. For any correction cycle t ∈ {tk, . . . , tk +
Ha − 1}, the tracking error remains bounded as a function of the post-correction error
zk.

Proof. First, by Lemma 2, the post-correction error satisfies the affine recursion

zk+1 ≤ αzk + β,

with 0 ≤ α < 1. Standard results for linear difference inequalities imply

lim sup
k→∞

zk ≤
β

1− α.

Hence the sequence of post-correction errors is uniformly ultimately bounded.

Next, consider any time t ∈ {tk, . . . , tk +Ha − 1}. By Lemma 1,

∥et∥ ≤ LHa−1
x zk + 1− LHa−1

x

1− Lx
c.

Thus the tracking error remains bounded during each streaming phase as a function
of zk. Combining this result with the boundedness of zk establishes uniform ultimate
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boundedness of the full error trajectory.

In the ideal case where εa = 0, w̄ = 0, and εd = 0, we have c = 0 and β = 0, so the
recursion reduces to

zk+1 ≤ αzk, 0 ≤ α < 1.

Hence zk → 0. Using Lemma 1 with c = 0 further implies et → 0, and the closed-loop
system is asymptotically stable.

In summary, Theorem 3 formalizes the role of the two components in TDP. At each
correction cycle, the diffusion module first performs a correction step, followed byHa−
1 streaming control steps. The streaming flow provides high-frequency reactive control.
However, due to bounded imitation error and external disturbances, it introduces a
bounded tracking drift during the streaming phase. The diffusion module periodically
contracts this accumulated drift at the beginning of each correction cycle. Their
combination yields a hybrid closed-loop system in which the tracking error remains
within a bounded tube around the demonstrated reference trajectory. This matches
the intuition behind TDP: streaming flow ensures responsive step-wise control, while
diffusion correction prevents long-term drift accumulation.

A.2.2 Network Architecture and Hyperparameters

We provide additional details of the policy network architecture. Our method employs
a conditional 1D U-Net backbone for diffusion-based action generation and streaming
flow, augmented with visual and tactile encoders.

U-Net backbone. The policy network is a 1D U-Net with three resolution levels (chan-
nel dimensions 256, 512, and 1024), consisting of symmetric downsampling and up-
sampling stages with 12 FiLM-conditioned residual blocks.

Conditioning. Observation conditioning is incorporated via feature-wise linear mod-
ulation (FiLM). The conditioning dimension is 3118, and FiLM layers produce per-
channel scale and shift parameters.

Observation encoders. Visual and tactile inputs are encoded using six ResNet-18
backbones (two for vision and four for tactile inputs, without parameter sharing).
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Model size. The policy U-Net contains 44.7M parameters. The full policy network,
including the U-Net backbone and action prediction heads but excluding observation
encoders, contains 105.2M parameters. The complete model, including all visual and
tactile encoders, contains 172.8M parameters.

Table A.2: Network architecture and hyperparameters

Component Specification
U-Net backbone 1D U-Net with 3 resolution lev-

els (channels 256, 512, 1024)
Residual blocks 12 FiLM-conditioned residual

blocks
Backbone encoders 6 ResNet-18 encoders (2 vision,

4 tactile; no weight sharing)
FiLM conditioning Linear layer with condition-

ing dimension 3118 generating
scale and shift

U-Net backbone 44.7M
Policy network 105.2M
Full model 172.8M

Table A.2 summarizes the key components and hyperparameters.
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