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Résune. In this report, we propose a statistical model to deal withdiscrete-distribution data varying over
time. The proposed model — HMM+DM — extends the Dirichlet tmig model to the dynamic case: Hidden
Markov Model with Dirichlet mixture output. Both the infaree and parameter estimation procedures are
proposed. Experiments on the generated data verify thepeapalgorithms. Finally, we discuss the potential
applications of the current model.
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1 Introduction

The discrete-distribution data, or proportions or shatkdted to different categories, come from many
fields. Examples include the bag-of-word representatiatoofiments in the information retrieval field | RN9],
and also the same representation for images in the comgsien Vield [SZ03 QMO 05]. In most cases, we
do not care about the total number of words in each documeiméme). Recall that the cosine similarity mea-
sure between two documents normalizes the lengths of batlndents, and also the probabilistic latent aspect
model (pLSA) Hof99) treats each document as a discrete distribution over aitisvim the vocabulary. That
is, we only care the relative proportions of each word in lmatbes. So it is reasonable to normalize these data
by their word accounts. Then we get the discrete-distrinudiata in these two examples. Still another example
comes from the speech processing field:-500 B\W90], where multilayer perceptron (MLP) is trained to get
the posteriors (discrete-distribution data) as the festéor further process.
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It is natural to treat the underlying stochastic processeegate these discrete-distribution data as the
Dirichlet processfRon89 Aic82]. Similar to Gaussian case (Gaussian mixture model, GMM$01), Diri-
chlet mixtures (DM) are, furthermore, viewed powerful egbuo represent the distributions on the compact
probabilistic simplex with multiple symmetric or asymmetmodes BZ\/04].

The discrete-distribution data which vary over time arealsry common. The last example above in
speech processing is indeed one such example. In videosiafywe extract the bag-of-word features from
one or several consecutive frames, after normalizatiorgeté¢he discrete-distribution data varying over time.
In social sciences, the budget shares of households or tredvéees of firms also very over time.

There may be many ways to impose the temporal constraintseodiscrete-distribution data. I1/iES0(,
Hynek Hermansky and et al. proposed to embedding the désdistributional output of multilayer perceptron
(MLP) into hidden Markov model (HMM) by taking the log and Kamen Loeve transform (KLT) on the
discrete-distribution data. And then they use the GMM to eldde data densities as the HMM’s emission
probabilities.

In this paper, we propose another way to model the discristgkalition data varying over time : hidden
Markov model with Dirichlet mixture emission (HMM+DM). Itsad of transform the discrete-distribution
data to another domain likedl=50(, we model the data in a more direct way using Dirichlet migti We
further give the parameter estimation algorithm, with thfelience procedure as a subroutine, for HMM+DM
model. As a by-product or a special case, we propose the &tjmermaximization (EMIPLR77]) algorithm to
estimate parameters of the Dirichlet mixtures. To allevtae mess of notations in the derivations, we propose
a summation rule similar to Einstein summation in Sec#dh

From another view point, any mixture density model has itsashgic or HMM counterpart. For example,
GMM'’s dynamic counterpart is HMM+GMM ; Factor analysis cgsponds to Kalman filter. So it is natural to
investigate the dynamic counterpart of the Dirichlet migtu: that is, HMM+DM.

The outline of this report is as follows. In Secti@hwe specify the proposed HMM+DM model, with
the detailed derivations for inference procedure gathareppendixA and those for parameter estimation
in AppendixB. Some experiments on the simulated data are presented fioi58do verify the proposed
algorithms. Then in Sectiof, we make a brief review of the related work. Some discussimhfature work
are given in Sectiob. We express our acknowledgement in SectioRinally we list the main matlab codes in
AppendixC.

2 Dynamic extension of Dirichlet mixtures — HMM+DM model

After introducing the model and notations in Sectibf, we present the inference procedure and parameter
estimation procedure in Sectidh2 and Sectior2.3 respectively. Treating the static Dirichlet mixtures as a
special case of HMM+DM, we give the EM procedure for paramegtimation of the Dirichlet mixtures in
Section2.4.

2.1 Model specification

In Fig. 1, we show the HMM+DM model. The shadowed circles represdmdsivables, which are discrete
distributions here. The unshadowed circles are hiddeasstahere are two sets of hidden states : one is the
Markov hidden staté, (or simply call it as hidden states) ; the other is the mixindécatorm,.

Suppose that there af¢ hidden states. The transition matrix between hidden sigi@s= [b;;] € RE <X
1, with

bij = p(hir1 = jlhe = 19)

1z € Ry meanse > 0.
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The initial probabilities arer = {m; € [0,1] | >, m = 1,4 = 1,..., K'}. For each hidden state = k, the
emission probability is a mixture of Dirichlet :

ak,11 Ak, 1N
. . . MxN
Ak = : . : y € IR-|- )

ag, M1 ' Qg MN

where there ar@/ mixture components. We assume, without generality, theesaumber of mixture compo-
nents for different hidden statg = k. The dependence of between the Markov hidden states anditheen
indicators is characterized by :

C= [CU] S fojw, Ol'j zp(m 2] | h = Z)

Finally the set of parameters ete= {A, B, 7, C'}.

FiG. 1 — Graphical representation of HMM+DM

Note : in fact, Figl is a general graphical representation of the Hidden Markodehwith mixture den-
sities as emission probability. If we change the emissioBasssian density, we get the HMM+GMM model.
In general, we could derive the case that the emission geissihe mixture of exponential families. Then
HMM+GMM and current HMM+DM are two special case. This moddl \eave for future investigation.

2.1.1 Notations:

In the following, D is the number of sequences in the data Bets the number of the hidden states. And
M is the number of mixture components.
The data set consists &f sequences

X={X%d=1,.., D}

with each sequence

N
x4 = {xf | a¢ ERf,men = 1,t:0,...,Td}
n=1

having length ofl; + 1. Corresponding hidden states are
H={H'|d=1,..,D}
with eachd! sequence’s hidden states being

H'={n! e {1, . K},mie{l,. .M}|t=0,..T;}
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Some special functions : T'(x) is gamma function define as

+oo
I(z) = / t* e tdt
0

V,,(-) denotes the polygamma function of ordemhich is the(n + 1)** derivative of log? gamma function :

dn+1
() = ppEs) logI'(z)

See 1\S64] for many useful properties of both gamma and polygammatfans.

Dirichlet distribution  The Dirichlet distribution is defined as

. PO @) 7Y et
Dir(z | a) = mgxl

n

where the random variablec R, > ", z; = 1 and the parameter € R} .

2.2 Inference procedure

In this part, we give the general inference procedure of HMMhixture density model. We only list the
recursion formulae. Please refer to AppendiXor the detailed derivations of these recursions listechia t
subsection.

Note : in the following, we only consider one sequence. Ifessary, the index for the sequentevill

appear as the super-scripture just after time indesor example, foel'" sequenceq!, will be written as
t.d
akm'

2.2.1 Forward and backward recursions

FiG. 2 — Junction tree of HMM+DM

By transforming the original graphical model in Figto the junction tree in Fig2, we get to know that the
following quantities

p(ht,mt | xo, ...,JJT)
p(he, hiyt | o, ..., x7)
p(h't | xo, "'7xT)

are needed to calculate.

2|f not stated explicitly, log function is based on e, insted@ or 10.
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Alpha Recursion Alpha recursion is a forward iteration as :

A
aztmt = p(w07-~,xt7ht,mt)
Thenfort =1,---T,

~t
thﬂM Cpom, bhtht+1 : Cht+1mt+1 'p($t+1 | ht+17 mt—H)

t+1
« =
hip1mMiq1 ~t . . . / ’
ZI12777127h2+1,m’t+1 Oéh;m; bhgh’Hl Oh't+1m’t+1 p(l’t.H | ht+1v mt+1)
and fort =0
~0
Oy, = Tk Crkm 'p(l‘o | ho = k,mo = m)

For numerical stability, we prefer the following normalizalpha recursion :

¢ A
ahtmt = p(h‘tamt | xOv")xt)
~1
41 o Zhhmt Xpmy bhtht+1 ’ Cht+1mt+1 'p($t+1 | hiya, mt+1)
hipimepr At . . . / /
ZI12777127h2+1’m'¢+1 ahimé Ch/t+1m/t+1 bh‘/th/t+1 p($t+1 | ht+1’mt+1)

Note,a, .., is the filtered estimate of the state. The initial sates carabmulated as follows :

7k - Cem - p(xo | ho = k,mo = m)

e o - Chom - p(o | ho = Ky mo = )

~0
Cpm

Beta Recursion Beta recursion is a backward iteration :

A
ﬂztmt = p(xtJrla c X | htamt)

;L?_llmt_l = Z bht—lht : Chtmt 'p(xt|htamt) ' ﬂ(ht)

he,my
Gamma Recursion Gamma values are the smoothed estimates of the states tigésemole set.

A
’Y}t”mt = p(htamt | x07"7xT)

~t
_ § ahtmt ! bhtht+1 t+1

t
P)/htmt J : P)/ht
. +1Me41
Eh;,m; Cnrm! bhéht-#l

Rit1,miq1

The initial state can be initialized as

T _ =T
Yem =  %km

The 7, variables We need the following variables as the separators in theipmtree :
M
Mhe = Phe| 0, 27) =Y Yhim
m=1

The ¢! variables We need also the following variables :
hihty

~t
Cpomy bhtht+1 L1

A
ryht+1mt+1

t
ght hit1
hit1

p(ht, ht+1 | Zo, "7xT) = Z Zh , - bh;

~1
s Oy
Mg, M1 tmy himg
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2.2.2 Hard clustering based on Gamma variables

We can use the following formulae to get the hard clusterasyits from the posteriors :

(h)* = argmax &

(mf)* = argmaxypn le—ra)s - 1)

2.3 Parameter estimation

Here, we use the maximal likelihood criterion to estimateghrameters of HMM+DM model. We use the
EM algorithm to deal with the hidden states in this model.
In the E step, we have

q(hf = k,m{ =m) = ¢
q(hf =k, b, = k) =€

As intermediate results, we should also calculate thevatig filtered state

d d d d _t,d
plhy = k,mg =m | ag,--- ,27) = X
In the M step, we optimize the energy term or the expected tetmjog likelihood. To alleviate the mess
of notations in the derivations, we propose the followinmsuation rules first :

Summation Convention : For notational convenience, we use the following convensioilar to Einstein
summation : all the subscripts or superscripts of typewstgle mean the dummy indexes, which should be
summed over accordingly ; and those of normal Italians siséethe free indexes, which should not be summed
over. As you can see, some bbove are summed ovér : T, while some are summed ovggr: T — 1].
The convention is that try the maximal legal span of the dunimdgxes, otherwise the span should explicitly
denoted behind.

Using this summation convention, the energy term can beemrds :

E(A7 37 U7 ™, C | XJ H) = <1ng()(7 H)>q(H)
=Yien log e + Yo 1og Cien + €57 log by

t,d

N
+ 9108 T(D axan) — Vi 10g T (axnm) + Yo' (G on — 1) logad, (2
n=1

See AppendiB for the detailed derivation.
Then it easy to see that the updatesfgrr, v andC are

D M
0,d 0,d
ﬂ.gew X Z Z Yem or« Vi (3)
d=1m=1
D T3-1
t,d t,d
bt D& oreg; )
d=1 t=0
D Ty
t,d d
Ol?;w X Z Z Yiem ore ’)/Zm (5)
d=1t=0

wherek,i,5 = {1,..., K}, andm = {1,..., M }.
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2.3.1 Estimation of Dirichlet components

In the following, we should only maximize the following qudy as part of the energy term in Exy.

L( ’Ykm lOg P Z ak mn A/IEI;J.d 1Og F(a’kmn) + Vltéldakmn lOg 95311 (6)
st. agmn >0

In order to alleviate the notations, we can restate thisoblem of estimating thék, m)*" Dirichlet
distribution in the following simple way : we discard the deft index ofk andm. So the parameters are
alleviated as{as,...,an} from {ag m1, ..., ax,mn}. The scale parameter is simplified afrom ykd The
mean of random variables in canonical formdg z,, = (7,2 /) logz,. Note,  is the geometric mean of
dataset weighted by the posterigr” /~, wherey; ¢ /~ can be interpreted as follows :

p(hi =k, =m | X)
Zd 121& 1p(h§l:k,ﬁ1§i:m|)()

p(h = km:m,fzt,d:dH()
TSP ST = km=mi=td=d|X)
plh=km=mi=td=d|X)

- p(h =k, =m|X)
=pf=t,d=d| X, h=km=m)

t.d
Viem /Y =

where® means random variable. As eaght) pair identifies one sample, the above quantity is the likalth
of the (d, )" sample generated by tiig, m)*" Dirichlet.
We list the change of variables as follows :

V= Yo (7)
Ay < akm,n (7/)
log Z, < (75 /7) log 23, (7"

wheren =1,--- | N.
Then the problem can be stated as finding the maximal of

= logI’ Z ap) — log'(an) + ap log Z, (8)

n=1

sta,>0n=1,...,. N

In this part, we use the Newton method to maximizeSEds this subproblem is convéxthere exists
unique global maximum.

Newton method : Taking first and second order derivatives of Ggve have the following gradient and
Hessian :

oL A
aak (: gk,mn) = WZ;Z\IJO(Z ak,mn 'Ykmqj()(ak mn) + ’)/k t.d 10g x,m (9)
0%L e
8@2 = ’Ykm Z ak, mn ’Yk;mwl (ak,mn) (10)
k,mn

3The concavity of the log likelihood of the Dirichlet distition comes from the fact that the Dirichlet distributionidregs to the
exponential family. Also seeon86 Ron89 for another direct proof.
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O0*L & ,
Bokm ot " " 11
0as,mn 00k, mn’ Tkm 1(; Akmn) N F#N 1)

’L
g = 0 k#K or mzm (12)

8ak,mn8ak/,m’n’

From Eq.12, we can see that parameters of different mixture comporaetsincorrelated. So we can
find the best parameters of each individual mixture compbrespectively. In the following, we calculate the
(k, m)" mixture component using the notation alleviation inEq.

The Hessian can be written in matrix form as
H = —A4z11" (13)
whereA is a diagonal matrix

A" = Vy(ay)>0 and

N
2 = () a) >0
n=1

The non-negative properties above come from the propetiegamma function.

The sub-problem of estimating a single Dirichlet comporigatconvex problem{on89. And there exists
globally optimal solution.

Then the Newton update is

new old __ H—lg
or equivalently in component case

gt 1 Namget- @)
Ann Ann Zﬁl—ZN (An/”/)71

n’=1

qrev  — CLZld +
where

N
gt = Wo(Y" adlh) — Wo(ag) +logZn (14)

n’=1

See AppendiB for the inverse of the Hessian matrix.

To avoida becomes negative during the iterations, we simply set thativee components to a small positive
value. Or we can also use the Ronning’s method to reset alpooants ofz to the samples’ minimal value
[Ronsg. Bouguila and et al. propose to re-parameterizas ¢*. However, after this parameterization, the
original convex property will not remain. Please see Apjpedfor more detailed analysis.

The whole algorithm is listed at Algorithih
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Algorithm 1: Estimation of then!” mixture component associated witt* hidden state by Newton
method.
Input:

0 0 _
- {a = | M= 1,...,N}

n

t,d d
“ logx
— 1ogjn<—7km ,Oyg'Ttn |’Y=’YZ;$“”:177N}

Result

—{akmn —an|n=1,...,N}

begin
Initialize a,, «— af foralln =1,..., N;
S «— +00;

while s > edo

forn=1to N do

gn — Wo(X0_ an) — Wo(an) +log Tn;
)\n — \Ijl(an) ;

end

2= U (L, an);

forn =1to N do

N —1
gn 1 2y 9 Q)™
‘ h’“_z—i'ﬁ'z—u N0

,n/=1(>‘n’)_1 ’
end

a<«—a+h;

if In s.t.a,, < 0then

‘ a +— max(a, €1);

S «— +00;
else
| s —n"-g;
end
end
return {a, |n=1,...,N}
end

2.3.2 Initialization Algorithm

Parameter initialization is an important issue for both Ahgorithm 1 above and the Algorithm3 in the
latter of this section. In this part, we first give the initzation algorithm for single Dirichlet. Based on this
algorithm, we further propose an algorithm to initializes timixture of Dirichlet. Finally, we deal with the
initialization problem of the HMM+DM model.

Initializing single Dirichlet  In the following, we assume is a K x 1 vector, following Dirichlet distribution
of Dir(a). As there ard{ parameters in vectar, we should construdk’ functions to estimate. It is easy to
see the following integrals :

ey = Zesatlak]) o a
(1) Z([a1, . ax]) SK an (15)
)2 — Z(la1, ccyar + 2, ..., ak]) _ (ap +1) - ay
((@)?) Z (a1, . ax)) 05 a5 an) (16)
where
K
Z(or, ar]) = He=illan)

L(Y iy ar)
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is the normalization constant for Dirichlet distribution.
Eq.150ffers K — 1 equations. So we can use the second equationl@do get another constraint as :

i (z:) — <I1>
E ar = Nt/ 17
Pt ' (@2) — (z:)” 40

forany: = 1,---, K. Note : In general, there is no theoretical guarantee that7Hg positive. But in the
case that all the random variables are proportional dagaytimerator of EG.7 is positive. The denominator of
Eq.l7is a variance, and therefore positive. So for proportioashdEql7 is positive.

So the estimation of the parameter is

ar = 7<>2<Ik>, k=1,--- | K.

Another intuitive way is to use several or all of the secondeormoments to estimate the scale parameter

Zkak .

or

which are the algebraic and geometric mean over all estsn&enning Ron89 suggests instead using the
samples’ minimum value to set the parameters. In our pectie prefer to use the geometric mean as the
initial parameters.

Initializing mixture of Dirichlet ~ Bouguila, and etc.§Z\/04] propose the initialization algorithm based on
fuzzy C-means and methods of moments (MM). Here, we use &siptocedure based on K-Means algorithm
to initialize the parameters. We have also tried the Ganssiature model (GMM). Our experiences show that
K-Means seems better than GMM.

See Algorithm2 for the complete algorithm.

Initializing HMM+DM  In case of HMM+DM, there ar& M Dirichlet components, which are grouped into
to K groups, and each group is a Dirichlet mixture model wifrcomponents.

Ideally, we could initialize the parameters in the follogiway : First, we initialize thes& M Dirichlet
distributions using Algorithn2, where we discard all the temporal constraints. Then inrdtake the tem-
poral constraints into account, we propose to fit a relaxedH@M model : there areg< M hidden states,
and each hidden state corresponds one single Dirichlettdison. We get the following relaxed transition
probabilities :

p(h,m | B',m’)

Then we could find the best transition probabilities by miairmg the following distance between the true
parameters (relaxed transition probabilities) and thameaters in the factorized forms :

K M
> KLp(h,m | W) || p(h | B )p(m | h)]

h'=1m'=1

By introducing Lagrange multipliers, we can easily find th@imum are achieved by

M M
p(h | h') Z Z p(h,m | h',m')

m/=1m=1
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K M
p(m | h) x Z Zp(h,m|h’,m')
=1mi=1

However, as there is a permutation-invariant propertyterabove initialization, after permuting the rows
and corresponding columns pfh, m | h’',m’) 4, we may get significantly different initial values of both
p(h | B') andp(m | k). So by taking the permutation-invariant property into asgpwe propose the following
criterion for find the besp(h | A’) (or B) andp(m | h) (or C) :

min Z Z KL [po (h,m [ B, m") || p(h | B)p(m | D))

o phlh ,pmlh 1 1

whereo is a permutation amonfy M elements, and the the minimization is over(@l)/)! such permutations.
It will be soon intractable with larg& and M .

In current report, we simply initializ& M Dirichlet components using Algorithhand then group orderly
eachM components to one Markov hidden state to 4eForm, B andC', we randomly initialize them. Better
solution for initialization in the dynamic case is left fartéire investigation.

Algorithm 2 : Initialization algorithm for the Dirichlet mixture.
Input:
— Number of mixture components\1.
— A data set for initializing parametertX = {xt € Rf“ [t=0,..T;z > 0; Zflv:l Tep = 1}
Result
— A= lamn] € Rﬂ‘r“N, with each rowa,,,. corresponding one Dirichlet component.
- TE Rﬂ‘f“, the prior probabilities for each Dirichlet.
begin
Apply GMM or K-means algorithm on the data s€tto getM clusters with the posterior of each
sample belonging to each cluster(m | x);
s —0;
for m =1to M do
y < zerogN, 1);
z < zerogN, 1);
Tm < 0;
for t =0to 7 do
Yy —y+zepim | ze);
z— 24z Ou-plm | zy);
Tm < Tm —|—p(m | xt)'
end
S T,
w — sumlog((y — z) @ (z =y © y)))/N;
Q. — Y - €Y
end
fort =0to 7T do
| T — Tm /s
end

return A andr
end

2.3.3 Parameter estimation algorithm of HMM+DM :

Before arriving the final algorithm for parameter estimataf HMM+DM, we should give the stopping
criterion for the whole algorithm. As EM is a low bound maxiaiion algorithm, we should only check the

“here we treap(h, m | h’,m’) as aKk M x K M matrix with each row being a distribution



IDIAP—-RR 2007-02 13

low bound each time. The low bound consists two term : theopgtterm and the energy term :
log(p(X)) > E(A,B,m,v|H)+ Etr(H) (18)
Where the energy term is given by Etj.and the entropy term is as follows :
Etr(H) = — (log q<H>>q<H> (19)
= 2 logny — @ logny® — mylogmy * — vt log vt — €51 log €57

See AppendiB for the detailed derivation.
Then the low bound can be then calculated as

L0 X) =yt log me + Yo’ log Cin + €5 log by
N
+ Yin e log I Z Qicun) — 7}1{:1;1‘1 log I'(axmn) + ’lex;xd(akmn —1)logag,

+ 24 log iy — 1y log m — my log ¢ — et log vt — &t log €51 (20)
Finally, we list the parameter estimation algorithm of HMBIM in Algorithm 3.

Algorithm 3 : Parameter Estimation of HMM+DM
Input:
— Number of the mixture componentd/f
— Number of the hidden stateé(
— The Dataset = {z¢ | 2! e RY, SN 2, =1,d=1,...,D,t =0,--- , Ty}
Result Maximal likelihood estimation of
0 ={Ae RN BeREK e REM n e REX)
begin
Call Algorithm 2 with all or part of the data to initializel with K M/ components;
Initialize A™* (m, :, k) as(m(k — 1) +1)*" row of A;
Initialize 7™, B™e* C™* randomly;
Initialize Lo «— oo;
L"ew — L£(0™* | X) by Eq20;
while |L°d — ["ev| > e do
Updategold - onew;
/I E step -- Inference

Inference using Algorithns with 69/ to gety " ¢l
/I M step
Fork, k' = 1 JKom=1,--- M andn =1,---,N, calculate the following quantities :
A/km - A/km ' gkk, - é-kk’ ’ ﬂ—k - ’ykm ' 1Og ka n < ’ykm 1Og ‘Ttn’
Updateqr"ew Brew, Cnew py normallzmgnk gkk/ andygm;
Fork=1,--- ,Kandm=1,--- , M :
UpdateA”ew (m,:, k) by the Algorithml with A% (m, :, k) andlog Txm.. /Fkm;
Lold - Lnew;
Lrew — £(0™* | X) by Eq20;
end
return Anew’ Bnew’ Cnew’ gnew
end

2.4 Static Dirichlet mixture model revisited

Here, we present how to estimate the static Dirichlet mximodel as a special case of HMM+DM. For
static model, there is no link between consecutive two hidstates. Then each state can be viewed as a new
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start state. Or equivalently the transition probabilitytrixaB has the following form :
bij =T; for all i,j=1,...,. K

for static model. In this case, there is no need to use twodmidariableh; andm, to index one Dirichlet
distribution. So without loss of generality, in the follovg, we assume that the number of mixture components
for each staten is one (orM = 1). And also there is no need to ugdo index which sequence. We could
simply pool together all the samples from different seqesn&o in the following, we omit the sub- and super-
scripture form, andd.

Algorithm 4 ; Parameter Estimation of static Dirichlet mixture model.
Input:
— Number of the mixture componentd/f
— The DataseX = {z; |z, € RY, SN 2y, =1, =0,---, T}
Result
— MLE of A € RY*N and7 € RY*?
begin
Initialize A™* by the Algorithm2;
Random initializer™“" as a probability vector;
new ﬁ(Anew’ﬂ_new |X),
Lold — o0;
while |Lo'd — Lme| > ¢ do
Updaterld — Anew and’lTOld — ﬂ_new;
/I E step -- Inference
for ¢t =0to 7 do
s «— 0;
for k =1to K do
| & — mgl" - Dir (. | ad®) ands — s + & ;
end
for k=1to K do
| af —al/s
end
end
/I M step
s« 0;
for k =1to K do
mpew ST ab ands « s + mpew;
ae? «— by calling Algorithm1 with (77¢%, a¢'d, z.);

end
for k =1to K do

| e e s,
end

Lold - Lnew;
Lnew E(Anew’ﬂ_new |X),
end

return A% andx™¢"
end

241 Estep

Then, we can see that the inference procedure (E step) degesnto the following simple form.
Fort =0,

a) o - Dir(zo. | ax.)
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andfort =1,...,T,

ot = w G Tk plE | he = k)
S T e e p(a | b= )

by deletingm, C andb;; = 7, in the normalized Alpha recursion. As,, al, ' = 1, we get

ak o< my, - p(ay | he = k) = mp, - Dir (zy. | ay.)

So, in summary, foralt =0,---, T,
al, o - Dir (2. | ax.)
And
a 5‘715@ b t+1 = d}; t+1 t
t p— —_ =
T = Zﬁ'%« = Zﬁ'wk/ = qy
Al b *oat
k=1 Zz:l 7 ik k/—=1 i=1 &
. L,
t Q- bij t+1 [ 41 4 i1 b _t41
T S S =& =aa
Zk . kj Zk Q.
2.4.2 Mstep

In the M step, we maximize the energy term, which could be Bfieg from Eq2 by removing parameters
B andU which is deterministic here, and scripturtandm, , and also replacinb;; with 7; :

N
E(A, 7 | X, H =y logmy + & log my + 75 log I‘(Z axn) — Ve 1og T(axgn) + 75 (agn — 1) 10g Ten
n=1
N

=ay log e + ay <1og I‘(Z axn) — log T'(axn) + Ggen - xkn> — @y 10g Ten (21)

=1
" Const.

where

. T ¢
aplogre, D i @ log sy
T ¢ T v

D1 O Do O

So for parameter we have the following update

Thn =

T
T X A = § a, k=1, K
t=0

Fork*" Dirichlet, we optimize:?°* by calling the AlgorithmL with a2!¢ as the initial parametes} as the scale
parametery, andz;. as the expected variable in canonical form. In the very bégm we call the Algorithm
2 toinitialize A.

2.4.3 The whole EM algorithm for mixture of Dirichlet

Before arriving the final algorithm, we should give the stiogyeriterion. We similarly check the low bound
each time:

log(p(X)) > B(A, 7 | X, H) + Etr(H) 2 L(A,7 | X) (22)
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TAB. 1 — Estimation of one single Dirichlet distribution with@8andom samples.

Real Parameter | Para. by MM | Estimated Para.
Dim.1 3.000 3.061 2.991
Dim.2 2.000 2.164 2.134
Dim.3 4.000 3.897 3.759
Dim.4 5.000 5.101 4.930
Dim.5 8.000 8.261 7.962
Dim.6 10.000 10.993 10.724
Dim.7 20.000 19.859 19.379
Euclidian dist. 0.000 1.061 0.997
Average data log likelihood 11.501 11.550 11.552

TAB. 2 — Estimation of one single Dirichlet distribution with@®Drandom samples.

Real Parameter | Para. by MM | Estimated Para.

Dim.1 3.0000 3.0667 3.0658

Dim.2 2.0000 2.0039 1.9706

Dim.3 4.0000 4.0292 4.0269

Dim.4 5.0000 4.9658 4.9676

Dim.5 8.0000 8.0515 8.0428

Dim.6 10.0000 10.1336 10.1031

Dim.7 20.0000 20.0790 20.0442

Euclidian dist. 0.0000 0.1823 0.1462
Average data log likelihood 11.5976 11.5989 11.5992

where the energy terti (A, = | X, H) can be calculated according BEd, and the entropy term is

T K
Etr(H) = — Z al logal,
t=0 k=1
or = —a;loga; by summation convetion

Although the static case is a special case of the Algorigjrfor clarity, we list this algorithm in the
Algorithm 4.

3 Experiments on artificial data

In this section, we do some experiments on randomly gercedai to verify the proposed algorithms.

3.1 Parameter estimation of one single Dirichlet density

In Tablel1 and Table2 we test the estimation of one single Dirichlet distributwith 100 and 2000 samples
of 7 dimension. The "Para. by MM” in both tables refers to pagters estimated by moment matching algo-
rithm (Algorithm 2 with one mixture component av/ = 1). And the "Estimated Para.” refers to parameters
estimated by the Newton method (Algorithth Each time, "Estimated Para.” achieves the highest daa lo
likelihood as we expect. The Algorithinwith e = 10~° in these two cases take both three Newton iterations

to get converged.
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TAB. 3 — Estimation of the mixture of Dirichlet with 2000 randoansples.

T A Aver. likelihood
0.20 3 3 4 6 5
Real para. | 0.30 10 7 1 9 10 5.2324
0.50 2 6 2 9 10
0.2940 | 2.3979 4.1703 3.5407 8.5459 5.6007
Init. para. | 0.3180 | 8.7408 5.8869 1.3761 7.6242 8.6959 5.1325

0.3880 | 2.217 6.8453 2.1893 9.0607 12.2773
0.1884 | 3.0373 2866 4.1019 5.6673 4.8019
Est. para. | 0.3046 | 9.377 6.7094 0.98267 8.6981 9.8639 5.2341
0.5070 | 1.9929 6.1727 21247 9.3191 10.0062

3.2 Parameter estimation of Dirichlet mixtures

We generated 2000 samples from a mixture of Dirichlet mod#ét whree Dirichlet distributions. The
samples lie in 5-dimensional space, or more strictly thamedsional probability simplex. The real para-
meters are shown in the first row “Real para.” of TaBJavhere each sub-row is one Dirichlet. The second
row “Init. para.” is the parameters estimated by Kmeans+MionMatching (Algorithn). The last row “Est.
para.” shows the estimated parameters by the EM algorittserited in Algorithm4.

Fig.3illustrates that the algorithm performs properly. The “Alikelihood” is the data likelihood (EG2)
divided by the number of samples to avoid big numbers and rtakeariant to the number of samples. The
likelihood increases monotonically in each EM steps.

2000 5-Dim. Samples, 3 mixture components
5.24

5.23

5.22

5.21

5.2

Aver. Data log likelihood

5.19 : :
0 10 20 30
Number of EM lterations

FiG. 3 — Experiments on parameter estimation of Dirichlet niigtwmodel.

3.3 Parameter estimation of the HMM+DM

In order to test the parameter estimation of HMM+DM model, ardomly generaté sequences, the
length of each sequence is

(1156 2430 3034 3810 4456 4751 )

There are all togethe9637 samples. The real parameters and estimated parameteisteddn the Tablél,
where “A.L.L" is the average data log likelihood. Other pargers areD = 6, K = 2, M = 3 andN = 4.
Note : in this experiment, we randomly initialize B andC'. Unfortunately We didn’t record the initial values.
The values ofr, B and( listed in the “Init. para” of the table are randomly genedséerwards.
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TAB. 4 — Estimation of the HMM+DM model with randomly generatesequenced,9637 samples.

Real para. Init. para. Est. para.
™ 0.30 0.70 0.322 0.678 0.5081 0.4919
0.033 0.967 0.926 0.074 0.551 0.449
0.445 0.555 0.473 0.527 0.966 0.034
c 0.308 0.559 0.134 0.848 0.387 0.785 0.317 0.263 0.421
0.259 0.325 0.416 0.192 0.475 0.250 0.547 0.147 0.306
6.0 5.0 10.0 5.0 | 13.631 8.364 3.347 5.258 | 10.193 9.140 3.048 3.986
1.0 70 80 10.0| 8494 3.800 9.047 6.137 | 5.127 5.089 2.043 7.052
A 9.0 9.0 3.0 10.0| 2.908 2.521 10.643 5.041 | 1.935 0.993 2.945 2.881
50 5.0 2.0 7.0 | 1475 8.007 8560 11.184 | 1.018 7.192 8.026 10.190
10.0 9.0 3.0 4.0 | 7.782 11.113 3.277 6.520 | 8.085 7.587 2.813 7.903
20 1.0 3.0 3.0 | 4.054 2.843 2.892 9.250 | 6.073 4.926 10.003 5.069
A.L.L. 2012.4 1845.4 2013.1

From Table4, we can see the estimated parameters coincide well withedigparameters after eliminating
the permutation effects. In fact, we could find the corredeoiof the estimated parameters by valueg! off
we use the matlab convention on multidimensional arrays(a3 x 4 x 2 array), we first should reorder the
third dimension ofA. Then for eachA(:, :, k) (k=1,2), we reorder the first dimension respectively. Then w
should reorde3, 7 andC accordingly. After these reorders, we get the followingneated parameters :

real parameters estimated parameters

(0.30  0.70) ~ (0.4919 0.5081) w
0.033 0.967\ _ (0.034 0.966 B
0.445 0.555 0.449 0.551

0.308 0.559 0.134) (0306 0547 0.147 o

0.259 0.325 0.416 0.263 0.317 0.421

6.0 50 100 5.0 6.073 4.926 10.003  5.069

1.0 7.0 80 100 1.018  7.192 8026 10.190

90 90 30 100| | 8085 7.587 2813 7.903 h

50 50 20 7.0 5127 5.089 2043 7.052

100 90 3.0 4.0 10.193 9.140 3.048  3.986

20 10 30 3.0 1935  0.993 2.945 2.881

where estimated,, B, C coincide well with the real ones. However there is a big défece in the estimated
The reason is that estimatimgdepending on the number of sequences. Currently, thereniré sequences,
which are far from enough to get a good estimatiom of

Fig4illustrates that the algorithm performs properly. The lixglihood is composed by two terms : Energy
and Entropy. The energy term is further composed by two dariors : Energy from Dirichlet mixtures (i.e.
A), and Energy from the initial and transition probabilitige. 7,8 andC). We can see that in the first ten
iterations or so, the contribution of the energy from Ditethmixtures are more significant than that from the
initial and transition probabilities. However, in the ld$t0 iterations or so, the energy from the initial and
transition probabilities becomes more significant tham fiteem the Dirichlet mixtures.

By applying the EdL, we get the hard clustering decisions from the soft oniesglf). After eliminating the
permutation problem, we can get the confusion matrices gmatinthe 19637 samples front sequences. See
Table5 for the confusion matrices. The classification accuradiesa = 0.8827 for the hidden states (or
one minus the frame error rate, see Secfab, e, = 0.7921 for the indicatorsn. The reason that,, < e;,
is that according to Ed, if the system make the wrong decision on the first steg.fdhen the second step for
decidingm will be a blindly guess.
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FIG. 4 — Experiments on parameter estimation of HMM+DM model

TAB. 5 — Confusion matrix for th&9637 samples ir6 sequences.

m=1|m=21| m=3
=1 | 4682 | 1433 1| 4147 | 577 | 672
h=2]| 870 | 12652 2| 486 | 7081 | 214
- 3 1500 | 624 | 4327

SR
|

3.4 Comparisons of HMM+GMM and HMM+DM

In this part, we compare HMM+GMM and HMM+DM on simulated datée will show that if the data are
indeed generated by some HMM+DM model, the estimated HMM-+Dbdtlel will achieve better results than
the HMM+GMM model.

Performance measures We use thevord error rate (WER) and therame error rate(FER) as measures to
compare the two models.
WER is the sum of insertions, deletions, and substitutidivijed by the sequence length,

Sub+Del+Ins

WER= —— —
Sequence Iengtﬁ<

100%

. As each word, or sequence, has its own WER, we average thenalbgequences to get the WER measure
for particular model.
FER is defined as one minus the ratio between the correcthgrézed frames and the number of all frames,

correct frame
FER=(1— ————) x 100%
total frames
. We also use the confusion matrices. Please see the expéairpart of L GPBMO] for more details about
these measures.

Comparison protocol The comparison protocol is as follows : 1000 sequences witgths uniformly dis-
tributed on[1, 20] are generated by the same HMM+DM model in SecBidh We record at each time which
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TAB. 6 — Average Edit distances.

HMM+DM HMM+GMM | HMM+GMM(Log,KLT)
WER (%) 11.75 35.14 35.62
FER (%) 12.21 33.30 45.71

Confusion matriceq

2899 726 470 3155 1104 2521
624 6808 927 6905 2312 5120

hidden state and which mixture component generate therduwsample as the ground truth. HMM+DM and
HMM+GMM models are trained on these data. Then we usé Exdecode these sequences. Finally, WER,
FER and confusion matrices are computed to show the perfaresaf these two models.

Experimental results In Table6, we list the experimental results. We can see in these gekdata, the
HMM+DM model achieves the best performances in both measure

“HMM+GMM” in Table 6 is the model trained directly on the discrete-distributéata with full cova-
riances. The mean vectors and covariance matrices arendtistized by K-means algorithmt, B andC are
randomly initialized as HMM+DM.

“HMM+GMM(Log,KLT)" in Table 6 is the model trained on the transformed data. We first takéthen
the data to make them distributed more normally. Then KLhdfarm are applied on these data to decouple
the correlations between components. Finally, we apply HNEWM with diagonal covariance to these data.

The HMM+DM model trained on these data are (after reorder)

5.819 4.677 9.443 5.028

1.011 7.183 8.020 10.187

7r:(0.506) B:(0.048 0.952) C:<0.319 0.518 0.164) 4 | 8678 8401 2874 8977
0.494 0.469 0.531 0.237 0.336 0.426 4.933 5.036 2.064 7.427
9.621 8.689 2.905 3.836

1.925 0.977 2.998 2.969

which again coincide well with the real parameters exeefstee the second column of the TaBlor the real
parameters).

4 Related work

Estimating single Dirichlet distribution dates back to Romy’s paper in 1989f0n89, where the Newton-
Raphson method was used. Narayanan then gave the algosighititey in [ Nar91]. The Algorithm1 in this
report is essentially the same with Narayanan and Ronnaig&ithm. Minka [ViinO3] gave the fixed-point
iteration methods to estimation single Dirichlet.

The Dirichlet mixture model is proposed by Bouguila and etre]32\/04]. They use Newton method (or
natural gradient descent methodNK " 87]) to optimize the incomplete log-likelihood directly. Wegpose,
instead, a EM framework for parameter estimation in thi®resee Algorithnv).

HMM+GMM model has been widely used in many fields, includipgeach processingpnog RJ9J [...],
computer vision[...] and etc. A good reference for the deidn of this model can be found &ti[97]. To the
best of our knowledge so far, there is no work on HMM with Dhiliet mixture emission.

5 Discussion and future work

As Dirichlet and Gaussian distributions all belong to exgatial family, it is useful to generalize HMM+GMM
and current HMM+DM to HMM with mixture of exponential familgmission. For convenience, we call this
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generalization as HMM+EFM. From another view point, HMM+#&Ean be viewed as the dynamic (or HMM)
extension of the clustering methods with Bregman divergsffitV|DG05]. This extension is under our current
investigation.

One potential improvement of this algorithm will be the abie initialization. Some heuristic or greedy
methods could be devised here to improve avoid the problamsed by permutation-invariant property of
clustering methods used in Algorithzn

In their work on Dirichlet mixturest}Z\/04], Bouguila and et al. proposed to use an entropy-basediorite
for model selection. We will also investigate the model séte for HMM+DM model. And we will further
relax the constraint that all Dirichlet mixtures assodlatéth the Markov hidden states have the same number
of Dirichlet components.

Finally, we will find some applications of the current mod&ttually, HMM+DM can be applied to any
scenarios where time-varying bag-of-word features areaetad. Before applying the HMM+DM model on
these features, we should better to apply pLSAPY model to get lower dimensional features | d) (z is a
latent aspect andis a document or feature). The reasons are two folds : Fiestlyording to our experiences,
the computational costs are almost linear with the featimerdsion. So dimension reduction will, especially
in case of very large vocabulary, greatly improve the atbanis efficiency while reducing the number of
parameters. Secondly, as many bag-of-word features ayesparse, after applying pLSA model, we could get
more compact representation of original data.
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A Derivations for inference procedure

Here, we list the detailed derivations of the inference pdure presented in Secti@r?.

Normalized Alpha Recursion Alpha recursion is a forward iteration. For numerical dighiwe use the
normalized alpha recursion as follows :

~t
aht771t

~t+1 —

Rp1mitt

p(he, my | 20, .., 1)
(0, s Tep1, Pey1, Mig1)
p(x0, ..y Tt, Tey1)
Dby my P(T0s o Tep1s hey mg, hger, mag)
2oy i mly PETOs e Toprs Ry mi, iy y)
> hymy P(@0s s T has ) - p(hugr | he) - (g | hagr) - p(@egr | hegr, mugr)
Zh;7m;7h;+l,m;+l P(x0s -y @, by miy) - plhyyy | By) - p(migy [ hiy) - (e | gy migy)
> hym, PLheymu | 2o, @) - plhegr | he) - p(mugr | hegr) - p(@egr | hagrs mes)
Zh;7m;7h;+l,m;+l p(himi | o, we) - p(hiyy | hy) - p(miy iy | hyyy) - p(weer [ hypq,miyq)

~1
Eht,mt Op oy 'bhtht+1 : Oht+1mt+1 'p($t+1 | ht+1a mt+1)

—t i . . I /
Zh§7mi7hi+1:mi+1 hym; Oniwy  Chyyml s p(@tsr | g migs)

Note,a;, ,,, is the filtered estimate of the state. The initial sates cacabmulated as follows :

m

= plho =k,mog=m]| )

p(zo | ho = k,mo =m) - p(mog =m | hg = k) - p(ho = k)
Skmt Sy P(T0 | ho = K/ ;mo = m') - p(mo = m/ | ho = k') - p(ho = k)
Tk - Cem - (o | ho = k,mo = m)

Zgzl Z,JTVL[/:]_ T - Ck’m/ ' p(x() | hO = lﬂ/,mo = m/)

Beta Recursion Beta recursion is a backward iteration as

A
Bhim, = P@is1,.xr | he,my)

Z:jlmt,l - Z bht—lht : Chtmt 'p(xt|ht7 mt) : ﬂ(ht)

he,my

Gamma Recursion Gamma values are the smoothed estimates of the states tigévemole set.

t
thtmt

t
thtmt

p(he, my | zo, .., x7)

> plhe,mi, higy,mig | 2o, xr)

Rip1,meq1

E p(he,me | 2o, ., 27, hig1, miy1) - p(heyr, mega | 2o, . o7)
hey1,miq1

E t+1
p(htJ my | LOy ey Lty ht+17mt+l) : A/ht+177lt+1

Ri1,me41
Z p(he,me, hyg1, miy | o, .., 1) S
“Th
p(htJrlJ mt+1 | TQy ey xt) t+1Mme+1

Rtq1,meq1
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(on)

3 p(he,my | 2o, -y @) - plheg | he) - p(migs | hegr) 44

The initial state can be initialized as

/ ! hiy1m
S ST e ey Er R
p(he,my | wo, -, @) - p(hegr | he) - p(masa | hegr) t+1
7 7 7 “Thiiim
by 2oty PR Mg [ o, 2e) - plhegy | ht) - plmegy | hega) e
~t
Ozhtmt . bhtht+1 VAN
~t htp1miqa
@ - b
hig1,meqa Zh@m% hymy, © Phithey
t
Opomy bhtht+l At
t hiy1m
o b , t+1MMt 41
Rig1,mest Zhg,m’t him, hihiy1
T _ ~T
Yem =  Okm

The ’ﬁu variables We need the following variables as the separators in theipmtree :

—~

77}5“ = p(ht | zo, ., x7)

p(he,me =m | o, ..., x7)

Il
B

1

3
I

Il
M=

t
’Yht m
1

3
Il

The ¢! variables We need also the following variables :
hihita

t
ght ht+1

or

1>

p(htahtJrl | Zo, "7xT)
> plheme, hugr,miga | 3o, 27)

Mt ,Mt41

Z p(he;me | o, o, Trs hers mag) - plhesr, mega | 2o, - @1)

Mt ,Mt41

t+1
E p(he,mye | o, ..,z hegr, mes) " Vhisrmis

M, M1

Z plhe,me, hepr,megy | o, @) 1y

M, Mt p(ht+1, Mty | Zo, .., xt) ' 7ht+1mt+1
Z p(he,my | o, ., 1) - P(Pugr | he) - (g | hev1) g
et Eh%’m; p(het1,mesr, by, mi | zo, .., ) hip1miyr
Z dztmt by (M | hegr) o
e A 2oy e PR mi [ @o, s we) - phega [ hy) - p(migr | hegr) Thegrimess
Z dztmt -bhtht+1 o
My, Met1 Zh%ﬂné 5‘2;m; ’ bh;ht_,_1 Thesamer
Z aztmt 'bhtht_H o
MMl Zhi’mi O‘Z;m; ) bh;htJrl Thermesn
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B Derivations for parameter estimation

In this section, we list some derivation involved in Sectibf

B.1 Inverse of Hessian matrix in Eq13

The inverse of the Hessian can be easily computed by thedtsastructure. By using the following fact :
IT+XXT)t = TFXxXUT+£xTx)xT |

which is one special case of the matrix inverse lemma. we have

H'! = —(A-z11T)7!
= SATHI- (VEATEN(VEA )T TIA
= —AT' - . ATMITAT

2= T ()
B.2 Energy term

The complete log likelihood is

D
logp(X, H) =Y logp(X* H?)

U
—_

t=0

Ty Tg—1 Tq
log {p(ho) <Hp(mt | ht)) < I plusa | ht)) <Hp($fsi | htﬂ”t))}
t= t=0 t=0
Tq ’ Tg—1 Ty
log {ﬂ'ho (H Chtmt> < I1 bhthtH) <H Dir (zf | aht,mt-)>}
t=0 =

{ﬂ'ho (H Chﬂm) <ﬁ bhthtJrl) <H I_EX:F Z:f m*" H xtn llht myn— ‘|>}

n=1

Tg—1
log {p(hO)P(mo | ho)p(f | ho,mo) ] [p(hers | he)p(mesa | hecn)p(adyy | ht+1,mt+1)}}

- e 1 1 1

D Ty D Tg—1 D Ty
= Z log mp, + Z Z log Ch,m, + Z Z ogbn,n, .y + Z Z logT( Z Qhymaen)
d=1 d=1t=0 d=1 t=0 d=1t=0
D Tq N D Tq N
- Z Z 0og F aht mtn + Z Z Z(aht,mtn - 1) 1Og l’fn
d=1t=0 n=1 d=1t=0 n=1

where for clarity, we omit the super-scripturedin k¢ andm?.
Then the energy term is

D D K M
<1ng(X7 H)>q(7—() = Z <1Og 71—hg> hd = Z Z km log Tk

d=1 a(hg) d=1k=1m=1

D Ty D T, K M
d
+ Z > (108 Chomo) g ) 2220 > W 1ogCrm
=1t=0 d=1t=0 k=1 m=1
D Ty—1 D K Ti—1
t,d

+ Z (logbn,n,, ) a(hd hd, ) + Z & log by

d=1 t=0 d=11i,j=1 t=0
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D T4 N D Ty K M N
15 9 (HH) Sty 153)3) B IRATp SIS
d=1t=0 n=1 q(hd 7nt) d=1t=0 k=1 m=1
D Tgq N D Ty N K M
=20 D (108 T (@nimen))g(nt,me) =200 0 > vinlosT(akmn)
d=1t=0 n=1 d=1t=0 n=1k=1m=1
D Tgq N D Ty, N K M
1535 3) SCIEEIMTS SIS 35 35 B) D) D I RS )
d=1t=0 n=1 d=1t=0 n=1k=1m=1
So by the summation convention, we getZq.
B.3 Entropy term
Then entropy term can be calculated as
Etr(H) = <Zlogq (H?) >
d=1 q(H)
D d d ,,d
(ht 1, he)a(hy, my)
= =) (log | q(h§,mg)
;< ( oo H a(hd—)a(h) )
D Tq
= Z<Zzlogq(h ) —log q(h) — logq(h,) Zlogq hi,mf) Zlogq &) >
d=1 \t=0 t=0 q(H?)
D Ty
_ d d
= ;;2 <1qu(h )> (hd) — <10g Q(h0)>q(hg) - <10g Q(th)>q(h%d)
D Td D Td
_Z <10gq(ht7mt q(hd mé) ZZ log q( ht 17ht)>q(hgl Lhd)
d=1t=0 d=1t=1 B
D Ty K D K
DI LT 3 S D
d=1t=0 k=1 d=1 k=1 d=1 k=1
D Ty K M D Ty—1
9D 35D PRSI 35 S SR
d=1t=0 k=1 m=1 d=1 t=0 4,j=1
or = 2 %logng® —my logmyd — ¢ logm,  — vt log et — € log & (by summation convention)

d Newton method with nonnegative constraints . In previaars, pve
in to impose the non-negative constraints by

B.4 Problem with Bouguila’s parametrization

In Section2.3.1, we do not treat the nonnegative constraints on the Dirigfdeameters,, > 0. Bouguila
and et al. BZ\/04] propose to use the following change of variable to imposertbnnegative constraints

explicitly :
Ay = ebn

Then the problemis

N
L(b) =1ogI'(Y _ exp(bn)) — log I'(exp(ba)) + exp(ba) - log Z
n=1

(23)
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for anyb,, € R.

OL(b) N
b exp(bn) - \IJO(Z exp(bn)) — exp(bn) - Yo(exp(by)) + exp(by,) - log Zn,
n n=1
O?L(b) al
a2 =exp(by) \Ilo(ng1 exp(by)) — exp(by) - Yo(exp(by))
N
+exp(2b) - U1 (> exp(bn)) — exp(2by,) - U1 (exp(by))
n=1
+ exp(bn) - log 7,
2L (b) - ,
8bnbn/ - exp(bn + bn/) ' \Ijl(; exp(bn)) n 7é n
So the Hessian is
H=zrT +A
N
where z =U;() _ exp(by))
n=1
r :(eblv T 7ebN)T

Apn = — exp(2by,) - Uy (exp(by))
N
+exp(bn) - Wo(D_ exp(bn)) — exp(bn) - To(exp(bn))

+exp(by,) - log T,

The problem for this method is that after changing of vagabthe objective function is no longer convex,
which can be easily verified by some numerical trials. Fongxa, if we generaté samples on 2-dimensional
probabilistic simplex :

0.258 0.100 0.305 0.404 0.319 0.419

0.468 0.456 0.657 0.168 0.407 0.250
0.275 0.444 0.038 0.428 0.274 0.331

Thenlogz, = (—1.005 —1.294 —1.437)T. For a pointa = (1 2 3 4 5)T, or equivalentlyp =
(0.000 0.693 1.099)", we can calculate that

—0.185 0.363  0.544
H=1] 0363 —1.875 1.088
0.544 1.088 —3.884

with eigenvalues (—4.391 —1.606 0.052).
So we prefer to use the original parametrization.

C Code list

In this section, we list some core procedures of this repdttem by the authors. You can find all the sourse
codes irhttp://www.idiap.ch/ ~cle/papers/resources/SourseCodes for HMMDM.tar.gz .


http://www.idiap.ch/~cle/papers/resources/SourseCodes_for_HMMDM.tar.gz
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Generating samples from single Dirichlet distribution :

function Data = GenDir(a,n)

% Generat samples from single Dirichlet distribution.

% Input:

%  a: M-by-1 vector. Dirichlet parameter

% n: Number of samples.

% Output:

% Data: M-by-N matrix with each column being one sample.
% Note: This function is adapted from Minka’s function: diri

Generating samples from a mixture of Dirichlet distributions :

function Data = GenMixtureDir(A,Pi,Number)
% Generate samples from Dirichlet mixture model.

% Input:

%  A: M-by-N matrix. Parameters for Mixture of Dirichlet
% each row is one Dirichlet.

% N: Data dimension

% M: number of mixture

% Number: Number of samples to generate.

% Pi: M-by-1 vector. Prior distribution for each Dirichlet.

% Output:

% Data: N-by-Number matrix with each column being one sample

Initializing the mixture of Dirichlet (Algorithm  2) :

function [A, Pi] = MomentMatchinglnitDM(M,DataSet)

% Initialize the mixture of Dirichlet by Kmeans + Moment Matc
% Input:

% M:  Number of mixture components (M >=1).

% DataSet: N-by-T sample matrix with

% N is the data dimension
% T is the number of samples.
% Output:

% A: M-by-N matrix, with each row corresponding one mixture c
% Pi: M-by-1 probability vector.
% Note: use the kmeans.m in the statistics toolbox

Estimating single Dirichlet distribution in Algorithm 1:

function aNew = EstDirchlet(a,nx)
% Estimating single Dirichlet distribution by Newton metho

% Input:

% a: Initial parameter for the Dirichlet distr. (Column vect
% nx: Mean of log samples.

% Output:

% aNew: a column vector corresponding to Dirichlet paramete

27

chelt_sample.m

hing.

omponent.

or)

IS.

"Script_Test_SingleDirichlet.m" is a demo and test script for this function.
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Evaluate the data’s log-likelihoods relative to a Dirichlé model :

function p = Dirichlet_loglike(a, data)

% Evaluate the data’s log-likelihoods relative to a Dirichl et model.

% Input:

% a a N-by-1 column vector, Dirichlet parameter.

%  data: a N-by-T matrix, with each column being one sample (su m to one).
% Output:

% p: a 1-by-T row vector for log likelihoods.

% Note: This procedure is adapted from Minka's dirichlet_lo gProb.m

Calculating the samples’ likelihood for given Dirichlet maodel (either mixture or not) :

function obslik = dataLikelihood DM(A,data,isLog)
% Calculate the data likelihood for the Dirichlet mixture.

% Input:

% A: M-by-N-by-K matrix, parameters of DM.

% MK is number of mixture components.

% N is sample dimension.

% When K =1, A is a matrix, When K=1 and M=1, it is a single Dir.
% data: N-by-T matrix. T is the sample number.

% isLog: O - output likelihood (Default), otherwise log like lihood.
% Output:

% obslik: T-by-M-by-K matrix.

% obslik(t,m,k) is the tth sample’s (log-)likelihood on

% (m,k)"th mixture components.

Estimating the parameters of the mixture of Dirichlet by EM algorithm (Algorithm 4)
function [A, Pi] = EstMixDirichlet(Data, M)

% Estimate the parameters of the mixture of Dirichlet by EM al gorithm.

% Input:

% Data: N-by-T data matrix. N is data dimension; T is number of samples.
% M: number of mixture components.

% Output:

% A: M-by-N matrix, with each row corresponding to one Dirich let.

% Pi: M-by-1 probability vector.

Calculate the Entropy

function E = entropy_base_e(Distr)

% Calculate the Entropy using log based on e, instead 2.

% Input:

% Distr: a matrix, with each row is a distribution.

% Output:

% E: a column vector, corresponding to each the entropy of eac h distr.

Inference procedure for general HMM + Mixture of density model (Algorithm 5) :

% function [Gm,Xi] = forback(B,C,Pi,obslik)

% Inference procedure for general HMM + Mixture of density mo del.
% Input:

% B: K-by-K probability transition matrix.
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% K is the number of hidden states.

% B(i,j) = p(h=jlh=i). Then each row of B should sum to 1.

% C: K-by-M probability matrix.

% M is the number of mixture densities.

% C(i,)) = p(m=j|h=i). Then each row of C should sum to 1.

% Pi: K-by-1 column vector, initial probability of hidden st ates.

% obslik: T-by-M-by-K likelihood (not log likelihood) arra ys.

% T is the sample number.

% obslik(t,m,k) is t'th samples likelihood on (m,k)"th comp onent.
% Output: the smoothed states

% Gm: T-by-M-by-K matrix. Gm(t,m,k) = p(h_t = km_t = m [X_1,. LX),

% Xi: (T-1)-by-K-by-K matrix. Xi(t,k1,k2)=p(h_t=k1,h_{t +1}=k2 |X_1,...,.X_T),
% t=1,...,T-1.

Generating one sequence of random samples from HMM+DM model

function Data = GenDynamicMixtureDir(A,B,C,Pi,Number)
% Generate one sequence of random samples from HMM+DM model.

% Input:

% A: M-by-N-by-K positive array.

% M is number of Dirichlet components.

% N is sample’s dimension.

% K is the number of hidden states.

% A(m,:,k) is the Dirichlet corresponding to (m,k)“th Diric hlet.
% B: K-by-K probability transition matrix.

% B(i,j)) = p(h=jlh=i). Then each row of B should sum to 1.

% C: K-by-M probability matrix.

% C(i,j) = p(m=j|h=i). Then each row of C should sum to 1.

% Pi: K-by-1 column vector, initial probability of hidden st ates.
% Number: Number of samples to generate.

% T is the sample number.

% obslik(t,m,k) is t'th samples likelihood on (m,k)"th comp onent.
% Output:

% Data: N-by-Number matrix with each column is one sample.

% Ind:  2-by-Number matrix, with Ind(1,t) in {1,...,K} denot ing which
% hidden state sample t belongs. And Ind(2,t) in {1,...,M}

% denoting which Dirichlet generating sample t.

Estimating parameters of HMM+DM by EM algorithm (Algorithm  3) :

function [A, B, C, Pi] = EstHMMDM(Data, K, M)
% Estimate parameters of HMM+DM by EM algorithm.

% Input:

% Data: D-by-1 cell, with Data{d} is N-by-Td data matrix.
% D is the number of sequences;

% N is data dimension;

% Td is number of samples in dth sequence.

%  K: number of hidden states.

% M: number of mixture components.

% Output:

% A: M-by-N-by-K positive array.

% A(m,:,k) is the Dirichlet corresponding to (m,k)"th Diric hlet.
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% B: K-by-K probability transition matrix.

% B(i,j) = p(h=jlh=i). Then each row of B should sum to 1.

% C: K-by-M probability matrix.

% C(i,j) = p(m=jlh=i). Then each row of C should sum to 1.

% Pi: K-by-1 column vector, initial probability of hidden st ates.

Calculating the hard clustering results from the smoothed psteriors :

function Ind = HardClusterGamma(Gm)

% Calculate the hard clustering results from the smoothed po steriors Gamma.
% Input:

% Gm: the smoothed posteriors Gamma. 1-by-D cell.

% Gm{d} is a Td-by-M-by-K array:

% D is sequence number

% M is the number of hidden states for Dirichlet mixture
% K is the number of hidden states for h

% Td is sample number of the d'th sequence

% Output:

% Ind: 1-by-D cell.

% Ind{d} is a 2-by-Td matrix. The t'th sample’s is generated

% by (h=Ind{d}(1,t),m=Ind{d}(2,1))th Dirichlet.



IDIAP—-RR 2007-02

31

Algorithm 5: General inference procedure for HMM + Mixture density mlode

Input:

— Model parameter8 € RE X, ¢ € RE*M andr € RE*!, where
— K is the number of hidden states.
— M is the number of mixture components.
— Samples likelihood, € RT** X whereT is the sample number.

m

Result

— The smoothed probabilitfy}, |t =0,--- , T;k=1,--- K}

— The joint probability of consecutive two stat!ggs,jj [t=0,---,T—1;i,5=1,---

begin

end

end

end

/I Forward pass
fort =0to T do

s — 0;

for k =1to K do

for m = 1to M do
if t = 0then
| UHﬂ'k'Ckm'Lfnk;
else
| o o ot Qs ik - Crom - L
end
at,, —v;
S«— s+,
end

end
for k=1to K do

for m =1to M do
| @ G/ S0
end

end

/I Backward pass
fort =Tto0do
if ¢ # T then

for k=1to K do

K M _ .
| Ck Zi:l Zm:l O[Em ! bik'
end

end
for k =1to K do

for m = 1to M do
if ¢t =T then
t ~t.
| Viem < Qs
else
—1
‘ K M Oy, bee 1.
’Ykm — ij/zl Z'm/:l "LCk/ : ’yk/'m./’

—t
¢t M M Qg berr 41 .
kk’ m=1 m’=1 Cl’ k'm’?

end
end

end

return {Vlinwfltc,k’ |t207 7T;t/:05"' 7T_1;kak/:

Lt . is thet'" sample’s likelihood fom, k)" mixture component.

1’7I(77’n:17

7M}
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